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Abstract

Neural oscillators offer simple and robust solutions
to problems such as locomotion and dynamic manipu-
lation. Unfortunately, the parameters of these systems
are notoriously difficult to tune. This paper presents
an analysis technique which alleviates the difficulty of
tuning. The method is based on describing function
analysis, and can predict the final motion of the sys-
tem, analyze stability, and be used to determine ro-
bustness to system changes. The method is illustrated
using a number of design examples including an im-
plementation of robot juggling.

1 Introduction

A growing number of researchers are using neural
oscillators to control robots. The application domains
range from legged locomotion [14, 6, 2, 8] and locomo-
tion of multi-segmented creatures [5], to arm control
[15, 9, 12].

Oscillators are used in all these cases because they
can entrain and adapt to the dynamics of the system,
giving robust behavior in the face of changing system
parameters or perturbations. One drawback of these
systems is that they are very difficult to tune. In spite
of theoretical work on oscillators (e.g. [4]) and learn-
ing [3], there is a lack of practical knowledge of how
the oscillators work and how to design systems using
them.

This paper presents a method of analyzing oscil-
lator behavior using describing function analysis [13].
The frequency response of the oscillator is calculated
for a range of frequencies and input amplitudes, and
compared to the frequency response of the plant. The
analysis can be used to predict the existence of oscil-
latory solutions, and also evaluate their local stability.
It can be used both to provide intuition for tuning pa-
rameters, as well as to calculate exact values. By pre-
dicting the final motion of the system, the robustness
of oscillator control to changes in system parameters

can also be determined.

The method is introduced using as an example the
popular Matsuoka oscillator [7] driving a mass. The
use of the analysis for tuning is then described. System
design and evaluation of robustness is then illustrated
using the task of robot juggling, implemented on the
arms of the humanoid robot Cog [1].

2 Methodology

A common way to connect oscillators to systems
is to tightly couple them, using the oscillator output
to drive the system, and closing the loop by apply-
ing a parameter of the system as the oscillator input.
Normally the plant is linear and the oscillator non-
linear. The transient analysis of this coupled system
is complex but can easily be expressed in the frequency
domain, as illustrated in figure 1. If the frequency re-
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Figure 1: System schematic. The plot shows an oscillator
connected to a plant. The system is tightly coupled so that
the oscillator output drives the input of the plant, and the
output variable is connected to the oscillator input. If the
frequency response of the oscillator is N(jw, A), and that
of the plant is G(jw), then there can only be stable oscilla-
tions when the loop gain is unity, or N(jw, A)G(jw) = 1.

sponse of the linear plant is G(jw), and the linearized
response of the oscillator at frequency w and input am-
plitude A is N(jw, A), then the condition for a steady
state oscillation is that the loop gain is unity:

N(jw, A)G(jw) =1 (1)



Calculating N and solving this equation graphically
provides much insight into the capabilities and tuning
of oscillator driven systems. The following section de-
scribes how to calculate IV for a particular choice of
oscillator, and how to solve this equation to calculate
the final solution.

A good example of a pattern generator is the popu-
lar Matsuoka oscillator [7] which has 4 state variables,
governed by the following equations:

nE = c—x1—Por —yye — SihilglT (2)
ToU1 = Y1 — U1 (3)
Ti¥y = c— 29— Puo —yy1 — Bihylg;]T  (4)
ToU2 = Y2 — V2 (5)

yi = [z]" = max(z;,0) (6)
Yout = Y1 —Y2 (7)

where z; and v; are the state variables and § and ~
are constants.! The output of each neuron y; is taken
as the positive part of x;, and the output of the whole
oscillator as ¥,,¢. The amplitude of oscillation A, is
proportional to the constant ¢, with no oscillation if
¢ = 0. The two time constants 73 and 75 determine
the speed and shape of the oscillator output. For sta-
ble oscillations, 71 /72 should be in the range 0.1-0.5,
for which the natural frequency of the oscillator w,, is
proportional to 1/71.

Inputs are applied to the oscillator through the
variables g;, weighted by gains h;. The inputs are
arranged to always inhibit the neuron, applying the
positive part [g;]" to one neuron, and the negative
part [g;]” = —min(g;,0) to the other.

N(jw, A) expresses the gain and phase difference
between input and output of the oscillator, as a func-
tion of input amplitude and frequency. This can be
calculated by applying an input g; = Asin(wt), and
measuring the output y,.:. If the oscillator is en-
trained, the frequencies of input and output are the
same and a Fourier transform can be used to calculate
an approximation to the gain and phase of the oscil-
lator. By applying inputs over a range of frequencies
and amplitudes and removing points where the oscil-
lator is not entrained, N can be calculated.

Figure 2 shows N plotted as a Bode plot. The plots
show the variation of gain and phase with frequency.
The multiple lines correspond to different values of A,
the arrow referring to the direction of increasing A.
Changes in amplitude affect the gain (gain decreasing
with increasing A), but not the phase, which remains
roughly independent of A. For this oscillator, the gain

1Reasonable values are 3 = 2,v = 2.

is actually proportional to 1/A, as the output ampli-
tude is approximately constant. This is because the
input is arranged to always inhibit the neurons. If the
input is applied without the max operator, the output
amplitude is a function of A, and the range of possible
gains is reduced.
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Figure 2: Oscillator Bode plot. The top graph shows the
gain |N(jw, A)| plotted against frequency, and the lower
plot the phase. The multiple lines correspond to different
values of input amplitude A as indicated by the numbers
and arrows on the plot. The gain is inversely related to A
and is roughly constant with frequency. The phase is less
dependent on A, but reduces from around 180° to 60° as
the frequency is increased. The natural frequency of the
oscillator is indicated by the vertical line.

If this oscillator is connected to a simple mass m
actuated through a spring of stiffness k, and a damper
b, then the dynamics of the plant are given by the
equation

mb + b0 + ko = ko, (8)

where 6 is the position of the mass, and 6, is the de-
sired position. If the mass is connected to the oscilla-
tor so that the output you: = 0., and the input g; = 60,
the transfer function for the plant is between 6, and
0:

Gljw) = k/(k — mw? + jwb) (9)

where j = ++/—1.

The condition for limit cycles (equation 1) can
now be solved graphically by plotting G(jw) and
1/N(jw, A) on the complex plane and finding points
where the graphs intersect at the same frequency. This
plot is shown in figure 3. There are many intersection
points, but there is only one where the frequencies of
both transfer functions are the same. Since the exact
solution is unlikely to be at the points sampled when
calculating N and G, a simple interpolation routine



is used to find the limit cycle solution. The inter-
section point (marked with a e), determines both the
frequency and amplitude of the limit cycle solution.
In this case w = 8.9 and A = 0.52.

Figure 3: Plot of G(jw) and 1/N(jw, A) in the complex
plane. G(jw) is the thick line, with numbers indicating fre-
quency. The lines for 1/N(jw, A) correspond to constant
frequency, with amplitude A increasing along each line as
indicated by the numbers and arrow. There is a limit cy-
cle solution at the point where the two graphs intersect at
the same frequency. The intersection point is indicated by
a filled circle, at w = 8.9 and A = 0.52. This plot was
produced for 71 =0.1,72 =02,c=1,h; =1,k =20,m =
0.4,b = 2.

Finding the limit cycle in this way gives an accurate
prediction of the system behavior. Figure 4 shows the
predicted and measured (from a simulation of the sys-
tem) frequency and amplitude as the stiffness of the
spring is altered. Changing stiffness alters the shape of
the G(jw) plot, and so alters the final solution found
by the oscillator. The figure shows that the prediction
is accurate, with possible errors coming from the cal-
culation of N(jw, A), as well as the estimation of the
frequency and amplitude of the mass motion.

3  Stability

The plot of G(jw) and 1/N (jw, A) can also be used
to determine the stability of the final motion, using
an extended version of the Nyquist Criterion. The
criterion is taken from [13, p. 186]:

Limit Cycle Criterion: Each intersection of the
curve G(jw) and the curve 1/N(A) corresponds to a
limit cycle. If points near the intersection and along
the increasing-A side of the curve 1/N(A) are not
encircled by the curve G(jw), then the corresponding
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Figure 4: Predictive accuracy. The plot shows the pre-
diction (line) and measured (*) frequency (top plot) and
amplitude (lower plot) for an oscillator driving a mass, as
the stiffness of the spring was varied, so varying the natural
frequency of the system. The accuracy is good, particu-
larly for amplitude. The error in frequency is partly due to
noise in the frequency measurement of the simulated mass
motion.

limit cycle is stable. Otherwise the limit cycle is un-
stable.

In the case of the Matsuoka oscillator driving a
mass, examining figure 3 shows that for low A, the
points are encircled by G(jw), but, as A increases, the
points move into an un-encircled region. This corre-
sponds to locally stable behavior. The solution is not
globally stable, since the plots only describe the steady
state solutions and not the transient behavior. Exper-
imentally, the cycles are also observed to be stable.
Figure 5 shows a phase plot for the motion of a robot
arm link, for a number of different initial conditions.
The system converges to the limit cycle very rapidly,
within one cycle in this case.

4 Design using Oscillators

Using describing function analysis reduces the dif-
ficulty of tuning parameters, since the phase plots can
be used to show the effect of changes on both the os-
cillator and system characteristics. Most parameters
scale or shift NV while preserving its shape, so that
design can be accomplished without requiring the re-
calculation of N.

Frequency and amplitude parameters. Alter-
ing the natural frequency of the oscillator does not
alter the shape of N, but does scale the frequency of
the plot; the plot can be used for different values of w,,,
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Figure 5: Phase plot of robot motion. The plot shows ve-
locity v. position for an oscillator driving a mass, recorded
from one link of a robot arm. The limit cycle is stable re-
gardless of initial conditions.

by labeling the lines with w/w,. Since for a Matsuoka
oscillator w,, o 1/71, designing and choosing different
values for 71 is easy.

Similarly, the amplitude of the oscillator is propor-
tional to the parameter ¢. Changing ¢ increases the
amplitude of the oscillator, but does not not change
N, except that larger inputs are needed to entrain the
system. The gain remains constant with respect to
A/A,, allowing easy selection of c.

Input and output gains. In general, the oscilla-
tor input is multiplied by a gain h;, and the output
also has a gain h,. The effect of these gains is to
change the magnitude of N, and not alter the phase.
They can thus be used to maneuver the phase plots so
that they cross at a desired location. The gains make
the overall loop gain h;jh,N(j(w), A)G(jw), where
A = hjg;. Rather than recalculate IV, the effect of the
gains can be included in G, i.e. G'(jw) = hjh,G(jw).
Since G is often linear, it can be easily recalculated.

Input and output variables. Choosing a partic-
ular oscillator type fixes N (jw, A), while choosing out-
puts and inputs fixes G(jw). As shown above, chang-
ing oscillator parameters can scale the size of N, but
not alter its phase. Thus G needs to be chosen so
that the two plots can intersect (there are phases that
match). It is then relatively easy to find gains to place
the plots over one another.

For example, with the mass-spring system of equa-
tion 8, if instead of position 6, the velocity of the mass
f was used as an input, the frequency response would
become

G'(jw) = jwG(jw) = jwk/(k —mw?® + jwb) ~ (10)

which is the same as before, only rotated 90° counter-
clockwise, and scaled by w.

5 Design Example - Juggling

This section describes the application of describing
analysis to a more complex task, that of juggling a
ball on a paddle. This task has been addressed by
a number of researchers, [11, 10], including one using
neural oscillators [9]. Using the methodology, not only
can the parameters be easily tuned without intensive
simulation, but the robustness of the system can be
calculated and compared to other approaches.

Figure 6: Schematic of the juggling action. The thick
line shows the motion of the paddle y(t) = Bsin(wt), and
the thin line the ball trajectory x(¢). The ball impacts
the paddle at a phase ¢ of the sine wave. The analysis
expresses the juggling as a describing function, writing a
stable solution in terms of the phase difference between
ball and paddle trajectories (¢ 4+ 7/2), and the amplitude
of the ball motion Z.

Schaal [11] showed that when juggling a ball on
a paddle, stable motion is achieved when there is a
particular constant phase difference between the pad-
dle and ball motion. This motivates the approach of
writing the juggling problem as a describing function,
where stable juggling is defined in terms of a phase
between input (paddle motion) and output (ball mo-
tion), as well as a gain (the amplitude of the ball).
Although this is a rough approximation to juggling, it
allows analysis of the situation. The setup is shown
in figure 6, where the paddle is assumed to move si-
nusoidally, i.e. y(t) = Bsin(wt), and the ball bounces
with height x. Since the juggling is stable, the velocity
of the ball before and after impact is the same, so the
impact equation is

(#—9) = —a(=& —9) (11)

where « is the coefficient of restitution. Calculating
the time between bounces (which is 27/w), and sub-
stituting ¢y = Bw cos(¢) at impact gives an equation



for the phase at impact:

¢ = arccos {BZTiQ (113)] (12)

Calculating the maximum height of the ball (at the
time halfway between bounces) gives an expression for
the ball amplitude:

T = gn? [4w? (13)

This makes the describing function for the juggling
N;(jw,B,a) = Texp(—j(¢ + 7/2)). The paddle is
driven by an oscillator with the same control system
as before, i.e. through a spring, so that the oscilla-
tor output drives the desired position of the paddle,
and the input is the ball trajectory x, as illustrated
in figure 7. Since the juggle describing function is a
non-linear function of B, which is itself generated by
the non-linear oscillator/paddle, the functions cannot
be separated and plotted as before. A loop gain, and a
condition for stable oscillator driven juggling can still
be calculated:

T = N;(jw, [0 ZN (jw, b T)G(jw)], ) (14)

This can be solved graphically for the values of A,
and w which give stable juggling given the other pa-
rameters (hj, An, k,m etc.).
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Figure 7: Oscillator driven juggling. The amplitude of
the ball motion is T, the input to the oscillator is A = h;7,
and the output of the oscillator drives the paddle (G(jw))
with amplitude B. The ball motion can then be calculated
using N;. As before, there can be only a limit cycle when
the loop gain is unity.

Solving this equation is a powerful tuning tool. Us-
ing the equation, it was found that using ball velocity
& rather than the ball trajectory x as input gave more
robust solutions. This would have been very difficult
to discover without this analysis.

Solving this equation is also powerful for measuring
robustness and comparing solutions. The robustness
of the oscillator solution can be measured by fixing
the oscillator parameters and calculating whether so-
lutions exist for different values of restitution coeffi-
cient . This can be compared to a similar calcula-
tion for a constant sine wave y(t) = Bsin(wt). For the

sine wave, the limit on « is given by real solutions of
equation (12). The maximum value of « is 1, and the
minimum is a function of frequency:

Qmin = min(0, (1 — Bw?/gr)/(1 + Bw?/gr)) (15)

Figure 8 shows the comparison between oscillators
with natural frequency w, against sine waves of fre-
quency wy, over a range of different w,’s. The oscilla-
tors use velocity as input. The lines on the graph show
the range of o’s over which the different methods could
stably juggle. Because the oscillator can produce out-
puts over a range of frequencies, it can juggle with a
wider range of a’s than the constant frequency solu-
tion. This result shows that oscillators are a better
solution than a constant sine wave for this task.
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Figure 8: Robustness to changes in «. The plot shows
ranges of « for which stable juggling can be achieved by
either an oscillator with natural frequency wy, (o), or a
constant frequency sine wave B sin(wnt), (o), as the fre-
quency wy, is varied. Because the oscillator can alter its
frequency, it is more robust to changes in « than the con-
stant frequency solution, and thus more suitable for the
task.

Motivated by these results, juggling was imple-
mented using a paddle attached to the arm of the hu-
manoid robot Cog. The ball was restricted to move
in one dimension by a lightweight boom whose angle
was measured using a potentiometer. As indicated by
the analysis, ball velocity was chosen as the input sig-
nal to the oscillator. Figure 9 shows a short transient
from the juggling performance. The juggling is much
more variable than a simulated version, since there is
a great deal of noise not only in the sensor signal, but
also in the way the robot hits the tethered ball, effec-
tively altering « for each impact. The change in speed
of the oscillator driven paddle is visible in the plot.
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Figure 9: Plot showing paddle position (solid) and ball
trajectory (dashed) against time for the robot juggling.
Because of the way the arm hits the ball, there is sig-
nificant noise in the system. The oscillator responds to
the changing amplitude of the ball by adjusting its speed
slightly, which is noticeable in the middle of the trace.

6 Conclusions

This paper has presented a methodology for under-
standing the behavior of neural oscillators connected
to a variety of different systems. The method is based
on describing function analysis, and is useful for pre-
dicting the existence and frequency of limit cycle so-
lutions, as well as their local stability. It is a general
method applicable to a wide range of oscillators and
driven systems. It can be used as intuition for tuning
parameters by considering the effect of the parame-
ters on the oscillator frequency response, and also be
used to calculate the exact values of parameters. By
predicting the overall performance, it can be used to
evaluate the robustness of the oscillator to parame-
ter and system changes, and thus compare different
approaches.

One area not addressed in this paper is the problem
of tuning systems with more than one oscillator. Be-
cause of the dependence of oscillator gain with input
amplitude, these systems are complicated and thus
more difficult to tune. Techniques similar to those
used in the juggling example might be applicable, but
this is certainly an area for further work. Even in
its present form, the method can be used to analyze
parts of these more complex systems, which should
help with both tuning and understanding.

In conclusion, this paper has shown tractable and
intuitive ways to analyze neural oscillators which
should help practically with designing these systems,
as well as theoretically, in determining what systems
are appropriate for oscillator control.
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