The Geometry of Multiple Images

O.D. Faugeras and Q.-T. Luong

with contributions from T. Papadopoulo March 2, 2000

The geometry of multiple images Faugeras-Luong

Chapter 12

Self-calibration of a moving camera: from affine or projective calibration to full Euclidean calibration

Draft-Draft-Draft

598 Self-calibration of a moving camera: from affine or projective calibration to full Euclidean calibration

12.1 Introduction

We have described the three-dimensional geometry of the world as a stratification of a projective, affine, and Euclidean layers. So far, we have seen in chapters 8 and 8 that with some additional information about the world or the motion of the cameras, we could upgrade the representation from one layer to the next one. In this chapter, we address the problem of upgrading the representation using constraints on the camera’s intrinsic parameters. This problem can be alternatively formulated as the recovery of the internal parameters of a camera without the need of a calibration pattern, i.e. an object with known geometry in some three-dimensional Euclidean coordinate system.

We focus in the two first sections on the idea of relating directly the infinity morphism and the Fundamental matrix to intrinsic parameters by elimination of the rigid motion. First, even though we have seen in chapter 6 that the infinity morphism is an affine entity, we show here that it can also provide some Euclidean information, namely the intrinsic parameters of the camera. Second, even though we have also seen in the same chapter that the Fundamental matrix between two views is a projective entity, we show here that it can provide some Euclidean information, i.e. also the intrinsic parameters of the camera.

The situations where we can use the infinity morphism and those where we can use the Fundamental matrix are somewhat different. The infinity morphism can be most easily estimated from point correspondences when the camera’s motion is restricted to one keeping the optical center fixed, i.e. the camera is purely rotating around an axis going through that optical center, whereas the Fundamental matrix is important as soon as there is enough translation in the motion of the camera and the distance between the positions of the optical centers is significant with respect to the distances of the 3D points in the scene.

The basic idea is that, once we have estimated the infinity morphism between two views if the optical centers are identical, or the Fundamental matrix if they are different, we can use their relations, described in chapter 6, with the internal parameters of the camera to actually constrain those and even, sometimes, to compute them. The computation of the internal parameters from the infinity morphism can be considered an upgrade from affine to Euclidean calibration while the computation of those parameters from the Fundamental matrix is an upgrade from projective to Euclidean calibration. A major role is played in this chapter by the Kruppa matrix introduced in chapter 5. It is in fact this matrix that it is convenient to

The geometry of multiple images Faugeras-Luong

12.1 Introduction 599

recover in both cases rather than the intrinsic parameters directly.

Section 12.2 introduces the relation between the Kruppa matrices of two views and the infinity morphism and shows that this relation provides in general four independent equations between the coefficients of the unknown Kruppa matrices. When those are identical, i.e. when the intrinsic parameters of the camera have not changed between the views, this is sufficient to recover four intrinsic parameters but insufficient to recover five. In the case where the skew is known, e.g. equal to 0, we show that two views provide a unique solution for the Kruppa matrix and hence for the calibration of the camera. In the case where the skew is not known, we show that, in general, three views are sufficient to uniquely recover the Kruppa matrix. To illustrate the theory, we give a real example and also show the application of the method to the construction of a mosaic.

Section 12.3 introduces various relations between the Fundamental matrix and the internal parameters of a pair of cameras. It starts with the idea, historically important, to relate the Fundamental and the Essential matrices. We show that, although conceptually simple, that relation yields one complicated algebraic equation between the intrinsic parameters of the two cameras. We then show that by taking the full-fledged projective viewpoint advocated in this book and introducing the absolute conic, we come up with a set of equations between the Kruppa matrices of the two views which are algebraically simpler than the one obtained with the previous approach. We have named these equations after Erwin Kruppa because of his pioneering contributions in the use of projective geometry to analyse perspective projection. There are three such equations of which only two are algebraically independent and we show that in general three views provide six independent equations that are sufficient to recover the five intrinsic parameters in the case where they are identical in the three views.

Section 12.4 investigates practical methods for self-calibration based on the Kruppa equations. These methods solve exclusively for the intrinsic parameters. Once there parameters are obtained, the motion and the structure could be determined. It is shown that the methods for estimating the uncertainty of these Fundamental matrices described in chapter 7 play an important role in the accurate computation of the intrinsic parameters.

Section 12.5 is devoted to methods who solve not only for the intrinsic parameters (which are Euclidean entities), but also for the equation of the plane at infinity (an affine entity). We we first pursue our investigation of the constant intrinsic parameter case for the simpler case of affine cameras, before turning out to the case of perspective projection for which we describe several methods. The section ends with a method that does not assume that

Draft-Draft-Draft

600 Self-calibration of a moving camera: from affine or projective calibration to full Euclidean calibration

the intrinsic parameters are constant in all views but only that some of them are somewhat constrained, e.g. that the cameras are zero skew or that their aspect ratio is known. The method is based upon the estimation of the quadric dual to the absolute conic.

While motion was always eliminated in the approaches previously described, resulting in a relatively small number of unknowns, the methods described in section 12.6 all involve simultaneous determination of the intrinsic parameters and motion parameters. We first use the epipolar constraints, before describing an approach based directly on the projection equations, which in addition computes simultaneously the structure. The rest of the section is devoted to the description of the application of the previous techniques to the construction of 3D Euclidean models of a scene from photographs, and to match moving, i.e the insertion of synthetic objects in sequences of images of real scenes.

Section 12.7 ends the chapter with a discussion of the problem of degeneracy in self-calibration. Theoretically it is important to characterize the situations in which the equations that have been presented in the previous two sections become degenerate in the sense that they do not yield a unique solution for the Kruppa matrix or the intrinsic parameters, because it is part of our understanding of these equations. Practically it is also clearly important to know what are the camera motions that are to be avoided if we want our algorithms to estimate quickly and reliably the calibration parameters. We show that the problem of degeneracy is intrinsic (no pun intended) in the sense that it is algorithm independent: the degeneracy comes from the fact that we use a finite number of views to recover the equation of the image of the absolute conic. But we also show that, beside these intrinsic degeneracies, each particular method, e.g. the one based on the Kruppa equations, adds in general more degeneracies.

12.2 From affine to Euclidean

We start with the special case where the infinity collineation H_∞ is known. This case is important because, as seen in chapter 6, it corresponds to the situation where the camera is rotating with respect to an axis going through its optical center or to the situation where we have been able to recover the affine structure of the environment.

The geometry of multiple images Faugeras-Luong

12.2 From affine to Euclidean 601

12.2.1 Theoretical analysis

We first show that the knowledge of H_∞ places some constraints on the internal parameters of the two views through the Kruppa matrix defined in section 5.3.2:

Proposition 12.1 Given the infinity collineation H_∞ between two views, the relation between the Kruppa matrices is the following:

K^′ ≃ H_∞KH^T_∞ (12.1)

Proof : We know from proposition 6.25 that H_∞ ≃ A^′RA^{−1}, therefore, since RR^T = I_3, H_∞KH^T_∞ ≃ K^′, where K and K^′ are the two Kruppa matrices. Another, more geometric, way of seeing this is to notice that since Ω is by definition in the plane at infinity Π_∞, then ω and ω^′ or rather ω^∗ and ω^{′∗} are image of one another through the infinity collineation H_∞: for all line l^′ belonging to ω^{′∗}, i.e. such that l^{′T} K^′l^′ = 0, its image through the infinity collineation is H^T_∞l^′ and belongs to ω^∗: l^{′T} H_∞KH^T_∞l^′ = 0, which implies equation (12.1). □

This equation implies the equality, up to scale, of the two symmetric matrices H_∞KH^T_∞ and K^′. In the case where the internal parameters are the same in the two views, i.e when K = K^′, this yields apparently five equations between those internal parameters. A natural question to ask is whether these constraints are sufficient to recover the intrinsic parameters of the camera. The answer to this question is unfortunately no, as shown in proposition 12.2. We start with a lemma.

Lemma 12.1 Let X be an unknown symmetric matrix and R be a rotation matrix, R ≠ I_3. Let r be a unit vector parallel to the axis of rotation of R. The solutions of the matrix equation

RXR^T − X = 0 (12.2)

fall in two categories:

1. if R is a rotation of 180 degrees:

X = λ_1u_1u^T_1 + λ_2u_2u^T_2 + μrr^T (12.3)

where u_1 and u_2 are orthogonal unit vectors orthogonal to r, λ_1, λ_2 and μ are arbitrary real numbers.

Draft-Draft-Draft

602 Self-calibration of a moving camera: from affine or projective calibration to full Euclidean calibration

2. if R is not a rotation of 180 degrees: the solutions form a two-dimensional vector subspace V_r = span(I_3, rr^T ) of the six-dimensional vector space of the symmetric matrices, i.e:

X = λI_3 + μrr^T (12.4)

where λ and μ are arbitrary real numbers.

Proof : Let us rewrite equation (12.2)

RX = XR

This shows that r is an eigenvector of X since RXr = XRr = Xr and that R must leave the other eigenspaces of X invariant since for each eigenvector u of X, RXu = λRu = XRu.

Consider the eigenspaces orthogonal to r. Two cases can occur. The first case is when there are two orthogonal eigenspaces corresponding to the two distinct eigenvalues λ_1 and λ_2 and generated by the two unit norm orthogonal vectors u_1 and u_2. Since Ru_1 is an eigenvector of X and is in the plane span(u_1, u_2) (because R’s axis is orthogonal to that plane), the only possibility is that Ru_1 = ±u_1. In the first case, R is the identity, in the second it is a rotation of 180 degrees and X takes the form (12.3).

The second case to be considered is when there is an eigenplane orthogonal to r corresponding to the eigenvalue λ. The restriction of X to this eigenplane is λI_3 and X takes the form (12.4). □

We are now ready to state the

Proposition 12.2 The solutions in K, a symmetric matrix, of the matrix equation:

H_∞KH^T_∞ = K (12.5)

where H_∞ is of rank 3, has all eigenvalues of unit magnitude, two of them complex conjuguate, are given by:

K = λAA^T + μ(Ar)(Ar)^T (12.6)

where λ and μ are arbitrary constants and r is a unit vector satisfying Rr = r. Proof : From proposition 6.26 we can assume that H_∞ = ARA^{−1} and transform the equation (12.5) into:

R(A^{−1}KA^{−T} )R^T − A^{−1}KA^{−T} = 0

The geometry of multiple images Faugeras-Luong

12.2 From affine to Euclidean 603

which expresses the fact that K is a solution of the original equation if and only if A^{−1}KA^{−T} is a solution of:

RXR^T − X = 0

We then just have to apply lemma 12.1 to complete the proof. □

Note that we have eliminated, as non generic, the case where the rotation between the views is 180 degrees.

An interpretation of this proposition is that the knowledge of the infinity morphism between two views taken with the same camera imposes in general four constraints on the five intrinsic parameters. A special case of interest is the case where the number of intrinsic parameters is reduced to four, e.g. when the skew is zero, a case of practical interest. We state the result in the following proposition:

Proposition 12.3 When the camera is zero-skew, the knowledge of H_∞ yields in general a unique solution for the matrix K.

Proof : We know from proposition 12.2 that the solutions of the system of linear equations H_∞KH^T_∞ = K form a vector space of dimension 2. Let K_1, K_2 be a basis of that vector subspace (in practice, it can be found for example by SVD, see section 12.2.2). Hence, all solutions are of the form

K = λ_1K_1 + λ_2K_2 (12.7)

Note that this basis is in general different from the basis (AA^T , Ar(Ar)^T ) but when λ_1 and λ_2 vary, K takes all the values given by equation (12.6). This family of symmetric matrices contains one singular matrix, Ar(Ar)^T , obtained for λ = 0 and, since AA^T is nonsingular, it is the only singular matrix in the family. Let us now use the fact that the camera is zero skew. According to the analysis done in section 5.3.2 and to equation (5.37), K must satisfy the constraint

K_{13}K_{23} − K_{33}K_{12} = 0 (12.8)

It can be verified that the matrix Ar(Ar)^T satisfies this equation.

The lefthand side of (12.8) is a second degree homogeneous polynomial in λ_1 and λ_2 which has in general two roots in^{λ1}_{λ2} , yielding two solutions for K. Among the two solutions, one of them has to be proportional to Ar(Ar)^T . The second solution must therefore be proportional to AA^T . The scale factor can be accounted for by computing its Cholewski decomposition. □

Draft-Draft-Draft

604 Self-calibration of a moving camera: from affine or projective calibration to full Euclidean calibration

Let us now return to the general case of five intrinsic parameters. We can hope that if we perform two motions of the camera such that the corresponding rotation matrices are sufficiently different, in a sense to be made more precise, we should be able to recover the intrinsic parameters. We start with the following proposition:

Proposition 12.4 Let R_i, i = 1, 2 be two rotation matrices such that R_1 ≠ I_3, R_2 ≠ I_3 and furthermore none of them is a rotation of 180 degrees. Let X be an unknown symmetric matrix. The solutions in X of the system of two equations:

R_iXR^T_i − X = 0 i = 1, 2

are given by: X ∈ { span(I_3) if the two rotations have different axes span(I_3, r_1r^T_1 ) = span(I_3, r_2r^T_2 ) otherwise

Proof : The solutions of the system of two linear matrix equations lie in the intersection of the two vector spaces V_{ri} i = 1, 2 of the solutions of each equation. It is easy to see that if the two rotations have different axes this intersection is reduced to the one-dimensional vector space generated by I_3 whereas in the other case the two vector spaces are identical. □

We are now in a position to prove our main result:

Theorem 12.1 Let H_{∞i}, i = 1, 2 be two infinity collineations, i.e. such that there exist two rotation matrices (none of them of 180 degrees) R_i, i = 1, 2 such that H_{∞i}, i = 1, 2 be congruent to R_i, i = 1, 2 with the same matrix A. Let K be an unknown symmetric matrix. The solutions K of the system of two equations:

H_{∞i}KH^T_{∞i} − K = 0 i = 1, 2

are given by: K ∈ { span(AA^T ) if the two rotations have different axes span(AA^T , Ar_1(Ar^T_1 ) = span(AA^T , Ar_2(Ar^T_2 )) otherwise

Proof : The proof follows from proposition 12.4 using the same argument as in proposition 12.2. □

This theorem tells us that unless we happen to rotate around the same axis the five intrinsic parameters are uniquely determined by two views, provided that we can estimate the two infinity morphisms.

The geometry of multiple images Faugeras-Luong

12.2 From affine to Euclidean 605

12.2.2 Practical computation

Equation (12.5) can be rewritten as a system of six linear equations in the six unknown coefficients of the symmetric matrix K:

Mk = 0 (12.9)

Because of the noise in M, in practice one solves the following minimization problem:

min_k ‖Mk‖^2 subject to ‖k‖ = 1 (12.10)

Theoretically, according to proposition 12.2, the rank of matrix M is four in general. Therefore, one expects two of the singular values of matrix M to be significantly smaller than the other four (see the next section for an example). The solutions of problem (12.10) are therefore taken as being in the twodimensional vector space generated by the two eigenvectors of the symmetric 6 × 6 matrix M^T M corresponding to the two smallest eigenvalues.

If one has more than two views, as in proposition 12.4, one applies the same analysis and solves the system of linear equations

M_nk = 0 (12.11)

M_n is an 6n × 6 matrix obtained by concatenating the n matrices provided by the knowledge of the infinity collineation between n pairs of views. In practice one solves:

min_k ‖M_nk‖^2 subject to ‖k‖ = 1 (12.12)

Theoretically, according to theorem 12.1, the rank of (12.11) is in general five as soon as n is larger than or equal to 2. The solution of (12.12) is therefore taken in the one-dimensional vector subspace generated by the eigenvector of the symmetric 6 × 6 matrix M^T_n M_n corresponding to the smallest eigenvalue.

12.2.3 A numerical example

The knowledge of the infinity homography, enables us to perform (partial) self-calibration from two views in the case of constant intrinsic parameters, but also to deal with the case of variable intrinsic parameters, by propagating affine, and then Euclidean information. However, it has been reported [142, 442] that the methods based on the infinity homography matrix are very sensitive to the precision of determination of the homography, and that in practice, several views are necessary to obtain good results.

Draft-Draft-Draft

606 Self-calibration of a moving camera: from affine or projective calibration to full Euclidean calibration

The following example may help to ground the previous propositions in reality. Three images of an indoor scene shown Fig. 12.1 are used. The camera is zooming: The focal length has been changed from 8mm to 12mm (read on the lens barrel) between the second and the third view.

Figure 12.1: Three images taken by a camera, with epipolar lines shown. The camera has zoomed between the second and the third view, thereby changing the internal parameters.

Partial self-calibration of a camera from the infinity homography The infinity homography matrix between the two first views has been determined using a calibration object with a good precision:

H_{∞12} =

1.72134 −.172135 −218.805 .758041 1.59733 −620.388 .00109138 .000592603 1.00000

The three eigenvalues of H_{∞12} have the same norm, 1.57575, thus we conclude that the intrinsic parameters remain constant between image 1 and image 2. We divide the entries of H_{∞12} by 1.57575 so that the determinant is now 1.

The singular values σ_i for the matrix M in Eq. (12.9) are:

165495 469 2.02 0.19 1.610^{−9} 910^{−13}

We conclude that this matrix is of rank 4, as expected. Taking the last two columns of the orthogonal matrix V such that the singular value decompo-

The geometry of multiple images Faugeras-Luong

12.2 From affine to Euclidean 607

sition of M is Udiag(σ_1, . . . , σ_6)V^T , gives the space of solutions:

K_{11} = −.16481 − .75667t K_{22} = −.90735 − .13517t K_{33} = −.13351 − .80646t

K_{12} = −.38670 + .63966t K_{23} = −.00081 + .000855t K_{13} = −.2335810^{−5} − .0009565t

The zero-skew constraint of Eq (5.37) leads to the two solutions: t_1 = .434624, t_2 = 3.9219. After substitution, we find that det(K_1) = −.5610^{−6} and det(K_2) = −.4610^{−17}. Therefore, the solution to be kept is t_1, and by applying the formulas in proposition 5.22, we recover:

α_u = 481, α_v = 711, u_0 = 248, v_0 = 260

Propagation of affine and Euclidean information Having obtained somewhere in the image sequence Euclidean information, we show know how to propagate it on the whole sequence, thus updating the calibration of a zooming camera.

After determining the three Fundamental matrices between the images, we are able to obtain, using proposition 11.4 in chapter 11, the other infinity collineations from H_{∞12}. In particular:

H_{∞23} =

1.07992 .302292 −35.2662 −.905154 .959146 413.566 −.0000364269 −.000355526 1.00000

The norms of the eigenvalues are 1.21, 1.21, 1.0, thus we conclude that the intrinsic parameters have changed between image 2 and image 3. The zooming thus took place between these two images. Applying formula (12.1) gives immediately the new matrix K^′, from which the following parameters are computed:

α_u = 642, α_v = 950, u_0 = 248, v_0 = 263

It can be verified that they correspond to the variation of focal length described previously: We have^{α(3)u}_{α(1)u} ∼^{α(3)v}_{α(1)v} ∼^{f (3)}_{f (1)} = 1.5.

We have thus updated the calibration of the intrinsic parameters. As explained in chapter 11, we can go even further and recover a set of Euclidean perspective projection matrices which allow us to recover the structure of the scene up to a similarity transformation.

Draft-Draft-Draft

608 Self-calibration of a moving camera: from affine or projective calibration to full Euclidean calibration

12.2.4 Application to panoramic mosaicing

In Sec. 6.1.2 we have explaned how to build a planar mosaic using homographies. There was no need for calibration, but on the other hand, we had to reproject all the images onto a planar surface. If we wish to build a mosaic which encompasses a panoramic field of view (larger than 180 degrees), this is no longer reasonable. By recovering the Euclidean parameters (intrinsic parameters and rotations), we can reproject the images onto any surface, including a cylinder or a sphere.

Figure 12.2 show a set of nine views which have been acquired on the site of INRIA in Sophia-Antipolis with a Kodak DCS160 digital camera from an approximately constant viewpoint. They cover 360 degrees of field of view. The intrinsic parameters have been computed using the technique described previously. The relative rotations have also been computed using techniques described in chapter 11. The images have then been mapped to a cylinder which is shown 12.3. Note that the left and right sides of the resulting rectangular image match perfectly, a demonstration of the quality of the calibration.

If besides panning the camera, we take images by tilting it, with a sufficient number of images we can cover the whole sphere. This idea results in the spherical mosaics shown in Fig. 12.4, where we show the two halfhemispheres. It can be noted that this representation makes it possible to synthetize any perspective view taken from the initial viewpoint in any direction, as illustrated in Fig. 12.5.

12.3 From projective to Euclidean

In this section, we study the case of perspective projection. There is an important link between the Fundamental matrix and the intrinsic parameters, which comes from the fact that a general projection matrix can be decomposed in intrinsic parameters and a rigid displacement (see chapter 5). Thus, the knowledge of the Fundamental matrix puts some constraints on the intrinsic parameters. This section studies these constraints in great detail and shows how they can be used for self-calibration.

We thus consider two pinhole cameras which perform perspective projection. We denote by C and C^′ the two optical centers (assumed to be different) and by A and A^′ the matrices of the internal parameters defined in chapter 5.

The geometry of multiple images Faugeras-Luong

12.3 From projective to Euclidean 609

Figure 12.2: Nine images of INRIA at Sophia-Antipolis acquired from the same viewpoint.

Figure 12.3: The mosaic built from the twelve images of figure 12.2. Courtesy Sylvain Bougnoux, INRIA.

Draft-Draft-Draft

610 Self-calibration of a moving camera: from affine or projective calibration to full Euclidean calibration

Figure 12.4: The two hemispheres of the spherical mosaic of the INRIA parking lot. Courtesy Sylvain Bougnoux, INRIA.

12.3.1 The rigidity constraints: algebraic formulations using the essential matrix

The first natural idea is to use the relation described in proposition 6.27 between the Fundamental matrix and the Essential matrix and the constraints (6.34) satisfied by the Essential matrix to come up with constraints between the internal parameters of two views.

Proposition 12.5 The knowledge of the Fundamental matrix between the two views yields one algebraic polynomial relation of degree 8 between the coefficients of A and A^′.

Proof : We know from proposition 6.27 that the following relation

E ≃ A^{′T} FA (12.13)

holds between the E-matrix, the F-matrix and the internal parameters. But we know from chapter 6 that an E-matrix satisfies two algebraic constraints, the so-called Huang-Faugeras equations:

det(E) = 0 f(E) = 1 2 trace^2(EE^T ) − trace(EE^T )^2 = 0 (12.14)

The geometry of multiple images Faugeras-Luong

12.3 From projective to Euclidean 611

Figure 12.5: A semi-hemisphere of the mosaic of the Arcades square, and a synthetized perspective view. Courtesy Sylvain Bougnoux, INRIA.

As we have det(F) = 0, the first condition is automatically satisfied, and does not yield any valuable constraint in our framework, thus we are left with only one polynomial constraint, the second condition, which can be seen to be a polynomial of degree 8 on the coefficients of A and A^′. □

A second expression of the rigidity constraints has been presented by Trivedi [383]. If E is an essential matrix, the symmetric matrix S = EE^T , which a priori has six independent entries, depends only on the three components of t: S ≡ EE^T = −[t]_×^2 = t^2 + t^2_3 −t_1t_2 −t_1t_3 −t_2t_1 t^2_3 + t^2_1 −t_2t_3 −t_3t_1 −t_3t_2 t^2_1 + t^2

(12.15)

The matrix S has thus a special structure which is described in the following proposition:

Proposition 12.6 (Trivedi) The elements of the matrix S are related by the three polynomial relations:

4S_{ij} − (trace(S) − 2S_{ii})(trace(S) − 2S_{jj}) = 0, 1 ≤ i < j ≤ 3 (12.16)

of which only two are independent.

Draft-Draft-Draft

612 Self-calibration of a moving camera: from affine or projective calibration to full Euclidean calibration

The proof of this proposition can be found in [383] and [228].

It can be seen that the two Trivedi relations provide two polynomial relations of degree 8 between the coefficients of A and A^′ and a natural question is whether those conditions are the same as those obtained from the Huang-Faugeras equations. Fortunately, the answer to this question is positive:

Proposition 12.7 The Huang-Faugeras and the Trivedi equations are equivalent.

Proof : Let first suppose that we have (12.15). Then follows immediately det(EE^T ) = 0, and thus the first condition det(E) = 0 is satisfied. Adding the three equations (12.16), yields :

4(S^2_{12} + S^2_{13} + S^2_3) + S^2_{11} + S^2_2 + S^2_{33} − 2(S_{11}S_{22} + S_{22}S_{33} + S_{33}S_{11}) = 0

Since the matrix S is symmetric, the first term can be replaced by: 4(S_{12}S_{21}+ S_{13}S_{31} + S_{23}S_{32}), and a simple computation shows that it is identical with the Huang-Faugeras condition:

trace^2(S) − 2trace(S^2) = 0

Conversely, let us then assume that the Huang-Faugeras conditions are satisfied. They are equivalent to the fact that the matrix E has one zero singular value and two equal nonzero singular values σ. By definition, there exists an orthogonal matrix U such as:

S = EE^T = U

0 0 0 0 σ^2 0 0 0 σ^2 U^T

This matrix equality can be expanded as:

S = σ^2(U_{i2}U_{j2} + U_{i3}U_{j3})_{1≤i,j≤3}

Since U is orthogonal, its row vectors are orthonormal:

U_{i2}U_{j2} + U_{i3}U_{j3} = { −U_{i1}U_{j1} if i ≠ j 1 − U^2_{i1} if i = j

The diagonal element 1 − U^2_{11} (resp. 1 − U^2_{21}, 1 − U^2_{31}) can be rewritten, because the column vectors of U are orthonormal, U^2_{31} +U^2_{21} (resp. U^2_{11} +U^2_{31}, U^2_{21} + U^2_{11}), which shows that S has exactely the form (12.15). □

The geometry of multiple images Faugeras-Luong

12.3 From projective to Euclidean 613

Unfortunately, the two independent Trivedi equations which are equivalent to the second Huang and Faugeras condition are not simpler than this one: They all yield algebraic constraints which are polynomials of degree 8 in the coefficients of A and A^′ (the intrinsic parameters) and thus are not quite suitable for practical computation, or even theoretical study. It is why we are going to consider a geometrical interpretation of the rigidity constraint which yields low-order polynomial constraints.

12.3.2 The Kruppa equations: a geometric interpretation of the rigidity constraint

Geometric and algebraic derivation of the Kruppa equations: Let us consider an epipolar plane Π, which is tangent to Ω. Then the corresponding epipolar lines l and l^′ are tangent to the images ω and ω^′ of Ω, respectively. It follows that the two tangents to ω drawn from the epipole e are in correspondence under the epipolar transformation with the two tangents to ω^′ drawn from the epipole e^′ , as illustrated by figure 12.6.

Let K and K^′ be the Kruppa matrices, introduced in chapter 6, in the first and second image Eq. 5.34. The fact that the camera is moving rigidly implies two polynomial constraints on the coefficients of K and K^′:

Proposition 12.8 The two Kruppa matrices satisfy the following relation:

FKF^T ≃ [e^′]_×K^′[e^′]_× (12.17)

which is equivalent to two polynomial equations of degree 2 in the coefficients of K and K^′. These equations are called the Kruppa equations.

Proof : The epipolar line l^′ = (e^′, y^′) is tangent to ω^′ iff:

(e^′ × y^′)^T K^′(e^′ × y^′) = −y^{′T} [e^′]_×K^′[e^′]_×y^′ = 0 (12.18)

The epipolar line corresponding to the point y^′ is F^T y^′ and is tangent to ω iff: y^{′T} FKF^T y^′ = 0 (12.19)

Writing that (12.18) and (12.19) are equivalent yields the so-called Kruppa equations.

Another, purely algebraic, way of obtaining those equations is to start with equation (12.1): K^′ ≃ H_∞KH^T_∞,

Draft-Draft-Draft

614 Self-calibration of a moving camera: from affine or projective calibration to full Euclidean calibration

Figure 12.6: The absolute conic and the epipolar transformation.

The geometry of multiple images Faugeras-Luong

12.3 From projective to Euclidean 615

to multiply left and right by [e^′]_×

[e^′]_×K^′[e^′]_× ≃ [e^′]_×H_∞KH^T_∞[e^′]_×,

and to use equation (6.16):

F ≃ [e^′]_×H_∞

In order to obtain the two Kruppa equations, we assume for simplicity that the epipole e^′ is not at infinity, i.e. that its last coordinate is not zero. We can therefore parameterize the epipolar lines (e^′, y^′) by their point of intersection with the line at infinity: y^′_∞ = [1, τ, 0]^T . The relations (12.18) (resp. (12.19)) take the form P (τ) = k_0 + k_1τ + k_2τ^2 = 0 (resp. P^′(τ) = k^′_0 + k^′_1τ + k^′_2τ^2 = 0), and the Kruppa equations express the fact that the coefficients of those two polynomials in τ are proportional:

k_0 : k_1 : k_2 = k^′_0 : k^′_1 : k^′_2 (12.20)

This yields two algebraically independent equations among the three equations

Eq_1 = k_1k^′_2 −k^′_1k_2 = 0 Eq_2 = k_2k^′_0 −k^′_2k_0 = 0 Eq_3 = k_0k^′_1 −k^′_0k_1 = 0 (12.21) □ The nice thing with the Kruppa equations is that since the coefficients k_i (resp. k^′_i) depend linearly on the entries of K (resp. K^′), they are only of degree two in these entries, and therefore of degree 4 in the entries of A and A^′, thus providing a much simpler expression of the rigidity constraint than the one obtained by the purely algebraic methods described at the beginning of this section.

In section 12.5.5 we give another interpretation of the Kruppa equations in terms of the quadric dual to the absolute conic.

Equivalence between the Kruppa and the Huang-Faugeras equations It would be reassuring to show that the two formulations, the algebraic and the geometric, are equivalent. This is our next task. We have to show that the set of Kruppa equations (12.20) is equivalent to the constraint induced by the second equation (12.14). This is something which is a priori not intuitive, since we just saw that there are two Kruppa equations.

Proposition 12.9 The two Kruppa equations are equivalent to the constraint obtained from the second Huang-Faugeras equations.

Draft-Draft-Draft

616 Self-calibration of a moving camera: from affine or projective calibration to full Euclidean calibration

Proof : Let us make a change of retinal coordinate system in each of the two retinal planes, so that the new Fundamental matrix is diagonalised. To achieve this, we use the singular value decomposition : there exists two orthogonal matrices U and V such that F = Udiag(λ, μ, 0)V^T . where λ ≠ 0 and μ ≠ 0 since we know that a Fundamental matrix must be of rank two.

We use matrix V to change retinal coordinates in the first retina and matrix U to change retinal coordinates in the second retina, the new intrinsic parameters matrices are A_n = AV and A^′_n = A^′U in the first and second retina, respectively. Furthermore, in the new pixel coordinate systems we have e = e^′ = (0, 0, 1)^T .

The Kruppa equations are then easily shown to be given by:

K_{22} : K_{11} : −K_{12} = λ^2K^′_{11} : μ^2K^′_{22} : λμK^′_{12},

which yields:

Eq_1 = μ(λK_{11}K^′_{12} + μK_{12}K^′_{22}) Eq_2 = λ(λK_{12}K^′_{11} + μK_{22}K^′_{12}) Eq_3 = μ^2K_{22}K^′_{22} − λ^2K_{11}K^′_{11}

Let us now express the condition f(E) = 0. Since: E ≃ A^{′T} FA, some algebra (done partially using the symbolic computation program MAPLE), leads to: f(E) ≃ − 1 2 ((λ^2K_{11}K^′_{11} − μ^2K_{22}K^′_{22})^2+

2λμ(λK_{12}K^′_{11} + μK_{22}K^′_{12})(λK_{11}K^′_{12} + μK_{12}K^′_{22})),

so that f(E) ≃ − 1 2 (Eq^2_3 + 2Eq_1Eq_2)

It is clear that if the Kruppa equations are satisfied, then f(E) = 0.

Let us now prove the converse. We notice that:

K_{22}Eq_1 − K_1Eq_2 = K_{12}Eq_3 (12.22)

In the case where K_{12} ≠ 0, the previous equation can be rewritten, using (12.22):

(K_{22}Eq_1 − K_{11}Eq_2)^2 + 2Eq_1Eq_2K^2_{12} = 0 (12.23)

Thus, expanding:

K^2_{22}Eq^2_1 + K^2_{11}Eq^2 = 2Eq_1Eq_2(K_{11}K_{22} − K^2_{12})(K_{11}K_{22} − K^2_{12}) (12.24)

The geometry of multiple images Faugeras-Luong

12.3 From projective to Euclidean 617

Because K = A_nA^T_n and K^′ = A^′_nA_n^{′T} , if we denote by l_i, i = 1, 2, 3 and l^′_i, i = 1, 2, 3 the row vectors of A_n and A^′_n:

K_{12} = l^T_1 l_2 K_{22} = ‖l_2‖^2 (12.25) K_{11} = ‖l_1‖^2

According to the definitions (12.26) of K_{12}, K_{11}, K_{22}, the Schwartz inequality implies that K_{11}K_{22} − K^2_{12} is superior or equal to zero. If it is zero, one obtains from (12.24) K_{11}E_1 = K_{22}E_2 = 0. Since K_{22}K_{11} = K^2_{12} ≠ 0, it follows that E_1 = E_2 = 0. If it is strictly positive, then E_1E_2 ≥ 0. The equation (12.23) is the sum of two positive terms, thus they have to be simultaneously zero, thus E_1E_2 = 0 and E_3 = 0.

The case which remains is K_{12} = 0. The Kruppa equations take then the simple form:

λμK_{11}K^′_{12} = λμK_{22}K^′_{12} = μ^2K_{22}K^′_{22} − λ^2K_{11}K^′_{11} = 0

which is equivalent to: { K^′_{12} = 0 λ^2K_{11}K^′_{11} − μ^2K_{22}K^′_{22} = 0 or { K^′_{12} ≠ 0 K_{22} = K_{11} = 0

and to:

f(E) ≃ 2λ^2μ^2K_{22}K_{11}K^{′2}_{12} + (λ^2K_{11}K^′_{11} − μ^2K_{22}K^′_{22})^2 = 0 □ As a consequence of this proof, we obtain the following formulas which give the Kruppa equations as a function of the singular value decomposition of the Fundamental matrix:

Proposition 12.10 The Kruppa equations derived from the SVD of the Fundamental matrix F = Udiag(λ, μ, 0)V^T , where U = [u_1, u_2, u_3] and V = [v_1, v_2, v_3] are two orthogonal matrices, are:

λ^2v^T_1 Kv_1 u^T_2 Ku_2 = μ^2v^T_2 Kv_2 u^T_1 Ku_1 = − λμv^T_1 Kv_2 u^T_1 Ku_2

It is interesting to note that in the calibrated case, K = I_3, and therefore those equations reduce to λ^2 = μ^2, in accordance with the condition on the Essential matrix in Eq. (6.34).

Draft-Draft-Draft

618 Self-calibration of a moving camera: from affine or projective calibration to full Euclidean calibration

12.3.3 Using two displacements of a camera: a method for self-calibration

The idea behind the method is to use the Kruppa equations in the case of a single camera that we move in a static scene while keeping its intrinsic parameters fixed. In that case A = A^′, K = K^′, and each pair of views provides potentially two equations that constrain the intrinsic parameters. Intuitively, if sufficiently many different displacements are made, one might hope that one will be able to recover all intrinsic parameters.

How many displacements or images are necessary? Each displacement yields two independent algebraic equations. We have in general five coefficients to estimate and therefore three displacements are necessary. In the case where some intrinsic parameters have known values, e.g. 0 skew, a smaller number of displacements may be sufficient. For example, in the case of 0 skew, we have the additional constraint (5.37).

Given three views taken from three different viewpoints, there are three displacements, noted D_{12}, D_{23}, and D_{13}. One could worry about the fact that since the third displacement is a composition of the first two, D_{13} = D_{23}D_{12}, the two equations provided by D_{13} are algebraically dependent on the four equations provided by D_{12} and D_{23}, thus resulting in an underconstrained system. One way to see that it is not the case is to count unknowns. Two Fundamental matrices depend only upon 14 parameters (see chapter 6). On the other hand, the Euclidean information which is recovered by self-calibration, consists of the three displacements, i.e. three rotations and three translations defined up to a common scale factor, and the 5 intrinsic parameters. The displacements depend on 11 parameters: 3 for each of the rotations R_{21} and R_{32}, 2 for each of the directions of translations t_{12} and t_{23}, one for the ratio of the norms of the translations. The total is 16 parameters, thus the information is not entirely contained in the first two Fundamental matrices. The two missing parameters are actually recovered thanks to the two additional Kruppa equations provided by the third Fundamental matrix.

We give now a simple numerical example to show that in the general case the equations are independent. The first two displacements are:

R_{21} =

1 0 0 0 0 −1 0 1 0 t_{21} = 1 2 1 The geometry of multiple images Faugeras-Luong

12.3 From projective to Euclidean 619

R_{32} =

0 1 0 −1 0 0 0 0 1 t_{32} = 2 0 −1 The displacement obtained by composition of D_1 and D_2, expressed in the coordinate system of the first camera, is:

R_{31} = R_{21}R_{32} =

0 1 0 0 0 −1 −1 0 0 t_{31} = R_{21}t_{32} + t_{21} = 3 3 1 If we take as intrinsic parameter matrix A the identity matrix, the Fundamental matrices are identical to the essential matrices. Setting K_{33} = 1, the six Kruppa equations are:

Eq_1 = 4 K_{11} − 2 K_{13}K_{11} − 4 K_{23}K_{11} − 4 K_{22}K_{11} + 6 K_{12}K_{11} + 4 K_{13}K_{22} − 2 K_{23}K_{22} + 2 K_{12}K_{22} − 4 K^2_{12} − 4 K_{12} + 4 K_{23}K_{12} − 4 K^2_{13} + 2 K_{13} + 4 K_{23}K_{13} − 2 K_{23} Eq^′_1 = 3 K_{11} − 8 K_{23}K_{11} − 3 K_{22}K_{11} + K^2_{22} + 8 K_{13}K_{22} − 4 K_{23}K_{22} − 2 K_{12}K_{22} − 8 K_{12} + 8 K_{23}K_{12} + 2 K_{13} + 8 K_{23}K_{13} − 4 K_{23} − 1 Eq_2 = 4 K_{13}K_{11} + 2 K_{12}K_{11} + 4 K_{23}K_{22} + 2 K_{12}K_{22} + 16 K_{12} + 8 K_{13}K_{12} + 8 K_{23}K_{12} + 16 K^2_{13} + 16 K_{13} + 16 K^2_{23} + 16 K_{23} Eq^′_2 = −K^2_{11} − 4 K_{11} − 4 K_{13}K_{11} + K^2_{22} + 4 K_{22} + 4 , K_{23}K_{22} Eq_3 = −18 K^2_{11} + 60 K_{13}K_{11} − 52 K_{23}K_{11} + 12 K_{12}K_{11} + 18 K_{22} − 6 K_{13}K_{22} − 6 K_{23}K_{22} + 2 K_{12}K_{22} + 12 K^2_{12} + 54 K_{12} − 36 K_{23}K_{12} − 36 K^2_{13} + 54 K_{13} − 12 K_{23}K_{13} + 18 K_{23} Eq^′_3 = −9 K^2_{11} − K_{11} + 60 K_{13}K_{11} − 54 K_{23}K_{11} + 9 K_{22}K_{11} + K^2_{22} + 9 K_{22} − 6 K_{23}K_{22} + 6 K_{12}K_{22} + 54 K_{12} − 36 K_{23}K_{12} − 36 K^2_{13} + 60 K_{13} − 9

A solution of the system of equations Eq_1, Eq^′_1, Eq_2, Eq^′_2 obtained from the displacements D_1 and D_2 is:

K_{11} = 0 K_{12} = −1 K_{13} = 1 2 K_{22} = −4 K_{23} = 0

Substituting these values into the equations obtained from D_3 yields: Eq_3 = −76, Eq^′_3 = −38, thus we have verified that these equations are independent from the previous ones, i.e that they cannot be written as polynomials in Eq_1, Eq^′_1, Eq_2, Eq^′_2.

Degenerate cases There are many cases where the Kruppa equations are degenerate, i.e. do not provide enough information for recovering the internal parameters. In this section we discuss only a few of the simplest cases. Section 12.7 provides a more detailed analysis. There are situations when one displacement is such that the Kruppa equations do not provide any constraint at all: they include pure translation, pure rotation, and affine viewing situation.

Draft-Draft-Draft

620 Self-calibration of a moving camera: from affine or projective calibration to full Euclidean calibration

Pure translation In the case where the displacement is a pure translation (the rotation is the identity R = I_3), it can be seen from equation (12.13) that the Fundamental matrix is antisymmetric. Since E = [t]_× and A = A^′, we have F ≃ A^{−T} [t]_×A which is an antisymmetric matrix. If F is antisymmetric, e ≃ e^′ From (6.16), we conclude that

∀y, Fy ≃ e × y

The equations (12.18) and (12.19) are equivalent, and thus the Kruppa equations reduce to tautologies. A geometric interpretation is that since the two tangents to ω in the first image are the tangents to ω in the second image, no further constraint is put on ω by considering a second image.

Pure rotation In the case of 0 translation, the Fundamental matrix is the null matrix and there are no epipolar constraints and thus no Kruppa equations. The displacement is a pure rotation whose axis contains the optical center of the camera. Section 12.2 is dedicated to this case.

Affine viewing If the viewing geometry can be described with the affine projection model, then it can be verified by substitution of the form of the affine Fundamental matrix given in Equation (6.39) into the Kruppa equations given in Equation (12.17) that they reduce to the form K_{33}f(a, b, c, d), which is never or always zero. Let see what happens to the geometric constraint from which the Kruppa equations are derived.

• The plane at infinity Π_∞ is mapped into the line at infinity l_∞ by an affine projection. The absolute conic is mapped into two points I, J of l_∞ in the first image and two points I^′, J^′ of l_∞ in the second image.

• Since the epipolar lines are parallel, they intersect l_∞ at a single point d in the first image, d^′ in the second image.

• The tangency condition reduces to the fact that d is either I or J and d^′ is either I^′ or J^′.

12.4 Computing the intrinsic parameters using the Kruppa equations

This section is devoted to a first family of techniques for solving the problem of recovering the Euclidean stratum from the projective stratum, represented

The geometry of multiple images Faugeras-Luong

12.4 Computing the intrinsic parameters using the Kruppa equations 621

by a collection of Fundamental matrices. They do this by solving one way or another the Kruppa equations to recover the intrinsic parameters. They then exploit the relation (6.33) between the fundamental matrix and the essential matrix to recover the essential matrixes from which the relative rotations and the directions of the translations can be recovered, see section 6.3.3. Note that the ratio of the lengths of any of the translation vectors can be computed using propositions 11.6, 11.7 and 11.8, or as explained in section 12.6.1.

These methods separate entirely the estimation of the intrinsic parameters from the estimation of the motion parameters. Sec. 12.4.1 details formulas to recover the focal lengths of two cameras (certainly the most important intrinsic parameter) from a single Fundamental matrix. Sec. 12.4.2 discusses methods which take advantage of the polynomial structure of the equations to solve from three views with constant intrinsic parameters. Sec. 12.4.3 presents an optimization based approach to solve the same equations, which is efficient to integrate multiple views. It is an interesting application of the methods, described in chapter 7, for estimating the uncertainty of the fundamental matrix.

12.4.1 Recovering the focal lengths for two views

One Fundamental matrix yields two Kruppa equations, therefore we should be able to recover two intrinsic parameters assuming that the rest of them is known. We consider cameras which have zero-skew, unit aspect ratio (Sec. 5.3.1), and known principal points c and c^′:

Proposition 12.11 (Bougnoux) For a pair of cameras with Fundamental matrix F, epipole e^′, and intrinsic parameters:

A = f 0 u_0 0 f v_0 0 0 1 and A^′ = f^′ 0 u^′_0 0 f^′ v^′_0 0 0 1

the focal of the first camera is given by:

f = − c^{′T} [e^′]_× ĨFc(c^T F^T c^′) c^{′T} [e^′]_× ĨFĨF^T c^′ where Ĩ =

1 0 0 0 1 0 0 0 0

(12.26)

and c = [u_0, v_0, 1]^T and c^′ = [u^′_0, v^′_0, 1]^T are the principal points.

Draft-Draft-Draft

622 Self-calibration of a moving camera: from affine or projective calibration to full Euclidean calibration

Proof : Under our assumptions, the Kruppa matrix of the first camera can be written:

K = AA^T = f^2 + u^2_0 u_0v_0 u_0 u_0v_0 f^2 + v^2_0 v_0 u_0 v_0 1

= f^2Ĩ + cc^T

Let’s note l = Fc, m = [e^′]_× c^′, F̃ = FĨF^T and

Ẽ′ = [e^′]_× Ĩ [e^′]^T_× = e^{′2}_3 0 −e^′_1e^′_3 0 e^{′2}_3 −e^′_2e^′_3 −e^′_1e^′_3 −e^′_2e^′_3 e^{′2}_1 + e^{′2}

(12.27)

The Kruppa equations (12.17) can be rewritten with the proportionnality factor x:

f^2F̃ + ll^T = x(f^{′2}Ẽ^′ + mm^T ) (12.28) Using Ẽ^′_{12} = 0, if m_1m_2 = 0, we conclude from that equation that:

f^2F̃_{12} + l_1l_2 = 0

otherwise, we obtain the scale factor x =^{f 2F̃12+l1l2}_{m1m2} , which we substitute back into Eq. (12.28):

f^2f^{′2}F̃_{12}Ẽ^′ + f^2(F̃_{12}mm^T − m_1m_2F̃ ) + f^{′2}l_1l_2Ẽ^′ + l_1l_2mm^T − m_1m_2ll^T = 0

This is a polynomial equation of degree 2 in f^2 and f^{′2} with matrix coefficients. We can rewrite it as f^2f^{′2}A + f^2B + f^{′2}C + D = 0_{3×3} with A, B, C and D four 3 × 3 symmetric matrices which depend only on the epipolar geometry and principal points. Let’s call EQ those 6 equations. EQ_{12} was already used for the parameter x.

Now from Ẽ^′_{11} = Ẽ^′_{22}, we conclude that we must have EQ_{11} = EQ_{22}, which means: A_{11} = A_{22}, C_{11} = C_{22} and:

(B_{11} − B_{22})f^2 + D_{11} − D_{22} = 0 (12.29)

we obtain with some algebra:

B_{11} = F̃_{12}m^2_1 − F̃_{11}m_1m_2 = −m_1 [ F_{11} F_{12} 0 ] F^T c^′e^′_3 D_{11} = l_1l_2m^2_1 − m_1m_2l^2_1 = −l_1m_1(c^T Fc^′)e^′_3 and B_{22} = F̃_{12}m^2 − F̃_{22}m_1m_2 = m_2 [ F_{21} F_{22} 0 ] F^T c^′e^′_3 D_{22} = l_1l_2m^2 − m_1m_2l^2 = D_{22} = −l_2m_2(c^T Fc^′)e^′_3

The geometry of multiple images Faugeras-Luong

12.4 Computing the intrinsic parameters using the Kruppa equations 623

We remark that e^′_1EQ_{11} = −e^′_3EQ_{13} and e^′_2EQ_{21} = −e^′_3EQ_{23}. So, as EQ_{13} and EQ_{23} should be verified we can always simplify by m_3 and write Eq. (12.29) as:

m^T Ĩ(F̃f^2 + Fcc^T F^T )c^′ = 0

from which the announced formula follows. □

It can be noted that this formula gives a null focal (a degenerate value) if c^T F^T c^′ = 0, or in other words, the two principal points are in epipolar correspondence. This actually means that the two optical axis are intersecting at a common point, a situation which will be studied in more detail in Sec. 12.7. In the same spirit as the previous calculations, it is also possible to solve for the scale factors in each direction α_u and α_v if they are supposed constant in the two views. The Kruppa equations yield a system of two polynomials of degree two with two unknowns which has an analytical solution.

12.4.2 Solving the Kruppa equations for three views

We have seen that three displacements yield six equations in the entries of the Kruppa matrix K. The equations are homogeneous, so the solution is determined only up to a scale factor. In effect there are five unknowns. Trying to solve the over-determined problem with numerical methods usually fails, so five equations are picked from the six and solved first. As the equations are each of degree two, the number of solutions in the general case is 32 = 2^5. The remaining equation could just be used to discard the spurious solutions, but this ignores the uncertainty on the coefficients and it is better to exploit the redundancy of information to obtain a more robust algorithm, as well as a gross estimate of the variance of the solutions.

How do we solve a system of 5 polynomial equations of degree 2 in 5 variables? Providing an initial guess and using an iterative numerical method will generally not find all the solutions: many of the starting points will yield trajectories that do not converge and many other trajectories will converge to the same solution. However it is not acceptable to miss solutions, since there is only one correct one amongst the 32.

Recently developed methods in numerical continuation can reliably compute all solutions to polynomial systems. These methods have been improved over a decade to provide reliable solutions to kinematics problems. Some details of these improvements are explained in [403], which is a detailed tutorial presentation. The solution of a system of nonlinear equations by numerical continuation is suggested by the idea that small changes in the parameters of the system usually produce small changes in the solutions. Suppose the solu-

Draft-Draft-Draft

624 Self-calibration of a moving camera: from affine or projective calibration to full Euclidean calibration

tions to problem A (the initial system) are known and solutions to problem B (the target system) are required. Solutions are tracked as the parameters of the system are slowly changed from those of A to those of B. Although for a general nonlinear system numerous difficulties can arise, such as divergence or bifurcation of a solution path, for a polynomial system all such difficulties can be avoided.

Details and experimental results can be found in [223]. The main advantage of the method is that no initialization is needed. If the points are measured with a good precision, the results can be sufficiently precise. Another advantage is that it is easy to assess the success or failure of the algorithm. However there are several drawbacks:

• the method is suitable only for the case of the minimum number of displacements, as it is difficult to use all the (_n 5 ) constraints provided by a sequence of n views without increasing considerably the amount of computations,

• it is difficult to take into account uncertainty for the input (fundamental matrices) as well as producing estimates of the uncertainty for the output (camera parameters),

• the computational cost of solving the polynomial system is relatively high,

• it is not possible to express the constraints of positivity of K when solving the systems, since continuation works in the complex plane. Thus with noisy data, it can happen that no acceptable solution are found.

It is easy to enforce the zero-skew constraint γ = 0 within this framework, since it is also a polynomial of degree two in the entries of the Kruppa matrix (equation (5.37)). Two displacements and this constraint generate a system of five equations, and are therefore sufficient to find a solution.

12.4.3 Non-linear optimization to accumulate the Kruppa equations for n > 3 views

Suppose we have n views with constant intrinsic parameters, and estimated N ≤ (_n 2 ) fundamental matrixes, noted F_i, between pairs of views. For each fundamental matrix, we consider two Kruppa equations (12.21). Those equations are polynomials of degree two in the entries of the Kruppa matrix K

The geometry of multiple images Faugeras-Luong

12.4 Computing the intrinsic parameters using the Kruppa equations 625

with coefficients that are functions of the entries of F_i, we note Eq_1(F_i, K) and Eq_2(F_i, K) those two equations (see section 12.3.2).

For each matrix K, we can compute, using the techniques described in section 7.7, the variances σ_{Eqj} (F_i, K), j = 1, 2 of the two Kruppa equations as: σ^2_{Eqj} = ( ∂Eq_j ∂F_i )^T Λ_{Fi} ∂Eq_j ∂F_i One then minimizes with respect to the five parameters of K the following error criterion:_N ∑ i=1 Eq_1(F_i, K)^2 σ_{Eq1} (F_i, K) + Eq_2(F_i, K)^2 σ_{Eq2} (F_i, K)

(12.30)

To enforce the fact that K = AA^T has to be a positive matrix, the minimization is done with the parameters of the intrinsic parameters matrix A defined in Eq. (5.30). Several variants are possible depending on the simplification on A chosen (see Sec. 5.3.1), satisfactory results being obtained with the three parameter model (zero-skew, unit aspect ratio).

There are several ways of finding a starting point for the minimization of (12.30). One way is to choose two (zero skew) or three views among the n and to solve the corresponding Kruppa equations by the method described in the previous section. Another method, which does not require iterative computations and can be used robustly with several views, is described by Zeller [425]:

• For each fundamental matrix F_i, take γ = 0, the principal point at the image center, and solve analytically the two Kruppa equations for α_i and β_i.

• The initial values for α and β are taken as the median values of the α_i and β_i.

An example of results obtained with three different synthetic sequences is shown in Fig. 12.7. In each sequence, 100 points, which are confined to the inside of a cube, are observed from the ten viewpoints which are indicated by their camera coordinate system and the optical axis. The noise level is 1.0 pixel (in a 512 × 512 image).

In the first sequence, the viewpoints are well-distributed, roughly on a sphere centered at the middle of the cube and the optical axes are roughly going through the center of the sphere: this is a good approximation to the critical sequence described in section 12.7.2. In the second sequence, the views are almost coplanar: this is one of the intrinsic critical sequences

Draft-Draft-Draft

626 Self-calibration of a moving camera: from affine or projective calibration to full Euclidean calibration

described in section 12.7.1. But they are also roughly on the same sphere as in the first sequence. The third sequence is a case of a critical sequence where the rotation axes are identical.

The second row of figure 12.7 shows the different values of α_i and β_i obtained by the analytical method described above. It can be seen that for all three sequences the pairs (α_i, β_i) roughly fall on a line whose slope is close to the correct aspect ratio. This confirms the analysis of section 12.7.2. It has been found that the aspect ratio computed by this method is quite insensitive to the choice of (u_0, v_0).

12.5 Computing the canonic transformation parameters

All the methods that are described in this section start from the projective stratum computed as explained in section 11.3, and represented by the projection matrices. They upgrade the representation from projective to affine and Euclidean by computing directly the projection matrices. The main idea is to notice that, once the projective projection matrices have been obtained, there only remains to find one collineation of space to turn them into affine or Euclidean projection matrices. We start in Sec. 12.5.1 with the affine camera case, where we start already from affine. In the perpective case, as explained in Sec. 12.5.2, the collineation can very simply be parametrized by 8 parameters: 5 parameters for the intrinsic parameters and 3 for the plane at infinity. We then examine different families of methods. The first family produce an affine representation (Sec. 12.5.3), the second family relies on an intermediate affine stage (Sec. 12.5.4), and the third family treats the two stages uniformly (Sec. 12.5.5). A further advantage of these methods approach is that they extend naturally to the case of varying internal parameters, discussed in Sec. 12.5.6.

12.5.1 The affine camera case

If the camera performs a parallel projection (affine camera, see chapter 5), the ambiguity in reconstruction is already at most affine. We examine now how to recover the intrinsic parameters of the affine camera so that Euclidean information can be obtained. We have seen in section 11.3.3.2 how to recover the 2 × 3 projection matrices P^A_i , i = 1, · · · , n of a set of affine cameras up to an arbitrary affine transformation of the space.

We have given in chapter 5, section 5.4.3, several definitions of the intrin-

The geometry of multiple images Faugeras-Luong

12.5 Computing the canonic transformation parameters 627

init

917.3 0 256 0 1354.7 256 0 0 1

816.9 0 256 0 1203.3 256 0 0 1

944.8 0 256 0 1372.6 256 0 0 1

5 param

897.4 −0.23 246.8 0 1325.8 259.1 0 0 1

950.8 −3.21 249.9 0 1402.7 224.3 0 0 1

1163.5 3.82 132.1 0 1683.7 4.1 0 0 1

3 param

905.6 0 246.1 0 1340.6 259.6 0 0 1

914.4 0 253.2 0 1369.1 223.2 0 0 1

2436.1 0 −227.7 0 2504.8 −1110.5 0 0 1

exact

914.6 −0.009 249 0 1352.1 259 0 0 1

Figure 12.7: Results obtained by minimizing an error function based on the Kruppa equations weighted by their uncertainty. The first row shows the configuration of the ten views. The second row shows the distribution of the pairs (α_i, β_i), see text. The third row shows the initial matrixes A. The next two rows show the values obtained after optimization respectively with respect to the five parameters of A, or only with three parameters (γ = 0, β = k_0α).

Draft-Draft-Draft

628 Self-calibration of a moving camera: from affine or projective calibration to full Euclidean calibration

sic parameters of an affine camera. They all come down to the decomposition of the Euclidean matrices P^E_i as:

P^E_i = A_iR_i

where A_i is the 2 × 3 matrix of the intrinsic parameters and R_i is a 3 × 3 matrix of rotation. The self-calibration method consists in finding an invertible 3 × 3 matrix T corresponding to an affine change of coordinates such that:

P^A_i T = P^E_i = A_iR_i (12.31)

The unknowns are T, A_i and R_i. In order to succeed, one needs to make some extra assumptions. One reasonable such assumption is that the matrix of intrinsic parameters is "almost" constant:

A_i = λ_iA

where λ_i varies from one camera to the next. We can eliminate the rotation matrix R_i in (12.31) by transposing and multiplying:

P^A_i TT^T P^{AT}_i = λ^2_i AA^T

Let X = TT^T , q_i and s_i be the two row vectors of P^A_i . The previous equation can be rewritten [ q^T_i Xq_i c^T_i Xs_i q^T_i Xs_i s^T_i Xs_i ] = λ^2_i AA^T (12.32)

Writing the two proportionality equations for each pair of consecutive views to eliminate the unknown scale factor gives 2(n − 1) relations which are quadratic in the entries of X. Since X is symmetric and defined up to a scale factor, it has five unknowns. Therefore, in the case of the general affine camera, four views are necessary. If we suppose further that the unknown scale factor λ_i is constant, then we can write three equalities, which are linear in the entries of X, so that only three views are necessary.

12.5.2 The general formulation in the perspective case

Starting from a set of projective projection matrixes P_i, the core of all those methods is to find a collineation H of P^3 which transforms these matrices into their canonical Euclidean forms:

P_iH ≃ A[R_i t_i] 1 ≤ i ≤ n (12.33)

The geometry of multiple images Faugeras-Luong

12.5 Computing the canonic transformation parameters 629

where we can assume that R_1 = I_3 and t_1 = 0 (see section 11.4).

With the notations of chapter 8, we have (equation (8.18)):

H ≡ Q^{B0}_E = [ A 0_3 r^T_∞A μ ] , (12.34)

and write the projective projection matrices as:

P_1 = [I_3 0], P_i = [P_i p_i], 2 ≤ i ≤ m

The equations (12.33) are equivalent to:

(P_i + p_ir^T_∞)A ≃ AR_i (12.35) μp_i ≃ At_i

These 2(n−1) equations form the basis for all the self-calibration algorithms that we describe next.

12.5.3 From projective to affine

The method of Pollefeys and Van Gool [272] relies on the assumption of constant intrinsic parameters to recover the affine stratum.

Let us start with equation (12.35) and multiply both sides on the right with the matrix A^{−1}: P_i + p_ir^T_∞ ≃ AR_iA^{−1}

The righthand side is recognized as being the infinity morphism between views 1 and i (proposition 6.25). This induces a constraint on the lefthand side: it is proportional to a matrix which is similar to a rotation matrix. Since the eigenvalues of a rotation matrix are of unit magnitude, the eigenvalues of the matrix P_i + p_ir^T_∞ must have the same magnitudes, as mentioned in proposition 6.26. This can be written as a fourth degree polynomial in the coordinates of r_∞. If the characteristic polynomial is

det(P_i + p_ir^T_∞ − λI_3) = a_3λ^3 + a_2λ^2 + a_1λ + a_0,

a necessary condition is a_3a^3_1 = a^3_2a_0. Each view, except the first provides one such constraint on r_∞ and therefore four views are in general sufficient to obtain a finite number of solutions.

Once the affine stratum has been recovered, the Kruppa matrix can be recovered from the matrixes H_{∞1i} as described in section 12.2.

Draft-Draft-Draft

630 Self-calibration of a moving camera: from affine or projective calibration to full Euclidean calibration

12.5.4 Searching for the plane at infinity

As proposed for example by Hartley [134, 142], one can recover simultaneously the affine stratum (represented by the vector r_∞) and the Euclidean stratum (represented by the matrix of intrinsic parameters A).

The main ideas are as follows. Given a value of r_∞, the infinity morphism from view 1 to view i can be computed for all i’s:

H_{∞1i} = P_i + p_ir^T_∞

Next, the Kruppa matrix can be obtained from the set of H_{∞1i} using the methods described in section 12.2. If this matrix is definite, the matrix A can be obtained by Cholesky decomposition.

Consider now the QR decomposition of the matrix in the lefthand side of equation (12.35): (P_i + p_ir^T_∞)A = A^′_iR^′_i,

and notice that if one has the correct values for r_∞ and A, one has R_i = R^′_i and A^′_i ≃ A. It is therefore natural to minimize the following error function: n∑ i=2 ‖α_iA^{−1}A^′_i − I_3‖^2

with respect to A and r_∞. The numbers α_i are equal to 3 sgn(det(A^{−1}A^′_i))/tr(A^{−1}A^′_i) so that the sum of the squares of the three diagonal elements of the matrixes A^{−1}A^′_i is equal to 3.

There is no closed-form solution to this minimization problem. To obtain initialization values for A and r_∞, the idea is to try different values of r_∞, until a value of A can be computed, i.e. until the Kruppa matrix is definite. If it is not definite, then another value of r_∞ is tried.

Hartley describes an interesting way to restrain the possible values of r_∞, by considering the so-called Cheiral inequalities, resulting from the fact that all the reconstructed points have to lie in front of the cameras. To give a clear explanation of these inequalities would require a fair amount of details, so we refer the interested reader to [143, 133].

12.5.5 The absolute quadric

Heyden and Astrom’s method Another possibility [158] to upgrade the representation from projective to Euclidean is to multiply each side of

The geometry of multiple images Faugeras-Luong

12.5 Computing the canonic transformation parameters 631

equation (12.35) by its transpose. This has the effect of eliminating the unknown rotation matrixes R_i. One obtains the equations (called the Kruppa constraints in [158]):

(P_i + p_ir^T_∞)K(P_i + p_ir^T_∞)^T ≃ K (12.36)

where K is the Kruppa matrix. This expression contains five equations, since the matrices are symmetric and defined up to a scale factor. Three camera matrices yield ten equations, which is enough to recover the eight unknowns.

If one introduces the n − 1 scale factors λ_2, . . . , λ_n, one is naturally led to the minimization of the following error function n∑ i=2 ‖(P_i + p_ir^T_∞)K(P_i + p_ir^T_∞)^T − λ_iK‖^2

with respect to the n−1 scalars λ_i, the vector r_∞, and the definite symmetric matrix K. Let us give an interpretation of this method in terms of the absolute quadric dual to the absolute conic (see chapter 3, section 3.6.3).

Trigg’s method Suppose, as usual, that we have recovered the projective stratum and that the projection matrixes are given in a canonical projective coordinate frame B_0 by the matrixes P_i, i = 1, . . . , n. We now apply proposition 3.23 and consider the quadric dual to the absolute conic Ω. In that projective coordinate frame, this quadric is represented by a 4×4 symmetric matrix Q^∗_{B0} of rank 3, i.e. as a degenerate quadric. In effect it is a quadric cone, the set of all planes tangent to Ω. The vertex of the cone is the plane at infinity. In an Euclidean frame, the absolute quadric is represented by the matrix (equation (3.22)):

Q^∗_E = [ I_3 0_3 0^T_3 0 ]

The absolute quadric encodes Euclidean structure in a way similar to the absolute conic. It is unvariant under Euclidean transformation. It also encodes affine structure since the plane at infinity is its vertex, determined as a null vector of its matrix.

Let us now consider one camera represented by its projection matrix P. Let l be a line in the retinal plane of our camera, l one of its coordinate vectors. The plane Π defined by l and the optical center C of the camera is represented by the vector P^T l (see Sec. 5.1.2) It is tangent to the absolute conic if and only if it belongs to the absolute quadric, i.e.:

l^T PQ^∗_{B0} P^T l = 0

Draft-Draft-Draft

632 Self-calibration of a moving camera: from affine or projective calibration to full Euclidean calibration

The 3 × 3 symmetric matrix PQ^∗_{B0} P^T defines a conic in the plane dual to the retinal plane of the camera which is of course nothing but our old friend ω^∗ the conic dual to the image ω of the absolute conic Ω (see section 5.3.2). Therefore we must have PQ^∗_{B0} P^T ≃ K (12.37)

where K is the Kruppa matrix of the camera.

It is easy to relate Q^∗_{B0} and Q^∗_E using for example proposition 4.24. Using that proposition, Q^∗_{B0} = Q^{B0}_E Q^∗_E Q^{B0 T}_E . Using Eq. (12.34), we find the expression of the matrix of the absolute quadric in the projective frame:

Q^∗_{B0} = [ AA^T AA^T r_∞ r^T_∞AA^T r^T_∞AA^T r_∞ ] = [ K Kr_∞ r^T_∞K r^T_∞Kr_∞ ]

Plugging back this expression into Eq. (12.37), we obtain exactly the Kruppa constraints of Eq. (12.36).

12.5.6 Dealing with non constant intrinsic parameters . In practice the assumption that the internal parameters are constant is sometimes somewhat unrealistic. For example, in a sequence of twenty four images of the INRIA library in Sophia-Antipolis of which we show four in figure 12.8, the internal parameters have not been kept constant but it is very reasonable to assume that the skew parameter is equal to 0 and that the ratio^{αu}_{αv} is constant in all views. Is it possible in that case to self-calibrate the views?

The answer to this question is in general yes. Using Eq. (12.37), it should be clear that any constraint on the coefficients of K can be translated into a constraint on the matrix Q^∗. Since this matrix depends upon 8 parameters (a symmetric matrix of rank 3 defined up to scale), one would expect that, given enough views, one could recover its coefficients.

To be more specific, let us consider the zero skew and the constant aspect ratio constraint. As shown in chapter 5, equation (5.37), the zero skew constraint is equivalent to:

K_{13}K_{23} − K_{33}K_{12} = 0

whereas the ratio^{αu}_{αv} is equal to √_K 11−K^2_{13} K_{22}−K^2_{23} . For each view i, let us note

K_i the matrix P_iQ^∗P^T_i . The zero skew constraint leads to the non-linear

The geometry of multiple images Faugeras-Luong

12.5 Computing the canonic transformation parameters 633

Figure 12.8: Four out of twenty four views of the INRIA library in Sophia- Antipolis with varying internal parameters. Courtesy Sylvain Bougnoux, INRIA.

Draft-Draft-Draft

634 Self-calibration of a moving camera: from affine or projective calibration to full Euclidean calibration

minimization of the error function n∑ i=1 (K_{i13}K_{i23} − K_{i33}K_{i12})^2

with respect to the 8 parameters of Q^∗. Once Q^∗ has been obtained, one can compute the coefficients of the matrixes K_i and recover the intrinsic parameters of the cameras. The plane at infinity can be recovered in a variety of manners for example as the null space of Q^∗.

Bougnoux [38] proposes to initialize the non-linear minimization in an unconventional way. He first estimates the focal length using the formula in Sec. 12.4.1, then given the intrinsic parameters A, obtains an estimate of r_∞ by solving a linear least squares system in Ar_∞ obtained from manipulations of Eq. (12.36).

To continue with the example of figure 12.8, we show in table 12.1 the internal parameters of six of the twenty four views, obtained with that method. It is seen that if α_u, α_v, u_0 and v_0 vary from view to view, the ratio α_u/α_v and the cosine of the skew cos(γ) remain pretty much constant. The focal

α_u α_v u_0 v_0 α_u/α_v cos(γ) 616.8 616.8 384 256 1 0 722.1 719.7 361 259 1.003 0.0028 876.0 873.3 319 257 1.003 -0.0032 946.0 947.2 299 250 0.999 -0.0001 1190.5 1193.8 248 255 0.997 0.0010 1019.2 1016.8 318 248 1.002 -0.0017

Table 12.1: This table shows the internal parameters of six of the twenty four views of the INRIA library in Sophia-Antipolis: Courtesy Sylvain Bougnoux, INRIA.

lengths, in pixels, of the twenty four views are shown in figure 12.9. Three dimensional Euclidean reconstruction is then possible, as shown in figure 12.10 as well as texture mapping (figure 12.11).

12.6 Computing all the Euclidean parameters

The idea behind all the previous approaches was to use the fact that the rotation matrix is orthogonal in order to eliminate the motion parameters,

The geometry of multiple images Faugeras-Luong

12.6 Computing all the Euclidean parameters 635

Figure 12.9: The focal lengths (in pixels) of the twenty four views of the INRIA library in Sophia-Antipolis: Courtesy Sylvain Bougnoux, INRIA.

relating the projective or affine quantities to Euclidean quantities. By contrast, the methods in this section do so by parameterizing the projective quantities by Euclidean quantities, thus making it possible to compute them directly. This requires that at least the intrinsic parameters and motion parameters are computed simultaneously, so these methods are based on largescale non-linear optimization and require a good starting point which can be obtained with one of the previous method. Sec. 12.6.1 presents a method based on the global minimization of the epipolar constraints with respect to Euclidean parameters. Sec. 12.6.2 is a global bundle adjustment which involves also the structure. Further results obtained with these methods are shown in Sec. 12.6.3.

12.6.1 Simultaneous computation of motion and intrinsic parameters

The methods previously studied decoupled the estimation of the intrinsic parameters from the estimation of the motion parameters. In effect, the Kruppa equations allow to do this since they eliminate the unknown motion parameters. This is nice since, as we saw, the methods involve at most five unknows, and allow semi-analytical, as well as efficient iterative solutions. One disadvantage is that once the intrinsic parameters have been estimated,

Draft-Draft-Draft

636 Self-calibration of a moving camera: from affine or projective calibration to full Euclidean calibration

Figure 12.10: Top view and front view of the Euclidean reconstruction of the INRIA library in Sophia-Antipolis. The model has been obtained from a total of twenty four views with varying internal parameters: Courtesy Sylvain Bougnoux, INRIA.

The geometry of multiple images Faugeras-Luong

12.6 Computing all the Euclidean parameters 637

Figure 12.11: Textured front view of the Euclidean reconstruction of the INRIA library in Sophia-Antipolis: Courtesy Sylvain Bougnoux, INRIA.

their values cannot be changed, for example as a consequence of a poor estimation of the motion parameters. This problem would show up when trying to decompose the essential matrixes E_i estimated from A^T FA, where F_i are the estimated fundamental matrices and A the estimated intrinsic parameters: the constraints (6.34) could possibly be poorly satisfied.

Contrary to this the global method that we describe in this section, estimates simultaneously all the intrinsic and extrinsic parameters. The form of the parameterization ensures that the constraints (6.34) on the essential matrixes are satisfied. The basic idea is to consider the error function (7.14) where F_i is written as an explicit function of the unknowns A, R_i and u_i using (6.33) and (6.32). We note (m_{ij}, m^′_{ij}) the jth correspondence in the ith pair of views. The error function C is therefore C = N∑ i=1 ∑ j d^2(m^′_{ij} , A^{−T} [u_i]_×R_iA^{−1}m_{ij} ) + d^2(m_{ij} , A^{−T} R^T_i [u_i]_×A^{−1}m^′_{ij} )

(12.38) The starting point of the minimization can, for example, be obtained by the methods described in the previous two sections.

The algorithm, which can accomodate N displacements (N ≥ 2), and, for each displacement i, a minimum of eight correspondences (m_{ij} , m^′_{ij} ), can be summarized as follows:

Draft-Draft-Draft

638 Self-calibration of a moving camera: from affine or projective calibration to full Euclidean calibration

1. Estimate the N fundamental matrices F_i from the correspondences.

2. Compute an initial estimate of the intrinsic parameters by one of the methods described in sections 12.4.2 and 12.4.3.

3. Compute the N initial motions (R_i, t_i) from F_i and the intrinsic parameters. This is done by computing the Essential matrixes E_i = A^T F_iA. Those matrixes do not usually satisfy the constraints (6.34). They are then corrected by the SVD-based method described in section 6.3.3.

4. Minimize, with respect to the 6N − 1 + int variables (we have 3N parameters for the N rotations, 3N − 1 parameters for the translations which are globally defined up to scale and int is the number of intrinsic parameters) the error function (12.38).

An interesting feature of this method is that it allows us to take into account some of the constraints between multiple views. For example, in the case of three views, instead of minimizing over the 15 motion parameters R_{12}, u_{12}, R_{23}, u_{23}, and R_{13}, u_{13}, we can replace for example R_{13} by R_{23}R_{12} and u_{13} by αu_{23} + R_{23}u_{12}, where α is the ratio ‖t_{23}‖/‖t_{12}‖. This ratio can be obtained as explained in propositions 11.6, 11.7 and 11.8, or, more efficiently, by observing the images m_1, m_2, m_3 of one point M in the three views.

Let Z_1, Z_2, Z_3 be the depths of M in the three cameras normalized coordinate systems. If m_1, m_2, m_3 are the normalized pixel coordinate vectors, the Euclidean disparity equations can be written (proposition 8.17):

Z_2m_2 = Z_1R_{12}m_1 + t_{12} Z_3m_3 = Z_2R_{23}m_2 + t_{23}

The first equation yields

Z_2 ‖t_{12}‖ = u_{12} × R_{12}m_1 m_2 × R_{12}m_1 , The second equation yields

Z_2 ‖t_{23}‖ = u_{23} × m_3 m_3 × R_{23}m_2

The elimination of Z_2 between those two equations yields α.

The geometry of multiple images Faugeras-Luong

12.6 Computing all the Euclidean parameters 639

The number of motion parameters is therefore reduced to 11, and trinocular constraints are enforced by the parameterization. Experiments in [223] have shown that the results are generally better than those of the method based only on the Kruppa equations.

As an example of the kinds of results that can be obtained with this method, we have collected four times five views with a camera. For each set of five views, the intrinsic parameters were kept constant. Each set had a different focal length. To obtain ground truth, a calibration grid was present in one of the images of each of the four sequences. The results are shown in table 12.2. It shows that the best results are obtained for short focal lengths, which yield large fields of view. Although the focal length is overestimated by the method for large values, we notice that the computed aspect ratio is quite consistent over the whole range of focal lengths. We also note that the principal point is not estimated very accurately. However, as shown by the 3D reconstruction errors discussed next, this is not of primary importance. The intrinsic and extrinsic parameters estimated by this method

focal method α_u α_v u_0 v_0 θ −^π_2^{αu}_{αv} 9 GRID 481.31 711.54 248.57 260.97 10^{−7} .6764 SELFCALIB 503.49 760.71 250.24 282.67 .6618 12 GRID 642.45 950.37 248.30 263.31 −5.10^{−7} .6759 SELFCALIB 636.12 921.36 201.52 338.89 .6904 20 GRID 1036.38 1539.6 252.43 272.53 7.10^{−8} .6731 SELFCALIB 1208.83 1838.48 251.93 200.58 .6575 30 GRID 1573.20 2330.953 207.98 210.35 4.10^{−7} .6749 SELFCALIB 2047.61 3063.94 249.678 198.463 .6682

Table 12.2: Parameters obtained with a zoom camera

have been used to reconstruct points of a known object. Three images have been used and three projection matrices computed from the extrinsic and intrinsic parameters using the formulas of proposition 8.14:

P_1 = [A 0] P_2 = A[R_{12} t_{12}] P_3 = A[R_{23}R_{12} R_{23}t_{12} + α_2t_{23}]

We have then performed a 3D trinocular reconstruction from the matched points, The coordinate of the 3D points are obtained in the canonical coordinate system associated of the first camera. They are defined up to scale, since we can reconstruct only up a similarity with the self-calibration technique. In order to compare the reconstruction with the reference data, we

Draft-Draft-Draft

640 Self-calibration of a moving camera: from affine or projective calibration to full Euclidean calibration

have computed the best similarity which relates the two sets of 3D points. After applying this similarity to the initial reconstruction, the final average relative error in 3D space with this sequence is less than 2%.

12.6.2 Global optimization on structure, motion, and calibration

This method also comes as a complement to those described in section 12.4. It uses them to initialize the minimization of an error function that is similar to (7.18)._n ∑ i=1 ∑ j d^2(m_{ij} , P_i(q_i)M_j ) (12.39)

In this equation, the vectors q_i represent the parameters used to represent the ith projection matrix P_i. This function is the sum of the squares, ε_{ij} , of the reprojection errors of section 11.3.3.3.

In effect, once relatively good estimates for the intrinsic parameters A, and the extrinsic parameters R_i, t_i have been obtained, the minimization of the function (12.39) with respect to those parameters and the coordinates of the m points M_j can be carried out to refine the results. This is similar in spirit to the method described Sec. 12.6.1. Compared with the minimization of the set of epipolar constraints described in that section, the minimization of the reprojection error has the advantage of providing two constraints per point, and can therefore be expected to yield better results when many images are available. However, it requires the computation of the 3-D coordinates of each point, and therefore is computationally more expensive. It has been found [136, 425] that this stage modifies only slightly the intrinsic and extrinsic parameters obtained by the Kruppa or the canonic transformation method.

Fig. 12.6.2 shows an example of reconstruction obtained with this method, starting from a sequence of fifteen images. Four of them are shown in Figure 12.6.2. Since a 3D model of the scene is not available, to assess the precision of the results, a few angles and ratio of lengths are computed in Fig. 12.6.2.

12.6.3 More applications

We now show some more results obtained from the self-calibration methods that have been described.

Figure 12.15 and show an application to the construction of a 3D model of a complicated site. The models are obtained in several stages. First, images of the site are acquired from as many viewpoints as possible in order

The geometry of multiple images Faugeras-Luong

12.6 Computing all the Euclidean parameters 641

Figure 12.12: Some views of a sequence of 15 images of the Valbonne church

to guarantee full coverage. Next, the views are calibrated using one of the techniques that have been described in this chapter. This is an automatic process. Third and last, the views and the calibration parameters are used in a modelling system to construct a 3D Euclidean representation of the scene. This is a partially manual operation. The model shown in figure 12.15 and have been obtained from fourty five images with constant intrinsic parameters. These parameters have been obtained by combining the methods described in sections 12.4.3, 12.6.1 and 12.6.2. Note that, contrary to photogrammetric methods, no reference points with known coordinates have been used.

The images that have been used to build this three-dimensional model can be used to map textures on the polyhedral description using some standard computer graphics techniques. One result is shown in figure 12.16.

A similar process has been applied to a set of images of the Arcades square (some of them shown in figure 11.8. Two views of the resulting geometric model is shown in figure 12.17. The rendering effect obtained by using the images to texture the polyhedral model is shown in figure 12.18. Figure 12.19 shows a different viewpoint as well as some of the estimated cameras positions and orientations.

The next example demonstrate the capacity of this class of methods to deal with continuous streams of images for applications to augmented reality. Given a number of images of a single scene, we add to the scene one or more artificial objects while respecting the geometry of the scene and/or the movements of the objects in the scene. A first example was shown in Figs.

Draft-Draft-Draft

642 Self-calibration of a moving camera: from affine or projective calibration to full Euclidean calibration

Figure 12.13: Some line segments, and the corresponding 3D reconstruction

The geometry of multiple images Faugeras-Luong

12.6 Computing all the Euclidean parameters 643

Angle computed real Ratio computed real cos(1, 3) 1 1 2/4 0.993 1 cos(1, 2) 0.054 0 4/5 0.999 1 cos(3, 5) 0.032 0 10/12 1.05 1 cos(6, 7) 0.999 1 8/9 1.004 1 cos(15, 16) 1 1 17/18 0.966 1 cos(19, 20) 0.101 0 13/14 0.902 1

Figure 12.14: Some line segments, and the corresponding measurements

Draft-Draft-Draft

644 Self-calibration of a moving camera: from affine or projective calibration to full Euclidean calibration

Figure 12.15: Top and front view of the Euclidean reconstruction of the INRIA site in Sophia-Antipolis. The model has been obtained from a total of fourty five views: Courtesy Sylvain Bougnoux, INRIA.

The geometry of multiple images Faugeras-Luong

12.6 Computing all the Euclidean parameters 645

Figure 12.16: Textured front view of the Euclidean reconstruction of the INRIA site in Sophia-Antipolis: Courtesy Sylvain Bougnoux, INRIA.

Draft-Draft-Draft

646 Self-calibration of a moving camera: from affine or projective calibration to full Euclidean calibration

Figure 12.17: Top and front view of the Euclidean reconstruction of the Arcades square in Valbonne. The model has been obtained from a total of ? views: Courtesy Sylvain Bougnoux, INRIA.

Figure 12.18: Textured view of the Euclidean reconstruction of the Arcades square in Valbonne: Courtesy Sylvain Bougnoux, INRIA.

The geometry of multiple images Faugeras-Luong

12.6 Computing all the Euclidean parameters 647

Figure 12.19: Another textured view of the Euclidean reconstruction of the Arcades square in Valbonne showing the estimated positions and orientations of some of the cameras: Courtesy Sylvain Bougnoux, INRIA.

2.4, 2.5, 2.6. The second sequence is a video sequence taken with a handheld camera (figure 12.20 shows three images extracted from that sequence). The scene is static and the only movement is that of the camera. The intrinsic parameters are changing over the sequence.

The sequences are then processed as follows. To begin with, characteristic points are tracked automatically in the sequence with a technique based on image correlation. We then manually select a number of views of the sequence corresponding to sufficiently different positions of the camera so that the estimation of the fundamental matrices between the pairs of views is robust. For the second sequence we first identify subsequences where the intrinsic parameters are roughly constant and then select the views. The next step is to estimate the fundamental matrices and to solve the system of the Kruppa equations by the methods described in sections 12.4.3, 12.6.1, so as to obtain an initial estimate of the intrinsic parameters of the camera. Thus we have access to an Euclidean reconstruction of the scene and consequently to the position and the relative orientation of the cameras in the space at the chosen instants. Those initial estimates are then refined by the technique described in section 12.6.2.

After this step, we now have a more precise estimate of the intrinsic parameters and the relative positions and orientations of the cameras at chosen times. Then we can obtain this position at any time of the sequence by simple interpolation of the intrinsic (for the second sequence) and extrinsic parameters. The interpolated quantities are the intrinsic parameters, the

Draft-Draft-Draft

648 Self-calibration of a moving camera: from affine or projective calibration to full Euclidean calibration

Figure 12.20: Three images of the sequence taken with a handycam: Courtesy Luc Robert, INRIA.

The geometry of multiple images Faugeras-Luong

12.6 Computing all the Euclidean parameters 649

translation and the rotation. Only the rotation is a problem since the structure of the rotation group is a bit complicated, but using a parametrization with Euler angles or quaternions leads to a satisfactory solution.

The relative positions of the camera being known after the above computations, we can easily model by stereo the part of the scene we want to modify, a planar scene for the helicopter sequence, part of the table with a box sitting on top for the handycam sequence. This three-dimensional model is then transfered into a CAD system which will "put on top" another virtual object like the power plant in figure 2.5 or the lamp in figure 12.21. A "reasonable" source of light can be positioned with respect to the set "ground+power plant" for the first sequence or "table+box+lamp" in order to compute shadows with the help of classical image synthesis techniques. The model is then reinserted into the initial sequence by combining the initial intensities of the ground, in the first example, of the table and the box in the second, with the shadows.

Figure 12.21: Model to insert in the sequence of figure 12.20.

We show in figures 2.6 and 12.22 three images of the modified sequences. These images correspond to those of figures 2.4 and 12.20. The results are quite remarkable: the synthetic objects appear, as they should, to be static with respect to the environment. The impression is even stronger when looking at the modified sequences.

Draft-Draft-Draft

650 Self-calibration of a moving camera: from affine or projective calibration to full Euclidean calibration

Figure 12.22: Results obtained from images 12.20 and 12.21.

The geometry of multiple images Faugeras-Luong

12.7 Degeneracies in self-calibration 651

12.7 Degeneracies in self-calibration

In this section we sketch out an analysis of the problem of degeneracies in self-calibration. We start with a description of the intrinsic degeneracies, i.e. of those which are present independently of the algorithm which is used for solving the calibration problem, e.g. solving the Kruppa equations. We then describe some particular degeneracies that are due to the particular type of algorithm used.

Let us therefore restate the calibration problem (i.e. the upgrade of the representation from projective to Euclidean) as that of recovering a plane in projective space and a conic Ω in that plane which is proper (i.e. non degenerate) and imaginary and such that all its images are also proper (they are also imaginary since the projection matrixes are real).

We explore the possibility that there may be several solutions to this problem. Any such solution will be called a spurious solution to the calibration problem. Intuitively, the reason why there may exist such spurious solutions is that we usually perform a finite number of displacements with the camera and only enforce that the images of the absolute conic are identical for those views, whereas the absolute conic satisfies this property for all possible displacements. A particular sequence of displacements for which there exist spurious absolute conic will be called a critical sequence.

Our exposition follows that of Sturm [349]. We consider only the simpler case where the spurious conics lie in the true plane at infinity. The case where they lie in a plane that is not the real plane at infinity is discussed in [349]. We will nonetheless obtain a fairly complete description of the intrinsic critical sequences, i.e. of the sequences that are critical for self-calibration independently of the particular algorithm used for self-calibration. We will then describe some critical sequences that are specific to a given algorithm.

12.7.1 The spurious absolute conics lie in the real plane at infinity

Let us assume that we have n views and choose the world coordinate system as the normalized coordinate system of one of the cameras, e.g. the first, and the image coordinate systems as the intrinsic coordinate systems. All projection matrixes are therefore of the form

P_i ≃ [R_i t_i]

where the matrixes R_i are rotation matrixes.

Draft-Draft-Draft

652 Self-calibration of a moving camera: from affine or projective calibration to full Euclidean calibration A proper imaginary conic Ω in Π_∞ is represented by a definite symmetric 3 × 3 matrix C and the matrix c_i of the image ω_i of Ω in view i is c_i ≃ R_iCR^T_i The images of Ω in two views will be identical if and only if their matrices are proportional (c_i ≃ c_j ) and, since the R_i’s are rotation matrixes (therefore of determinants equal to 1), this is equivalent to R_iCR^T_i = R_j CR^T_j i ≠ j, (12.40) note the = sign. The analysis of this equation yields a complete characterization of the critical sequences of displacements and of the spurious absolute conics.

Proposition 12.12 (Sturm) The critical sequences of displacements with respect to a proper imaginary conic in the plane at infinity are those for which the relative rotations between any two views of the sequence fall into one of three cases:

1. A rotation of angle 0 (pure translation case). 2. An arbitrary rotation around a fixed axis r.

3. A 180 degrees rotation around an axis perpendicular to a fixed direction r. In the case 1, the cameras are translated with respect to each other and all proper imaginary conics in the plane at infinity are spurious absolute conics. In the cases 2 and 3, the spurious absolute conics form part of a one parameter linear family of conics defined by the matrixes: C = λI_3 + μrr^T where λ and μ are two arbitrary parameters. Proof : Rewrite equation (12.40) as RC = CR (12.41) where R = R^T_j R_i is the relative rotation between the two views. This equation shows that the matrix R must leave the eigenspaces of the symmetric definite matrix C invariant. There are only three possible cases corresponding to the number of distinct eigenvalues.

The geometry of multiple images Faugeras-Luong

12.7 Degeneracies in self-calibration 653

Three equal eigenvalues Ω is the real absolute conic. the eigenspace of C is the whole space and therefore R must be the identity matrix.

Two equal eigenvalues The corresponding eigenspace is a plane Π. The eigenspace corresponding to the simple eigenvalue is of dimension 1, it is defined by a vector r orthogonal to the plane. The rotations which leave Π and span(r) globally invariant are the identity, all the rotations of axis r and the rotations of 180 degrees around an axis in Π, i.e. orthogonal to r. They form a group.

Three different eigenvalues The three eigenspaces are orthogonal and of dimension 1. The rotations which leave those three eigenspaces globally invariant are the identity and all the 180 degrees rotations around any of the three directions defined by the three eigenvectors. They form a subgroup of the previous one.

Conversely, if the relative rotation R is one of the above, let us show that there exist spurious absolute conics. If R is the identity then equation (12.41) is true for all definite symmetric matrixes C: all proper imaginary conics in the plane at infinity are spurious absolute conics in the case of camera translation. Otherwise, let r be the vector defining the axis of rotation, and define the family of symmetric matrixes

C = λI_3 + μrr^T (12.42)

where λ and μ are arbitrary real numbers. Any rotation R around r satisfies the relations Rr = r and R^T r = r and therefore (12.41) is satisfied. The matrix C is positive definite if and only if its eigenvalues are positive. The eigenvalue corresponding to the eigenspace of dimension 1 generated by r is readily seen to be equal to λ+μ‖r‖^2 and the double eigenvalue corresponding to the plane Π orthogonal to r is equal to λ. Therefore there are two infinite subfamilies of definite matrixes of the linear family defined by (12.42). The first one is defined by the relations λ > 0 and λ + μ‖r‖^2 > 0, the second one by the relations λ < 0 and λ + μ‖r‖^2 < 0. □

The practical implications of this proposition are important since some of the critical sequences are often used for acquiring sequences of images. An example is the case where the camera is translating arbitrarily while rotating by an arbitrary angle around a fixed direction (pure translation is a special case that has been identified in the previous section as a degenerate case of the Kruppa equations), see figure 12.23. Another special case is the case of the planar motion, often encountered in mobile robotics, where the translations are limited to a fixed plane and the rotations are around the direction

Draft-Draft-Draft

654 Self-calibration of a moving camera: from affine or projective calibration to full Euclidean calibration

Figure 12.23: The motion of a camera translating arbitrarily while rotating around a fixed direction is critical with respect to self-calibration.

orthogonal to the plane, see figure 12.24. Yet another special case is that

Figure 12.24: The motion of a camera translating in plane and rotating around an axis perpendicular to the plane is critical with respect to selfcalibration.

of the orbital motion where the motion is planar and the camera is rotating around a point of the plane and pointing to that point. This kind of motion is often used when acquiring images of an object for 3D modelling, see figure 12.25.

12.7.2 Degeneracies of the Kruppa equations

In the last two sections, we have described intrinsic degeneracies of the selfcalibration process. One might expect that a particular algorithm would suffer from those degeneracies and, perhaps, from others. This is the case of the class of algorithms that solve the Kruppa equations: there exist non-

The geometry of multiple images Faugeras-Luong

12.7 Degeneracies in self-calibration 655

Figure 12.25: The motion of a camera rotating in plane around a fixed point and pointing to that point is critical with respect to self-calibration.

intrinsic critical sequences and spurious absolute conics. We describe such a degeneracy in the next proposition.

Proposition 12.13 When the optical centers lie on a sphere and the optical axes go through the center of the sphere there exists a one-parameter family of spurious solutions to the Kruppa equations. The ratio^{αu}_{αv} cannot be recovered from the sequence of views.

Proof : Consider a sphere with a smaller radius than the one of the sphere on which the optical centers lie. The cones tangent to that sphere whose vertexes are the optical centers intersect the retinal planes along identical circles centered at the principal points. In the pixel coordinate frames, those circles appear as ellipses. Consider now a pair of cameras: there are two epipolar planes that are tangent to the sphere and the corresponding epipolar lines are tangent to the two ellipses in the image planes. Therefore those ellipses satisfy the Kruppa equations.

Note that since the ellipses are real, they cannot be the images of a spurious absolute conic. But imagine that we increase the radius of the sphere so that the optical centers are inside the sphere. The tangent cones are now imaginary and intersect the image planes along imaginary circles which are still centered at the principal points. In the pixel coordinate frames those imaginary circles are proper imaginary ellipses. Similarly to the real case, if we consider a pair of optical centers, the corresponding pair of proper imaginary ellipses satisfy the Kruppa equations.

When we vary the radius of the sphere these ellipses only change by a scale factor: all the internal parameters remain the same, except α_u and α_v that are scaled by the same factor. In particular, their ratio remains constant. □

Draft-Draft-Draft

656 Self-calibration of a moving camera: from affine or projective calibration to full Euclidean calibration

Table 12.3: Summary of the variables involved in the minimization based approaches for self-calibration with m views and n points

Method Initialization Projective stage Euclidean stage Kruppa u_0, v_0 (2) F_i (m − 1) × (7) K (5) Epipolar/Motion A (4) F_i (m − 1) × (7) A, R_i, t_i, α_i (5 + 6m − 1) Canonic r_∞ (3) P_i, M_j (11(m − 1) + 3n) r_∞, A (5 + 3)

This degeneracy of the Kruppa equations is interesting in practice and in theory. It explains why the methods which start from the projection matrices (Sec. 12.5) have generally been found to be more stable than the methods which start from the Fundamental matrices (12.4).

There does not exist a spurious absolute conic in this case. But there exists a spurious absolute quadric, i.e. the sphere. The reason for this is that the Kruppa equations do not enforce the planarity of the absolute conic.

12.8 Discussion and conclusion

The approach based on the polynomial system of equations have the advantage of not requiring an initialization. However, they have several practical drawbacks, which are mainly the complexity and the difficulty to use multiple views.

The minimization based approaches are designated according to the minimization equation used to obtain the Euclidean parameters. They require a starting point, which can be obtained with the help of physical considerations on the intrinsic parameters (“Kruppa”, and the “Epipolar/Motion” method), or the Cheirality inequalities (the “Canonic” method). The Table 12.8 summarizes the variables which are involved in the minimization based approches that were considered: All the three methods require as a first stage the computation of the Fundamental matrices, which encode the basic projective information. Note that this information is contained in the projection matrices computed in the third method. The remaining information can be thought of as (a) the canonic parameters allowing to convert the representation to Euclidean. (b) the “additional motion parameters” which ensure the consistency of the set of views, (c) the structure parameters. The Kruppa method allows to compute sequentially the intrinsic parameters A, and then the motion parameters (R_i, t_i), followed by the scale factors α_i, and then the structure parameters. The Epipolar method recomputes, in the second stage, some projective quantities, as well as the “additional motion

The geometry of multiple images Faugeras-Luong

12.9 References and further reading 657

parameters”, and the canonic parameters. The Canonic method computes the “additional motion parameters” in the first stage, as well as the structure parameters. The second stage involves only the canonic parameters. It seems that there is a trade-off between computational efficiency, and robustness to noise with multiple views. With a large number of views, the methods seem to be more and more robust in the order where they are listed. With a small number of views, the latter method can have more convergence problems.

All of the methods can be refined by a global optimization over all the parameters of the problem, as described in Sec. 12.6.2, which is even computationally more expensive. This method does not have a projective stage, and rather requires a very good initialization.

Experiments in [223, 438] show that the motion and the 3D reconstruction are not very affected by large variations of the position of the principal point. In fact, [63] show that the most important parameter is the aspect ratio, which turns out to be the parameter which is the most precisely estimated. The very reason why some parameters are not precisely estimated by the self-calibration methods is that their influence on the 3D reconstruction is small.

12.9 References and further reading

General methods The Kruppa equations have been discovered by Faugeras and Maybank [110] and named after the Austrian mathematician Erwin Kruppa who had been working on problems of photogrammetry [199]. They were used to develop a the first theory of self-calibration [242]. The first working general self-calibration algorithms are based on those equations [99, 228, 223]. Zeller [425, 426] proposes a method to initialize them, and to solve them accurately using the uncertainty of the Fundamental matrix. A detailed algebraic study of those equations is also done. The simplification of the Kruppa equation based on an SVD of the Fundamental matrix was first used in [228], then reformulated in [140] and more simply in [221], where it is the basis for a self-calibration algorithm. In the same spirit, Mendonçca and Cipolla [247] minimize the residual of the singular values constraints (Huang-Faugeras) on the essential matrix, which is expressed as a function of the fundamental matrices and the unknown intrinsic parameters. All those methods are based on reprojected constraints, and use the fundamental matrix.

The first self-calibration method which operates in P^3 and starts from the projective reconstruction was due to Hartley [134, 142]. The methods

Draft-Draft-Draft

658 Self-calibration of a moving camera: from affine or projective calibration to full Euclidean calibration

rely heavily on an intermediate localization of the plane at infinity which was eventually done by partitioning [133]. Latter, Heyden and Astrom [158] introduced an easier way to express Euclidean constraints in the projective reconstruction, and Triggs [378] gave it a concise formulation in terms of the absolute quadric, which made it a popular method, able to tackle naturally the varying intrinsic parameters. Some numerical refinements were presented by Oliensis [263].

Self-calibration with varying intrinsic parameters was first theoretically investigated by Heyden and Astrom [159], who showed that four zero-skew and unit aspect-ratio cameras yield a Euclidean reconstruction. They subsequently got the very general theoretical results that it is sufficient to that just one of the intrinsic parameters is known [161], or constant [162]. Pollefeys [271] addressed at the same time the less general case of varying focal length, and then [273] showed that it is sufficient to know the skew. Before the theoretical proofs, practical solutions were proposed. Encisso et al [93] relied on minimization of calibration and motion parameters. Bougnoux [38] expresses the constraints of unit aspect-ratio and zero skew on the Euclidean projection matrices in order to constrain the canonic transformation parameters.

Particular cases Self-calibration for an affine camera was proposed by Quan [280]. Kahl and Heyden [164] first use an affine camera, that they self-calibrate. The resulting Euclidean parameters initialize a perspective bundle adjustment.

Several authors [135, 275, 300] have studied the problem of extracting the focal lengths from the fundamental matrix, assuming that the other intrinsic parameters are known. Brooks et al [45] point out to degenerate cases which occur for a verging stereo system with coplanar optical axes. Of course, this is a particular case of a situation we described in this chapter. They find that self-calibration of the focal lengths is possible only if the focal lengths are assumed to be identical, and provided that the inwards vergences are not identical. In [81], they perform an error analysis in the neighboorhood of degenerate configurations and show that this error can be considerable. Using the Kruppa equations, Bougnoux [38] is able to obtain a closed-form solution which makes it possible for him to study in [39] the degenerate configurations.

The possibility of recovering constant intrinsic parameters from the infinity homography was pointed to by Luong and Vieville [227] and studied in more detail by Hartley [142]. The method was extended to variable intrin-

The geometry of multiple images Faugeras-Luong

12.9 References and further reading 659

sic parameters by Seo and Hong. In [313], they prove that self-calibration of a stationary camera with varying intrinsic parameters and zero skew is unique, and they study the effect of the error on the principal point on the recovered focal. Agapito et al [80] propose a simpler algorithm by remarking that solving for the image of the absolute conic instead of its dual makes it possible to express linearly certain constraints (such as zero-skew).

Vieville [396] gives an algorithm for self-calibration of a camera undergoing a axis rotation. Armstrong et al [7] reformulate the problem in terms of estimating fixed points and propose a solution using the trifocal tensor. In a similar vein, Faugeras et al [103] describe self-calibration of a 1D camera based on the trifocal tensor of three 1D images. They prove that a 2D camera undergoing a planar motion reduces to a 1D camera.

Planar scenes are typically degenerate cases, since the Fundamental matrix, as well as the projective reconstruction, cannot be estimated uniquely. Triggs [380] showed that five views of a plane is sufficient to recover all the intrinsics parameters of a camera, less if some parameters are fixed a priori. The basic constraint is that the projections of the two circular points of the 3D plane must lie on the image of the absolute conic.

Although a few critical cases were pointed to before, the first systematic classification of critical sequences for self-calibration is due to Sturm [349]. This was latter extended to variable focal lengths. Assuming that focals are the only unknowns, Bougnoux [39] obtains a classification and parameterization. In [38] he gave an explanation for the unstability of the recovered intrinsic parameters. Other work including more general hypothesis such as zero-skew, known aspect ratios is [351, 184]. In the case of constant intrinsic parameters, Ma et al [231] characterize explicitly the ambiguities in calibration and recontruction in the critical cases, in terms of subgroups, and apply the analysis to derive the ambiguity in the synthesis of new views. Zisserman et al [444] study in great detail the one-parameter ambiguity which arises when the camera rotations are about axes with a common direction, and in particular when does an additional constraint not resolve it.

Draft-Draft-Draft

648 Self-calibration of a moving camera: from affine or projective calibration to full Euclidean calibration

The geometry of multiple images Faugeras-Luong

Bibliography

[1] London, England, June 1987. IEEE Computer Society Press.

[2] Boston, MA, June 1995. IEEE Computer Society Press.

[3] Y.I. Abdel-Aziz and H.M. Karara. Direct linear transformation into object space coordinates in close-range photogrammetry. In Proceedings of the Symposium on Close-Range Photogrammetry, University of Illinois at Urbana- Champaign, Urbana, Illinois, pages 1–18, January 1971.

[4] S. S. Abhyankar. Algebraic Geometry for Scientists and Engineers. Number 35 in Mathematical Surveys and Monographs. American Mathematical Society, 1985.

[5] J.Y. Aloimonos. Perspective approximations. Image and Vision Computing, 8(3):179–192, August 1990.

[6] P. Anandan, K. Hanna, and R. Kumar. Shape recovery from multiple views:

A parallax based approach. In ICPR94, pages A:685–688, 1994.

[7] M. Armstrong, A. Zisserman, and R. Hartley. Self-calibration from image triplets. In Proc. European Conference on Computer Vision, pages I–3–16, Cambridge, UK, 1996.

[8] K. Astrom. Fundamental limitations on projective invariants of planar curves.

PAMI, 17(1):77–81, January 1995.

[9] K. Astrom, R. Cipolla, and P. Giblin. Generalised epipolar constraints. IJCV, 33(1):51–72, September 1999.

[10] K. Astrom and A. Heyden. Continuous time matching constraints for image streams. The International Journal of Computer Vision, 28(1):85–96, June 1998.

[11] K. Astrom, A. Heyden, F. Kahl, and M. Oskarsson. Structure and motion from lines under affine projections. In ICCV99, pages 285–292, 1999.

[12] K.E. Atkinson. An introduction to numerical analysis. John Wiley and Sons, 2nd edition, 1989.

Draft-Draft-Draft

650 BIBLIOGRAPHY

[13] S. Avidan and A. Shashua. Novel view synthesis in tensor space. In Proceedings of the International Conference on Computer Vision and Pattern Recognition, pages 1034–1040, San Juan, Puerto Rico, June 1997. IEEE Computer Society.

[14] S. Avidan and A. Shashua. Threading fundamental matrices. In ECCV98, 1998.

[15] N. Ayache and F. Lustman. Fast and reliable passive trinocular stereovision.

In Proceedings of the 1st International Conference on Computer Vision [1], pages 422–427.

[16] Yonathan Bard. Nonlinear Parameter Estimation. Academic Press, 1974.

[17] Marilena Barnabei, Andrea Brini, and Gian-Carlo Rota. On the exterior calculus of invariant theory. Journal of Algebra, 96:pp 120–160, 1985.

[18] E.B. Barrett, M.H. Brill, N.N. Haag, and P.M. Payton. Invariant linear methods in photogrammetry and model-matching. In J.L. Mundy and A. Zisserman, editors, Geometric invariance in computer vision, chapter 14. MIT Press, Cambridge, Mass, 1992.

[19] E.B. Barrett, P.M. Payton, N.N. Haag, and M.H. Brill. General methods for determining projective invariants in imagery. CVGIP, 53(1):46–65, January 1991.

[20] R. Basri. Paraperspective ≡ affine. The International Journal of Computer Vision, 19(2):169–179, 1996.

[21] Anup Basu. Active calibration: Alternative strategy and analysis. In Proceedings of the International Conference on Computer Vision and Pattern Recognition [177], pages 495–500.

[22] P. Beardsley. Applications of projective geometry to robot vision. PhD thesis, University of Oxford, 1992.

[23] P. Beardsley, I. Reid, A. Zisserman, and D. Murray. Active visual navigation using non-metric structure. In Proc. International Conference on Computer Vision, pages 58–64, Cambridge, MA, 1995.

[24] P. A. Beardsley, A. Zisserman, and D. W. Murray. Sequential update of projective and affine structure from motion. International Journal of Computer Vision, 23(3):235–259, 1997.

[25] P.A. Beardsley, A. Zisserman, and D.W. Murray. Navigation using affine structure from motion. In ECCV94, pages B:85–96, 1994.

[26] P. Belhumeur, D. Kriegman, and A. Yuille. The bas-relief ambiguity. In Proc.

Conference on Computer Vision and Pattern Recognition, pages 1040–1046, 1997.

The geometry of multiple images Faugeras-Luong

BIBLIOGRAPHY 651

[27] J.R. Bergen, P. Anandan, K.J. Hanna, and R. Hingorani. Hierarchical modelbased motion estimation. In Proc. European Conference on Computer Vision, pages 237–252, Santa Margherita, Italy, 1992.

[28] Marcel Berger. Geometry. Springer-Verlag, 1987.

[29] R. Berthilsson, K. Astrom, and A. Heyden. Reconstruction of curves in r3, using factorization and bundle adjustment. In ICCV99, pages 674–679, 1999.

[30] H.A. Beyer. Linejitter and geometric calibration of CCD cameras. ISPRS Journal of photometry and remote sensing, 45:17–32, 1990.

[31] H.A. Beyer. Accurate calibration of CCD cameras. In Proc. Conference on Computer Vision and Pattern Recognition, pages 96–101, 1992.

[32] M. Bjorkman and J. Eklundh. Real-time epipolar geometry estimation and disparity. In ICCV99, pages 234–241, 1999.

[33] F. Bookstein. Fitting conic sections to scattered data. Computer Vision, Graphics, and Image Processing, 9:56–71, 1979.

[34] Abraham Bosse. Manière universelle de M. Desargues pour pratiquer la perspective. Paris, 1648.

[35] Abraham Bosse. Traité des manières de dessiner les ordres de l’architecture.

Paris, 1664.

[36] B. Boufama and R. Mohr. Epipole and fundamental matrix estimation using virtual parallax. In Proc. International Conference on Computer Vision, pages 1030–1036, Cambridge, MA, 1995.

[37] B. Boufama, R. Mohr, and F. Veillon. Euclidean constraints for uncalibrated reconstruction. In Proc. International Conference on Computer Vision, pages 466–470, Berlin, Germany, 1993.

[38] S. Bougnoux. From projective to euclidean space under any practical situation, a criticism of self-calibration. In ICCV98, pages 790–795, 1998.

[39] S. Bougnoux. Paradigmes et paradoxes d’etalonage en vision par ordinateur.

PhD thesis, Universite de Nice, France, 1999.

[40] P. Brand, R. Mohr, and P. Bobet. Distorsions optiques : correction dans un modèle projectif. Technical Report 1933, LIFIA–INRIA Rhône-Alpes, 1993.

[41] B. Brillault-O’Mahony. New method for vanishing point detection. CVGIP, 54(2):289–300, September 1991.

[42] T. Brodsky, C. Fermuller, and Y. Aloimonos. Self-calibration from image derivatives. In ICCV98, pages 83–89, 1998.

[43] M.J. Brooks, W. Chojnacki, and L. Baumela. Determining the egomotion of an uncalibrated camera from instantaneous optical flow. JOSA-A, 14(10):2670–2677, October 1997.

Draft-Draft-Draft

652 BIBLIOGRAPHY

[44] M.J. Brooks, W. Chojnacki, A. van den Hengel, and L. Baumela. Robust techniques for the estimation of structure from motion in the uncalibrated case. In ECCV98, pages 281–295, 1998.

[45] M.J. Brooks, L. de Agapito, D.Q. Huynh, and L. Baumela. Direct methods for self-calibration of a moving stereo head. In ECCV96, pages II:415–426, 1996.

[46] D.C. Brown. Decentering distorsion of lenses. Photogrammetric Engineering, 32(3):444–462, 196.

[47] Duane C. Brown. A solution to the general problem of multiple station analytical stereotriangulation. Technical Report 43, RCA Data Reduction Technical Report, Patrick Air Force base, Florida, 1958.

[48] Duane C. Brown. Close-range camera calibration. Photogrammetric Engineering, 37(8):855–866, 1971.

[49] T. Buchanan. On the critical set for photogrammetric reconstruction using line tokens in p3(c). Geometriae Dedicata, 44:223–232, 1992.

[50] J.B. Burns, R. Weiss, and E.M. Riseman. View variation of point set and line segment features. PAMI, 15(1):51–68, January 1993.

[51] Bruno Caprile and Vincent Torre. Using Vanishing Points for Camera Calibration. The International Journal of Computer Vision, 4(2):127–140, March 1990.

[52] S. Carlsson. Duality of reconstruction and positioning from projective views.

In Worshop on Representations of Visual Scenes, pages 85–92, 1995.

[53] S. Carlsson and D. Weinshall. Dual computation of projective shape and camera positions from multiple images. IJCV, 27(3):227–241, May 1998.

[54] Stefan Carlsson. Multiple image invariance using the double algebra. In J. L.

Mundy, A. Zissermann, and D. Forsyth, editors, Applications of Invariance in Computer Vision, volume 825 of LNCS, pages 145–164. Springer-Verlag, 1994.

[55] J. Chai and S.D. Ma. Robust epipolar geometry estimation using genetic algorithm. PRL, 19(9):829–838, July 1998.

[56] G. Champleboux, S. Lavallé, P. Sautot, and P. Cinquin. Accurate calibration of cameras and range imaging sensors: the NPBS method. In proc. intern. conf. of robotics and automation, pages 1552–1557, Nice, France, 1992.

[57] M. Chasles. Question No. 296. Nouv. Ann. Math., 14:50, 1855.

[58] H.H. Chen. A screw motion approach to uniqueness analysis of head-eye geometry. In Proc. Conference on Computer Vision and Pattern Recognition, pages 145–151, 1991.

The geometry of multiple images Faugeras-Luong

BIBLIOGRAPHY 653

[59] Q. Chen and G. Medioni. Efficient iterative solutions to m-view projective reconstruction problem. In CVPR99, pages II:55–61, 1999.

[60] Q. Chen and G. Medioni. A volumetric stereo matching method: Application to image-based modeling. In CVPR99, pages I:29–34, 1999.

[61] S.E. Chen. Quicktime vr - an image-based approach to virtual environment navigation. In Computer Graphics (SIGGRAPH’95), pages 29–38, 1995.

[62] J.C.K. Chou and M. Kamel. Quaternions approach to solve the kinematic equation of rotation, A_aA_x = A_xA_a, of a sensor-mounted robotic manipulator. In Proc. Conference on Robotics and Automation, pages 656–662, 1988.

[63] S. Christy and R. Horaud. Euclidean shape and motion from multiple perspective views by affine iterations. PAMI, 18(11):1098–1104, November 1996.

[64] R. Cipolla, K.E. Astrom, and P.J. Giblin. Motion from the frontier of curved surfaces. In ICCV95, pages 269–275, 1995.

[65] D.T. Clemens and D.W. Jacobs. Space and time bounds on indexing 3-d models from 2-d images. PAMI, 13(10):1007–1017, October 1991.

[66] R.T. Collins and Y. Tsin. Calibration of an outdoor active camera system.

In CVPR99, pages I:528–534, 1999.

[67] R.T. Collins and R.S. Weiss. Vanishing point calculation as a statistical inference on the unit sphere. In ICCV90, pages 400–403, 1990.

[68] J. Costeira and T. Kanade. A multi-body factorization method for motion analysis. In Proceedings of the 5th International Conference on Computer Vision [2], pages 1071–1076.

[69] A. Criminisi, I. Reid, and A. Zisserman. Duality, rigidity and planar parallax.

In ECCV98, 1998.

[70] A Criminisi, I. Reid, and A Zisserman. A plane measuring device. Image and Vision Computing, 17(8):625–634, 1999.

[71] A. Criminisi, I. Reid, and A. Zisserman. Single view metrology. In ICCV99, pages 434–441, 1999.

[72] G. Cross, A. Fitzgibbon, and A. Zisserman. Parallax geometry of smooth surfaces in multiple views. In ICCV99, pages 323–329, 1999.

[73] G. Cross and A. Zisserman. Quadric reconstruction from dual-space geometry.

In ICCV98, pages 25–31, 1998.

[74] G. Csurka, D. Demirdjian, and R. Horaud. Finding the collineation between two projective reconstructions. CVIU, 75(3):260–268, September 1999.

[75] G. Csurka, D. Demirdjian, A. Ruf, and R. Horaud. Closed-form solutions for the euclidean calibration of a stereo rig. In ECCV98, 1998.

Draft-Draft-Draft

654 BIBLIOGRAPHY

[76] Gabriella Csurka, Cyril Zeller, Zhengyou Zhang, and Olivier Faugeras. Characterizing the uncertainty of the fundamental matrix. CVGIP: Image Understanding, 68(1):18–36, October 1997.

[77] J. Dahler. Problems with Digital Image Acquistion with CCD Cameras. In Intercommission Conference on Fast Processing of Photogrammetric Data, 1987.

[78] H. Damisch. The Origin of Perspective. MIT Press, 1994. First appeared in 1987 as L’origine de la perspective, Flamarion.

[79] J.E. Davis. Mosaics of scenes with moving objects. In Proc. Conference on Computer Vision and Pattern Recognition, pages 354–360, 1998.

[80] L. de Agapito, R.I. Hartley, and E. Hayman. Linear calibration of a rotating and zooming camera. In CVPR99, pages I:15–21, 1999.

[81] L. de Agapito, D.Q. Huynh, and M.J. Brooks. Self-calibrating a stereo head:

An error analysis in the neighbourhood of degenerate configurations. In ICCV98, pages 747–753, 1998.

[82] Leonardo de Vinci. The Notebooks. Oxford World’s classics, Oxford, recent edition, 1998. written around 1500.

[83] C. Debrunner and N. Ahuja. A direct data approximation based motion estimation algorithm. In Proc. International Conference on Pattern Recognition, pages 384–389, 1990.

[84] Piero della Francesca. De prospectiva pingendi. G. Fasola, Florence, 1942, new edition 1984. Original edition around 1465.

[85] S. Dema. A self-calibration technique for active vision systems. RA, 12(1):114–120, February 1996.

[86] Michel Demazure. Sur Deux Problèmes de Reconstruction. Technical Report 882, INRIA, July 1988.

[87] D. Demirdjian and R. Horaud. A projective framework for scene segmentation in the presence of moving objects. In CVPR99, pages I:2–8, 1999.

[88] F. Devernay and O. Faugeras. Automatic calibration and removal of distortion from scenes of structured environments. In Leonid I. Rudin and Simon K. Bramble, editors, Investigative and Trial Image Processing, volume 2567 of Proc. SPIE, San Diego, CA, July 1995. SPIE.

[89] F. Devernay and O.D. Faugeras. From projective to euclidean reconstruction.

In CVPR96, pages 264–269, 1996.

[90] L. Dron. Dynamic camera self-calibration for controlled motion sequences. In Proceedings of the International Conference on Computer Vision and Pattern Recognition [177], pages 501–506.

The geometry of multiple images Faugeras-Luong

BIBLIOGRAPHY 655

[91] F. Du and M. Brady. Self-calibration of the intrinsic parameters of cameras for active vision systems. In Proceedings of the International Conference on Computer Vision and Pattern Recognition [177], pages 477–482.

[92] A. Dürer. Underweysung der Messung. Albaris Books, New York, 1977.

Original edition 1525, Nuremberg.

[93] R. Enciso and T. Vieville. Self-calibration from four views with possibly varying intrinsic parameters. Image and Vision Computing, 15(4):293–305, April 1997.

[94] R. Enciso, T. Viéville, and O. Faugeras. Approximation du changement de focale et de mise au point par une transformation affine à trois paramètres. Traitement du Signal, 11(5), 1994.

[95] W. Faig. Calibration of close-range photogrammetry systems: Mathematical formulation. Photogrammetric Engineering and Remote Sensing, 41(12):1479–1486, 1975.

[96] J.Q. Fang and T.S. Huang. Some experiments on estimating the 3D motion parameters of a rigid body from two consecutive image frames. IEEE Transactions on Pattern Analysis and Machine Intelligence, 6:545–554, 1984.

[97] O. Faugeras. Stratification of 3-D vision: projective, affine, and metric representations. Journal of the Optical Society of America A, 12(3):465–484, March 1995.

[98] O. Faugeras and S. Laveau. Representing three-dimensional data as a collection of images and fundamental matrices for image synthesis. In Proc. International Conference on Pattern Recognition, pages 689–691, Jerusalem, Israel, 1994.

[99] O. Faugeras, Q.-T. Luong, and S. Maybank. Camera self-calibration: theory and experiments. In G. Sandini, editor, Proc 2nd ECCV, pages 321–334, Santa Margherita, Italy, May 1992. Springer-Verlag.

[100] O.D. Faugeras. What can be seen in three dimensions with an uncalibrated stereo rig. In Proc. European Conference on Computer Vision, pages 563–578, 1992.

[101] O.D. Faugeras and F. Lustman. Motion and structure from motion in a piecewise planar environment. International Journal of Pattern Recognition and Artificial Intelligence, 2(3):485–508, 1988.

[102] O.D. Faugeras and B. Mourrain. On the geometry and algebra of the point and line correspondences between n images. In Proc. International Conference on Computer Vision, pages 951–956, Cambridge, MA, 1995.

[103] O.D. Faugeras, L. Quan, and P. Sturm. Self-calibration of a 1-d projective camera and its application to the self-calibration of a 2-d projective camera. In Proc. European Conference on Computer Vision, pages 36–52, 1998.

Draft-Draft-Draft

656 BIBLIOGRAPHY

[104] O.D. Faugeras and L. Robert. What can two images tell us about a third one ? The International Journal of Computer Vision, 18(1):5–20, 1996.

[105] O.D. Faugeras, L. Robert, S. Laveau, G. Csurka, C. Zeller, C. Gauclin, and I. Zoghlami. 3-d reconstruction of urban scenes from image sequences. CVIU, 69(3):292–309, March 1998.

[106] O.D. Faugeras and G. Toscani. The calibration problem for stereo. In Proceedings of CVPR’86, pages 15–20, 1986.

[107] Olivier Faugeras. Three-Dimensional Computer Vision: a Geometric Viewpoint. MIT Press, 1993.

[108] Olivier Faugeras and Francis Lustman. Let us suppose that the world is piecewise planar. In Olivier Faugeras and Georges Giralt, editors, Robotics Research : The Third International Symposium, pages 33–40. MIT Press, 1986.

[109] Olivier Faugeras, Francis Lustman, and Giorgio Toscani. Motion and structure from point and line matches. In Proceedings of the 1st International Conference on Computer Vision [1], pages 25–34.

[110] Olivier Faugeras and Steven Maybank. Motion from point matches: multiplicity of solutions. The International Journal of Computer Vision, 4(3):225–246, June 1990. also INRIA Tech. Report 1157.

[111] Olivier Faugeras and Bernard Mourrain. On the geometry and algebra of the point and line correspondences between n images. In Proceedings of the 5th International Conference on Computer Vision [2], pages 951–956.

[112] Olivier Faugeras and Théodore Papadopoulo. A nonlinear method for estimating the projective geometry of three views. RR 3221, INRIA, July 1997.

[113] Olivier Faugeras and Théodore Papadopoulo. A nonlinear method for estimating the projective geometry of three views. In Proceedings of the 6th International Conference on Computer Vision, pages 477–484, Bombay, India, January 1998. IEEE Computer Society, IEEE Computer Society Press.

[114] Olivier D. Faugeras and Steven Maybank. Motion from point matches: multiplicity of solutions. The International Journal of Computer Vision, 4(3):225– 246, June 1990. also INRIA Tech. Report 1157.

[115] J.V. Field. The Invention of Infinity : Mathematics and Art in the Renaissance. Oxford university press, Oxford, 1997.

[116] M.A. Fischler and R.C. Bolles. Random sample consensus: A paradigm for model fitting with applications to image analysis and automated cartography. Communications of the ACM, 24:381–385, 1981.

[117] D. A. Forsyth, J. L. Mundy, A. Zisserman, and C. A. Rothwell. Using global consistency to recognise euclidean objects with an uncalibrated camera. In CVPR94, pages 502–507, 1994.

The geometry of multiple images Faugeras-Luong

BIBLIOGRAPHY 657

[118] D.A. Forsyth, J.L. Mundy, A. Zisserman, and C.M. Brown. Projectively invariant representations using implicit algebraic curves. In Proc. European Conference on Computer Vision, pages 427–436, Antibes, France, 1990.

[119] C.S. Fraser. Photogrammetric camera component calibration: a review of analytical techniques. In Workshop on calibration and orientation of cameras in computer vision. XVII Congress ISPRS, Aug 1992.

[120] S. Ganapathy. Decomposition of transformation matrices for robot vision.

Pattern Recognition Letters, 2:401–412, December 1984.

[121] B. Garcia and P. Brunet. 3d reconstruction with projective octrees and epipolar geometry. In ICCV98, pages 1067–1072, 1998.

[122] J. Garding, J. Porrill, J.P. Frisby, and J.E.W. Mayhew. Uncalibrated relief reconstruction and model alignment from binocular disparities. In ECCV96, pages I:427–438, 1996.

[123] J. Gluckman and S.K. Nayar. Planar catadioptric stereo: Geometry and calibration. In CVPR99, pages I:22–28, 1999.

[124] G.H. Golub and C.F. van Loan. Matrix Computations. The John Hopkins University Press, 1989.

[125] G. Gracie. Analytical photogrammetry applied to single terrestrial photograph mensuration. In XIth international conference on Photogrammetry, Lausanne, Switzerland, 1968.

[126] K. D. Gremban, C. E. Thorpe, and T. Kanade. Geometric Camera Calibration using Systems of Linear Equations. In Image Understanding Workshop, pages 820–825, 1988.

[127] W.I. Grotsky and L.A. Tamburino. A unified approach to the linear camera calibration problem. IEEE Transactions on Pattern Analysis and Machine Intelligence, 12:663–671, 1990.

[128] Armin Gruen. Accuracy, reliability and statistics in close-range photogrammetry. In Proceedings of the Symposium of the ISP Commission V, Stockholm, 1978.

[129] Armin Gruen and Horst A. Beyer. System calibration through self-calibration.

In Proceedings of the Workshop on Calibration and Orientation of Cameras in Computer Vision, Washington D.C., August 1992.

[130] R. Gupta and R.I. Hartley. Linear pushbroom cameras. PAMI, 19(9):963–975, September 1997.

[131] Martins. H.A., J.R. Birk, and R.B. Kelley. Camera models based on data from two calibration planes. cgip, 17:173–180, 1981.

[132] R.M. Haralick. Computer vision theory: The lack thereof. Computer Vision, Graphics, and Image Processing, 36:372–386, 1986.

Draft-Draft-Draft

658 BIBLIOGRAPHY

[133] R. Hartley, L. de Agapito, I. Reid, and E. Hayman. Camera calibration and the search for infinity. In ICCV99, pages 510–515, 1999.

[134] R.I. Hartley. Euclidean reconstruction from uncalibrated views. In J. L.

Mundy, A. Zissermann, and D. Forsyth, editors, Applications of Invariance in Computer Vision, volume 825 of LNCS, pages 187–202. Springer-Verlag.

[135] R.I. Hartley. Estimation of relative camera positions for uncalibrated cameras. In Proc. European Conference on Computer Vision, pages 579–587, 1992.

[136] R.I. Hartley. An algorithm for self calibration from several views. In Proc.

Conference on Computer Vision and Pattern Recognition, pages 908–912, Seattle, WA, 1994.

[137] R.I. Hartley. Projective reconstruction from line correspondences. In Proc.

Conference on Computer Vision and Pattern Recognition, pages 903–907, Seattle, WA, 1994.

[138] R.I. Hartley. A linear method for reconstruction from lines and points. In Proc. International Conference on Computer Vision, pages 882–887, Cambridge, MA, 1995.

[139] R.I. Hartley. In defense of the eight-point algorithm. IEEE Transactions on Pattern Analysis and Machine Intelligence, 19(6):580–593, June 1997.

[140] R.I. Hartley. Kruppa’s equations derived from the fundamental matrix.

PAMI, 19(2):133–135, February 1997.

[141] R.I. Hartley. Lines and points in three views and the trifocal tensor. IJCV, 22(2):125–140, March 1997.

[142] R.I. Hartley. Self-calibration of stationary cameras. IJCV, 22(1):5–23, February 1997.

[143] R.I. Hartley. Chirality. The International Journal of Computer Vision, 26(1):41–61, January 1998.

[144] R.I. Hartley. Computation of the quadrifocal tensor. In Proc. European Conference on Computer Vision, 1998.

[145] R.I. Hartley. Minimizing algebraic error in geometric estimation problems.

In Proc. International Conference on Computer Vision, pages 469–476, 1998.

[146] R.I. Hartley. Theory and practice of projective rectification. IJCV, 35(2):1– 16, November 1999.

[147] R.I. Hartley and R. Gupta. Computing matched-epipolar projections. In Proc. Conference on Computer Vision and Pattern Recognition, pages 549– 555, New-York, 1993.

[148] R.I. Hartley and T. Saxena. The cubic rational polynomial camera model.

In Proc. DARPA Image Understanding Workshop, pages 649–654, 1997.

The geometry of multiple images Faugeras-Luong

BIBLIOGRAPHY 659

[149] R.I. Hartley and P. Sturm. Triangulation. CVIU, 68(2):146–157, November 1997.

[150] Richard Hartley, Rajiv Gupta, and Tom Chang. Stereo from uncalibrated cameras. In Proceedings of the International Conference on Computer Vision and Pattern Recognition, pages 761–764, Urbana Champaign, IL, June 1992. IEEE.

[151] Richard I. Hartley. Minimizing algebraic error in geometric estimation problems. In Proceedings of the 6th International Conference on Computer Vision, Bombay, India, January 1998. IEEE Computer Society, IEEE Computer Society Press.

[152] D.J. Heeger and A.D. Jepson. Subspace methods for recovering rigid motion i: Algorithms and implementation. The International Journal of Computer Vision, 7(2):95–117, January 1992.

[153] O. Hesse. Die cubische gleichung, von welcher die lösung des problems der homographie von m. chasles abhängt. J. reine angew. Math., 62:188–192, 1863.

[154] A. Heyden. Geometry and algebra of multiple projective transformations. PhD thesis, Lund University, Dept of mathematics, Sweden, 1995.

[155] A. Heyden. Reconstruction from image sequences by means of relative depths.

In Proc. International Conference on Computer Vision, pages 1058–1063, Cambridge, MA, 1995.

[156] A. Heyden. A common framework for multiple-view tensors. In Proceedings of the 5th European Conference on Computer Vision, Freiburg, Germany, June 1998.

[157] A. Heyden. Reduced multilinear constraints: Theory and experiments. IJCV, 30(1):5–26, October 1998.

[158] A. Heyden and K. Astrom. Algebraic varieties in multiple view geometry. In ECCV96, pages II:671–682, 1996.

[159] A. Heyden and K. Astrom. Euclidean reconstruction from image sequences with varying and unknown focal length and principal point. In CVPR97, pages 438–443, 1997.

[160] A. Heyden and K. Astrom. Simplifications of multilinear forms for sequences of images. IVC, 15(10):749–757, October 1997.

[161] A. Heyden and K. Astrom. Euclidean reconstruction from image sequences with varying and unknown focal length and principal point. In ACCV, 1998.

[162] A. Heyden and K. Astrom. Flexible calibration: Minimal cases for autocalibration. In ICCV99, pages 350–355, 1999.

Draft-Draft-Draft

660 BIBLIOGRAPHY

[163] A. Heyden, R. Berthilsson, and G. Sparr. An iterative factorization method for projective structure and motion from image sequences. IVC, 17(13):981– 991, November 1999.

[164] A. Heyden and F. Kahl. Robust self-calibration and euclidean reconstruction via affine approximation. In ICPR98, page CV12, 1998.

[165] Walther Hofmann. Das Problem der Gefährlichen Flächen in Theorie und praxis. PhD thesis, Fakultät für Bauwesen der technischen Hochschule München, December 1950.

[166] R. Horaud and G. Csurka. Self-calibration and euclidean reconstruction using motions of a stereo rig. In ICCV98, pages 96–103, 1998.

[167] R. Horaud, F. Dornaika, B. Lamiroy, and S. Christy. Object pose: The link between weak perspective, paraperspective, and full perspective. IJCV, 22(2):173–189, March 1997.

[168] Berthold K.P. Horn. Closed-form Solution of Absolute Orientation using Unit Quaternions. Journal of the Optical Society A, 4(4):629–642, April 1987.

[169] Berthold K.P. Horn. Relative orientation. The International Journal of Computer Vision, 4(1):59–78, January 1990.

[170] B.P.K. Horn. Robot vision. MIT Press, 1986.

[171] X. Hu and N. Ahuja. Sufficient conditions for double or unique solution of motion and structure. Computer Vision, Graphics, and Image Processing. Image Understanding, 58:161–176, 1993.

[172] Thomas S. Huang and Olivier D. Faugeras. Some properties of the E matrix in two-view motion estimation. IEEE Transactions on Pattern Analysis and Machine Intelligence, 11(12):1310–1312, December 1989.

[173] T.S. Huang and C.H. Lee. Motion and structure from orthographic projections. IEEE Transactions on Pattern Analysis and Machine Intelligence, 11:536–540, 1989.

[174] P.J. Huber. Robust Statistics. John Wiley & Sons, New York, 1981.

[175] Y.P. Hung and S.W. Shieh. When should we consider lens distortion in camera calibration ? In Proc. IAPR worshop on machine vision applications, pages 367–370, Tokyo, November 1990.

[176] D. Huynh. Affine reconstruction from monocular vision in the presence of a symmetry plane. In ICCV99, pages 476–482, 1999.

[177] IEEE Computer Society. New-York, NY, June 1993. IEEE.

[178] M. Irani and P. Anandan. Parallax geometry of pairs of points for 3d scene analysis. In Proc. European Conference on Computer Vision, pages I–17–30, Cambridge, UK, 1996.

The geometry of multiple images Faugeras-Luong

BIBLIOGRAPHY 661

[179] M. Irani, P. Anandan, and D. Weinshall. From reference frames to reference planes: Multi-view parallax geometry and applications. In ECCV98, 1998.

[180] M. Irani, S. Hsu, and P. Anandan. Video compression using mosaic representations. Signal Processing: Image Communications, 7(4):529–552, November 1995.

[181] M. Irani, B. Rousso, and S. Peleg. Recovery of ego-motion using region alignment. PAMI, 19(3):268–272, March 1997.

[182] F. Isgro and E. Trucco. Projective rectification without epipolar geometry.

In CVPR99, pages I:94–99, 1999.

[183] D. Jelinek and C.J. Taylor. Reconstruction of linearly parameterized models from single images with a camera of unknown focal length. In CVPR99, pages II:346–352, 1999.

[184] F. Kahl. Critical motions and ambiguous euclidean reconstructions in autocalibration. In ICCV99, pages 469–475, 1999.

[185] F. Kahl and A. Heyden. Using conic correspondence in two images to estimate the epipolar geometry. In ICCV98, pages 761–766, 1998.

[186] F. Kahl and A. Heyden. Affine structure and motion from points, lines and conics. IJCV, 33(3):1–18, September 1999.

[187] T. Kanade. Recovery of the three-dimensional shape of an object from a single view. Artificial Intelligence Journal, 17:409–460, 1981.

[188] K. Kanatani and N. Ohta. Accuracy bounds and optimal computation of homography for image mosaicing applications. In ICCV99, pages 73–79, 1999.

[189] Q. Ke, G. Xu, and S.D. Ma. Recovering epipolar geometry by reactive tabu search. In ICCV98, pages 767–771, 1998.

[190] M. Kemp. The science of art: optical themes in western art from Brunelleschi to Seurat. Yale University Press, 1990.

[191] T. Kim, Y. Seo, and K.S. Hong. Physics-based 3d position analysis of a soccer ball from monocular image sequences. In ICCV98, pages 721–726, 1998.

[192] R. Kingslake. Optics in photography. Spie optical engineering press, Bellingham, WA, 1992.

[193] Jan J. Koenderink and A. J. van Doorn. Invariant properties of the motion parallax field due to the movement of rigid bodies relative to an observer. Optica Acta, 22:717–723, 1975.

[194] Jan J. Koenderink and Andrea J. van Doorn. Affine structure from motion.

Journal of the Optical Society of America A, A8:377–385, 1991.

[195] J.J. Koenderink and A.J. vanDoorn. The generic bilinear calibrationestimation problem. The International Journal of Computer Vision, 23(3):217–234, 1997.

Draft-Draft-Draft

662 BIBLIOGRAPHY

[196] Josef Krames. Zur ermittlung eines objektes aus zwei perspektiven. (ein beitrag zur theorie der gefährlichen örter.). Monatshefte für Mathematik und Physik, 49:327–354, 1940.

[197] D. Kriegman and P. Belhumeur. What shadows reveal about object structure.

In Proc. European Conference on Computer Vision, pages 399–414, 1998.

[198] E. P. Krotkov. Active Computer Vision by Cooperative Focus and Stereo.

Springer-Verlag, 1989.

[199] E. Kruppa. Zur Ermittlung eines Objektes aus zwei Perspektiven mit innerer Orientierung. Sitz.-Ber. Akad. Wiss., Wien, math. naturw. Kl., Abt. IIa., 122:1939–1948, 1913.

[200] R. Kumar, P. Anandan, M. Irani, J. Bergen, and K. Hanna. Representation of scenes from collections of images. In IEEE Workshop on Representation of Visual Scenes, pages 10–17, Cambridge, MA, 1995.

[201] Stéphane Laveau and Olivier Faugeras. Oriented projective geometry for computer vision. In Proc. European Conference on Computer Vision, pages 147–156, April 1996.

[202] J.M. Lavest. Stereovision axiale par zoom pour la robotique. PhD thesis, Universite Blaise Pascal de Clermont-Ferrand, 1992.

[203] J.M. Lavest, G. Rives, and M. Dhome. Three-dimensional reconstruction by zooming. RA, 9(2):196–207, April 1993.

[204] J. Lawn and R. Cipolla. Reliable extraction of the camera motion using constraints on the epipole. In Proc. European Conference on Computer Vision, pages 161–173, Cambridge, UK, 1996.

[205] J.M. Lawn and R. Cipolla. Robust egomotion estimation from affine motion parallax. In ECCV94, pages A:205–210, 1994.

[206] C.-H. Lee. Time-varying images: The effect of finite resolution on uniqueness.

CVGIP: Image Understanding, 54(3):325–332, 1991.

[207] C.H. Lee and T.S. Huang. Finding point correspondences and determining motion of a rigid object from two weak perspective views. Computer Vision, Graphics, and Image Processing, (52):309–327, 1990.

[208] Y. Leedan and P. Meer. Estimation with bilinear constraints in computer vision. In Proc. International Conference on Computer Vision, pages 733– 738, 1998.

[209] R.K Lenz. Lens distorsion corrected CCD camera calibration with coplanar calibration points for real-time 3D measurements. In Proc. ISPRS Intercomission conference on fast processing of photogrammetric data, pages 60–67, Interlaken, June 87.

The geometry of multiple images Faugeras-Luong

BIBLIOGRAPHY 663

[210] R.K. Lenz and R.Y. Tsai. Techniques for Calibration of the Scale Factor and Image Center for High Accuracy 3D Machine Vision Metrology. In IEEE International Conference on Robotics and Automation, pages 68–75, Raleigh, 1987.

[211] F. Li, J.M. Brady, and C. Wiles. Fast computation of the fundamental matrix for an active stereo vision system. In ECCV96, pages I:157–166, 1996.

[212] Y. Li and M.J. Brooks. An efficient recursive factorization method for determining structure from motion. In CVPR99, pages I:138–143, 1999.

[213] D. Liebowitz, A. Criminisi, and A. Zisserman. Creating architectural models from images. In Proc. EuroGraphics, volume 18, pages 39–50, September 1999.

[214] D. Liebowitz and A. Zisserman. Metric rectification for perspective images of planes. In CVPR98, pages 482–488, 1998.

[215] D. Liebowitz and A. Zisserman. Combining scene and auto-calibration constraints. In ICCV99, pages 293–300, 1999.

[216] H. C. Longuet-Higgins. The reconstruction of a scene from two projections - configurations that defeat the 8-point algorithm. In Proceedings First Conference on Artificial Intelligence Applications, pages 395–397, Denver, Colorado, 1984.

[217] H. C. Longuet-Higgins and K. Prazdny. The interpretation of moving retinal images. Proceedings of the Royal Society of London, B 208:385–387, 1980.

[218] H.C. Longuet-Higgins. A computer algorithm for reconstructing a scene from two projections. Nature, 293:133–135, 1981.

[219] H.C. Longuet-Higgins. Multiple interpretations of a pair of images of a surface. Proc. Roy. Soc. Lond. A., 418:1–15, 1988.

[220] C. Loop and Z. Zhang. Computing rectifying homographies for stero vision.

In CVPR99, pages I:125–131, 1999.

[221] M. Lourakis and R. Deriche. Camera self-calibration using the singular value decomposition of the fundamental matrix. In Proc. of the 4th Asian Conference on Computer Vision, January 2000.

[222] Q.-T. Luong. Matrice fondamentale et auto-calibration en vision par ordinateur. PhD thesis, Universite de Paris-Sud, Orsay, Dec. 1992.

[223] Q.-T. Luong and O.D. Faugeras. Self calibration of a moving camera from point correspondences and fundamental matrices. The International Journal of Computer Vision, 22(3):261–289, 1997.

[224] Q.-T. Luong and O.D. Faugeras. On the determination of epipoles using cross-ratios. Computer Vision and Image Understanding, 71(1):1–18, 1998.

Draft-Draft-Draft

664 BIBLIOGRAPHY

[225] Q.-T. Luong and O.D. Faugeras. Self-calibration of a stereo rig from unknown camera motions and point correspondences. In A. Grun and T.S. Huang, editors, Calibration and orientation of cameras in computer vision. Springer- Verlag, 2000. To appear. Also presented at XVII ISPRS, Washington, 1992 and INRIA Tech Report RR-2014.

[226] Q.-T. Luong and T. Viéville. Canonic representations for the geometries of multiple projective views. Technical Report UCB/CSD-93-772, University of California at Berkeley, Sept 1993.

[227] Q.-T. Luong and T. Viéville. Canonical representations for the geometries of multiple projective views. Computer Vision and Image Understanding, 64(2):193–229, 1996.

[228] Quang-Tuan Luong. Matrice Fondamentale et Calibration Visuelle sur l’Environnement. PhD thesis, Université de Paris-Sud, Centre d’Orsay, December 1992.

[229] Quang-Tuan Luong and Olivier D. Faugeras. The fundamental matrix: Theory, algorithms and stability analysis. The International Journal of Computer Vision, 17(1):43–76, January 1996.

[230] E. Lutton, H. Maitre, and J. Lopez-Krahe. Contribution to the determination of vanishing points using hough transform. PAMI, 16(4):430–438, April 1994.

[231] Y. Ma, S. Soatto, J. Kosecka, and S. Sastry. Euclidean reconstruction and reprojection up to subgroups. In ICCV99, pages 773–780, 1999.

[232] M.J. Magee and J.K. Aggarwal. Determining vanishing points from perspective images. CVGIP, 26(2):256–267, May 1984.

[233] S. Mann and R.W. Picard. Virtual bellows: Constructing high quality stills from video. In Intl. Conf. on Image Processing, pages 363–367, 1994.

[234] S. Mann and R.W. Picard. Video orbits of the projective group: A simple approach to featureless estimation of parameters. IP, 6(9):1281–1295, September 1997.

[235] R.A. Manning and C.R. Dyer. Interpolating view and scene motion by dynamic view morphing. In CVPR99, pages I:388–394, 1999.

[236] A. Marugame, J. Katto, and M. Ohta. Structure recovery with multiple cameras from scaled orthographic and perspective views. PAMI, 21(7):628– 633, July 1999.

[237] S.J. Maybank. The angular velocity associated with the optical flow field arising from motion through a rigid environment. Philosophical Transactions of the Royal Society, 401:317–326, 1985.

[238] S.J. Maybank. A theoretical study of optical flow. PhD thesis, Birbeck College, University of London, 1987.

The geometry of multiple images Faugeras-Luong

BIBLIOGRAPHY 665

[239] S.J. Maybank. Properties of essential matrices. International journal of imaging systems and technology, 2:380–384, 1990.

[240] S.J. Maybank. Theory of reconstruction From Image Motion. Springer-Verlag, 1992.

[241] S.J. Maybank. The critical line congruence for reconstruction from three images. Applicable algebra in engineering communication and computing, 6:89–113, 1995.

[242] S.J. Maybank and O.D. Faugeras. A Theory of Self-Calibration of a Moving Camera. The International Journal of Computer Vision, 8(2):123–151, 1992.

[243] S.J. Maybank and P.F. Sturm. Mdl, colllineations and the fundamental matrix. In BMVC99, 1999.

[244] G.F. Mclean and D. Kotturi. Vanishing point detection by line clustering.

PAMI, 17(11):1090–1095, November 1995.

[245] P. Meer, D. Mintz, A. Rosenfeld, and D.Y. Kim. Robust regression methods for computer vision: a review. The International Journal of Computer Vision, 6(1):59–70, 1991.

[246] Mendonçca. and R. Cipolla. Estimation of epipolar geometry from apparent contours: Affine and circular motion cases. In CVPR99, pages I:9–14, 1999.

[247] P.R.S. Mendonçca and R. Cipolla. A simple techinique for self-calibration.

In CVPR99, pages I:500–505, 1999.

[248] R. Mohr and E. Arbogast. It can be done without camera calibration. Pattern Recognition Letters, 12:39–43, 1990.

[249] R. Mohr, B. Boufama, and P. Brand. Understanding positioning from multiple images. Artificial Intelligence, 78:213–238, 1995.

[250] R. Mohr and L. Morin. Relative positioning from geometric invariants. In Proceedings of the International Conference on Computer Vision and Pattern Recognition, pages 139–144, Lahaina, Hawai, June 1991. IEEE.

[251] R. Mohr, F. Veillon, and L. Quan. Relative 3d reconstruction using multiple uncalibrated images. In Proc. Conference on Computer Vision and Pattern Recognition, pages 543–548, NYC, 1993.

[252] Roger Mohr, Boubakeur Boufama, and Pascal Brand. Accurate projective reconstruction. In Joseph Mundy and Andrew Zisserman, editors, Applications of Invariance in Computer Vision, volume 825 of Lecture Notes in Computer Science, pages 257–276, Berlin, 1993. Springer-Verlag.

[253] T. Moons, L. VanGool, M. Proesmans, and E. Pauwels. Affine reconstruction from perspective image pairs with a relative object-camera translation in between. PAMI, 18(1):77–83, January 1996.

Draft-Draft-Draft

666 BIBLIOGRAPHY

[254] D. Morris and T. Kanade. A unified factorization algorithm for points, line segments and planes with uncertainty models. In ICCV98, pages 696–702, 1998.

[255] D. P. Mukherjee, A. Zisserman, and J. M. Brady. Shape from symmetry— detecting and exploiting symmetry in affine images. In Philosophical Transactions of the Royal Society of London, SERIES A, volume 351, pages 77–106, 1995.

[256] J. L. Mundy and A. Zissermann. Repeated structures: image correspondence constraints and 3d structure recovery. In J. L. Mundy, A. Zissermann, and D. Forsyth, editors, Applications of Invariance in Computer Vision, volume 825 of LNCS, pages 89–106. Springer-Verlag, 1994.

[257] J. L. Mundy, A. Zissermann, and D. Forsyth, editors. Applications of Invariance in Computer Vision, volume 825 of LNCS. Springer-Verlag, 1994.

[258] J.L. Mundy and A. Zisserman, editors. Geometric Invariance in Computer Vision. MIT Press, 1992.

[259] V.S. Nalwa and E. Pauchon. Edgel aggregation and edge description. Computer Vision, Graphics, and Image Processing, 40(1):79–94, Oct. 1987.

[260] N. Navab and O.D. Faugeras. The critical sets of lines for camera displacement estimation: A mixed euclidean-projective and constructive approach. IJCV, 23(1):17–44, May 1997.

[261] S. Negahdaripour. Critical Surface Pairs and Triplets. The International Journal of Computer Vision, 3(4):293–312, November 1989.

[262] Y. Ohta, K. Maenobu, and T. Sakai. Obtaining surface orientation from texels under perspective projection. In IJCAI81, pages 746–751, 1981.

[263] J. Oliensis. Fast and accurate self-calibration. In ICCV99, pages 745–752, 1999.

[264] J. Oliensis and Y. Genc. Fast algorithms for projective multi-frame structure from motion. In ICCV99, pages 536–543, 1999.

[265] S.I. Olsen. Epipolar line estimation. In Proc. European Conference on Computer Vision, pages 307–311, Santa Margherita Ligure, Italy, May 1992.

[266] E. Panofsky. Perspective As Symbolic Form. MIT Press, 1991. First appeared in 1927.

[267] T. Papadopoulo and O. Faugeras. A new characterization of the trifocal tensor. In ECCV98, 1998.

[268] S. Peleg and J. Herman. Panoramic mosaics by manifold projection. In Proc.

Conference on Computer Vision and Pattern Recognition, pages 338–343, 1997.

The geometry of multiple images Faugeras-Luong

BIBLIOGRAPHY 667

[269] B. Peuchot. Camera virtual equivalent model - 0.01 pixel detectors. In 14th Annual International Conference IEEE EMBS. Satellite Symposium on 3D Advanced Image Processing in Medecine, pages 41–45, November 1992.

[270] C.J. Poelman and T. Kanade. A paraperspective factorization method for shape and motion recovery. PAMI, 19(3):206–218, March 1997.

[271] M. Pollefey, L. Van Gool, and M. Proesmans. Euclidean 3d reconstruction from image sequences with variable focal lenghts. In Proc. European Conference on Computer Vision, pages I–31–42, Cambridge, UK, 1996.

[272] M. Pollefeys and L. Van Gool. Stratified self-calibration with the modulus constraint. IEEE Transactions on Pattern Analysis and Machine Intelligence, 21(8):707–724, August 1999.

[273] M. Pollefeys, R. Koch, and L. VanGool. A simple and efficient rectification method for general motion. In ICCV99, pages 496–501, 1999.

[274] J. Ponce and Y. Genc. Epipolar geometry and linear subspace methods: A new approach to weak calibration. IJCV, 28(3):223–243, July 1998.

[275] J. Ponce, D.H. Marimont, and T.A. Cass. Analytical methods for uncalibrated stereo and motion reconstruction. In Proc. European Conference on Computer Vision, pages 463–470, Stockholm, Sweden, 1994.

[276] J. Porrill and S. Pollard. Curve matching and stereo calibration. IVC, 9:45– 50, 1991.

[277] William H. Press, Brian P. Flannery, Saul A. Teukolsky, and William T.

Vetterling. Numerical Recipes in C. Cambridge University Press, 1988.

[278] P. Puget and T. Skordas. An optimal solution for mobile camera calibration.

In O. Faugeras, editor, Proceedings of the 1st European Conference on Computer Vision, pages 187–198, Antibes, France, April 1990. Springer-Verlag.

[279] L. Quan. Invariants of six points and projective reconstruction from three uncalibrated images. IEEE Transactions on Pattern Analysis and Machine Intelligence, 17(1), January 1995.

[280] L. Quan. Self-calibration of an affine camera from multiple views. The International Journal of Computer Vision, 19(1):93–105, 1996.

[281] L. Quan. Inherent two-way ambiguity in 2d projective reconstruction from three uncalibrated 1d images. In ICCV99, pages 344–349, 1999.

[282] L. Quan, A. Heyden, and F. Kahl. Minimal projective reconstruction with missing data. In CVPR99, pages II:210–216, 1999.

[283] L. Quan and T. Kanade. A factorization method for affine structure from line correspondences. In Proc. Conference on Computer Vision and Pattern Recognition, pages 803–808, San Francisco, CA, 1996.

Draft-Draft-Draft

668 BIBLIOGRAPHY

[284] L. Quan and T. Kanade. Affine structure from line correspondences with uncalibrated affine cameras. IEEE Transactions on Pattern Analysis and Machine Intelligence, 19(8):834–845, August 1997.

[285] L. Quan and R. Mohr. Determining perspective structures using hierarchical Hough transform. Pattern Recognition Letters, 9(4):279–286, 1989.

[286] L. Quan and R. Mohr. Affine shape representation from motion through reference points. Journal of mathematical imaging and vision, 1:145–151, 1992.

[287] L. Quan and Y. Ohta. A new linear method for euclidean motion/structure from three calibrated affine views. In Proc. Conference on Computer Vision and Pattern Recognition, pages 172–177, 1998.

[288] I. Reid and A. Zisserman. Goal-directed video metrology. In Proc. European Conference on Computer Vision, pages II–645–658, Cambridge, UK, 1996.

[289] William J.J. Rey. Introduction to Robust and Quasi-Robust Statistical Methods. Springer, Berlin, Heidelberg, 1983.

[290] L. Robert. Camera calibration without feature extraction. CVIU, 63(2):314– 325, March 1996.

[291] L. Robert, M. Buffa, and M. Hebert. Weakly calibrated stereo perception for rover navigation. In Proc. International Conference on Computer Vision, Cambridge, MA, 1995.

[292] L. Robert and O.D. Faugeras. Relative 3d positioning and 3d convex-hull computation from a weakly calibrated stereo pair. IVC, 13(3):189–196, April 1995.

[293] L. Robert and M. Hebert. Deriving orientation cues from stereo images. In ECCV94, pages A:377–388, 1994.

[294] L. Robert, C. Zeller, O. Faugeras, and M. Hébert. Applications of nonmetric vision to some visually-guided robotics tasks. In Y. Aloimonos, editor, Visual Navigation: From Biological Systems to Unmanned Ground Vehicles. Lawrence Erlbaum Associates, 1996. to appear, also INRIA Technical Report 2584.

[295] L.G. Roberts. Machine perception of three-dimensional solids. In Tippett, J. and Berkowitz, D. and Clapp, L. and Koester, C. and Vanderburgh, A., editor, Optical and Electrooptical Information processing, pages 159–197. MIT Press, 1965.

[296] C. Rothwell, O.D. Faugeras, and G. Csurka. A comparison of projective reconstruction methods for pairs of views. CVIU, 68(1):37–58, October 1997.

[297] C. A. Rothwell, D. A. Forsyth, A. Zisserman, and J.L. Mundy. Extracting projective structure from single perspective views of 3D point sets. In ICCV93, pages 573–582, May 1993.

The geometry of multiple images Faugeras-Luong

BIBLIOGRAPHY 669

[298] P.J. Rousseeuw and A.M. Leroy. Robust Regression and Outlier Detection.

John Wiley & Sons, New York, 1987.

[299] B. Rousso, S. Avidan, and S. Peleg. Robust recovery of camera rotation from three frames. In CVPR96, 1996.

[300] B. Rousso and E. Shilat. Varying focal length self-calibration and pose estimation. In CVPR98, pages 469–474, 1998.

[301] A. Ruf, G. Csurka, and R. Horaud. Projective translations and affine stereo calibration. In CVPR98, pages 475–481, 1998.

[302] A. Ruf and R. Horaud. Projective rotations applied to a pan-tilt stereo head.

In CVPR99, pages I:144–150, 1999.

[303] A. Ruf and R. Horaud. Rigid and articulated motion seen with an uncalibrated stereo rig. In ICCV99, pages 789–796, 1999.

[304] H. Saito and T. Kanade. Shape reconstruction in projective voxel grid space from large number of images. In CVPR99, pages II:49–54, 1999.

[305] P.D. Sampson. Fitting conic sections to very scattered data. an iterative refinement of the Bookstein algorithm. Computer Graphics and Image Processing, 18(1):97–108, Jan. 1982.

[306] H. S. Sawhney. 3D geometry from planar parallax. In Proc. Conference on Computer Vision and Pattern Recognition, pages 929–934, 1994.

[307] H.S. Sawhney, S. Hsu, and R. Kumar. Robust video mosaicing through topology inference and local to global alignment. In Proc. European Conference on Computer Vision, pages 103–119, 1998.

[308] H.S. Sawhney and R. Kumar. True multi-image alignment and its application to mosaicing and lens distortion correction. PAMI, 21(3):245–243, March 1999.

[309] C. Schmid and A. Zisserman. The geometry and matching of curves in multiple views. In Proc. European Conference on Computer Vision, pages 394–409. Springer-Verlag, June 1998.

[310] S. Seitz and C. Dyer. View morphing. In SIGGRAPH, pages 21–30, New Orleans, 1996.

[311] J.G. Semple and G.T. Kneebone. Algebraic Projective Geometry. Oxford:

Clarendon Press, 1952. Reprinted 1979.

[312] J.G. Semple and L. Roth. Introduction to Algebraic Geometry. Oxford:

Clarendon Press, 1949. Reprinted 1987.

[313] Y. Seo and K.S. Hong. About the self-calibration of a rotating and zooming camera: Theory and practice. In ICCV99, pages 183–188, 1999.

[314] L.S. Shapiro. Affine analysis of image sequences. Cambridge University Press, 1995.

Draft-Draft-Draft

670 BIBLIOGRAPHY

[315] L.S. Shapiro and M. Brady. Rejecting outliers and estimating errors in an orthogonal-regression framework. Phil. Trans. Royal Soc. of Lon. A, 350:407– 439, 1995.

[316] L.S. Shapiro, A. Zisserman, and M. Brady. Motion from point matches using affine epipolar geometry. The International Journal of Computer Vision, 16(2):147–182, 1995.

[317] A. Shashua. Algebraic functions for recognition. IEEE Transactions on Pattern Analysis and Machine Intelligence, 17(8):779–789, 1994.

[318] A. Shashua. Projective structure from uncalibrated images: Structure-from-motion and recognition. PAMI, 16(8):778–790, August 1994.

[319] A. Shashua and P. Anandan. Trilinear constraints revisited: Generalized trilinear constraints and the tensor brightness constraint. In ARPA96, pages 815–820, 1996.

[320] A. Shashua and S. Avidan. The rank 4 constraint in multiple (over 3) view geometry. In ECCV96, pages II:196–206, 1996.

[321] A. Shashua and N. Navab. Relative affine structure: Canonical model for 3d from 2d geometry and applications. PAMI, 18(9):873–883, September 1996.

[322] A. Shashua and S. Toelg. The quadric reference surface: Theory and applications. The International Journal of Computer Vision, 23(2):185–198, June 1997.

[323] A. Shashua and M Werman. Trilinearity of three perspective views and its associated tensor. In Proc. International Conference on Computer Vision, pages 920–925, Cambridge, MA, 1995.

[324] Amnon Shashua. Algebraic functions for recognition. IEEE Transactions on Pattern Analysis and Machine Intelligence, 17(8):779–789, 1995.

[325] I. Shimshoni, R. Basri, and E. Rivlin. A geometric interpretation of weakperspective motion. PAMI, 21(3):252–257, March 1999.

[326] Y.S. Shiu and S. Ahmad. Calibration of wrist-mounted robotic sensors by solving homogeneous transform equations of the form AX = XB. IEEE Transactions on robotics and automation, 5(1):16–29, 1989.

[327] M.R. Shortis, A.W. Burner, W.L. Snow, and W.K. Goad. Calibration tests of industrial and scientific CCD cameras. In Proc. 1st Australian Photogrammetry Conf., Sydney, Nov. 1991.

[328] J.A. Shufelt. Performance evaluation and analysis of vanishing point detection techniques. PAMI, 21(3):282–288, March 1999.

[329] H.-Y. Shum and R. Szeliski. Construction of panoramic image mosaics with global and local aligment. The International Journal of Computer Vision, 1999.

The geometry of multiple images Faugeras-Luong

BIBLIOGRAPHY 671

[330] D. Sinclair. The euclidean hinge constraint in articulated motions. In ICPR96, page A8E.2, 1996.

[331] D. Sinclair and A. Blake. Quantitative planar region detection. IJCV, 18(1):77–91, April 1996.

[332] D. Sinclair, L. Paletta, and A. Pinz. Euclidean structure recovery through articulated motion. In SCIA97, 1997.

[333] D. Sinclair and K. Zesar. Further constraints on visual articulated motions.

In CVPR96, pages 94–99, 1996.

[334] D.A. Sinclair, A. Blake, S. Smith, and C.A. Rothwell. Planar region detection and motion recovery. IVC, 11(4):229–234, 1993.

[335] C. C. Slama, editor. Manual of Photogrammetry. American Society of Photogrammetry, fourth edition, 1980.

[336] Irwin Sobel. On Calibrating Computer Controlled Cameras for Perceiving 3-D Scenes. Artificial Intelligence Journal, 5:184–198, 1974.

[337] G. Sparr and L. Nielsen. Shape and mutual cross-ratios with applications to the interior, exterior and relative orientation. In Proc. European Conference on Computer Vision, pages 607–609, April 1990.

[338] Minas E. Spetsakis and John Aloimonos. Structure from Motion Using Line Correspondences. The International Journal of Computer Vision, 4:171–183, 1990.

[339] Minas E. Spetsakis and Y. Aloimonos. A unified theory of structure from motion. In Proc. DARPA IU Workshop, pages 271–283, 1990.

[340] Michael Spivak. A Comprehensive Introduction to Differential Geometry, volume I–V. Publish or Perish, Berkeley, CA, 1979. Second edition.

[341] Gideon P. Stein. Internal camera calibration using rotation and geometric shapes. Master’s thesis, Massachusetts Institute of Technology, June 1993. AITR-1426.

[342] G.P. Stein. Lens distortion calibration using point correspondences. In CVPR97, pages 602–608, 1997.

[343] G.P. Stein and A. Shashua. Direct methods for estimation of structure and motion from three views. In CVPR97, pages 400–406, 1997.

[344] G.P. Stein and A. Shashua. On degeneracy of linear reconstruction from three views: Linear line complex and applications. PAMI, 21(3):244–251, March 1999.

[345] Jorge Stolfi. Oriented Projective Geometry, A Framework for Geometric Computations. Academic Press, Inc., 1250 Sixth Avenue, San Diego, CA, 1991.

Draft-Draft-Draft

672 BIBLIOGRAPHY

[346] M. Straforini, C. Coelho, and M. Campani. Extraction of vanishing points from images of indoor and outdoor scenes. IVC, 11(2):91–99, 1993.

[347] L. Stroebel. View Camera Technique. Focal Press, 7th edition, 1999.

[348] L. Stroebel, J. Compton, I. Current, and R. Zakia. Basic Photographic Materials and Processes. Focal Press, 1990.

[349] P. Sturm. Critical motion sequences for monocular self-calibration and uncalibrated euclidean reconstruction. In Proc. Conference on Computer Vision and Pattern Recognition, pages 1100–1105, 1997.

[350] P. Sturm. Self-calibration of a moving zoom-lens camera by pre-calibration.

IVC, 15(8):583–589, August 1997.

[351] P. Sturm. Critical motion sequences for the self-calibration of cameras and stereo systems with variable focal length. In BMVC99, 1999.

[352] P. Sturm and B. Triggs. A factorization based algorithm for multi-image projective structure and motion. In Proc. European Conference on Computer Vision, pages II–709–720, Cambridge, UK, 1996.

[353] P.F. Sturm and S.J. Maybank. On plane-based camera calibration: A general algorithm, singularities, applications. In CVPR99, pages I:432–437, 1999.

[354] Rudolf Sturm. Das problem der projektivität und seine anwendung auf die flächen zweiten grades. Math. Ann., 1:533–574, 1869.

[355] Ivan Sutherland. Three-dimensional data input by tablet. Proceedings of the IEEE, 62(4):453–461, April 1974.

[356] R. Szeliski. Video mosaics for virtual environments. IEEE CGA, 16(2):22–30, March 1996.

[357] R. Szeliski and J. Coughland. Hierarchical spline-based image registration. In Proc. Conference on Computer Vision and Pattern Recognition, pages 194– 201, Seattle, WA, 1994.

[358] R. Szeliski and S.B. Kang. Recovering 3d shape and motion from image streams using non-linear least squares. JVCIR, 5(1):10–28, March 1994.

[359] A. Tai, J. Kittler, M. Petrou, and T. Windeatt. Vanishing point detection.

IVC, 11:240–245, April 1993.

[360] C.K. Tang, G. Medioni, and M. Lee. Epipolar geometry estimation by tensor voting in 8d. In ICCV99, pages 502–509, 1999.

[361] K. Tarabanis and R.Y. Tsai. Computing viewpoints that satisfy optical constraints. In Proc. Conference on Computer Vision and Pattern Recognition, pages 152–158, 1991.

[362] K. Tarabanis, R.Y. Tsai, and D.S. Goodman. Modeling of a computercontrolled zoom lens. In Proc. Conference on Robotics and Automation, pages 1545–1551, Nice, May 1992.

The geometry of multiple images Faugeras-Luong

BIBLIOGRAPHY 673

[363] E. Thompson. The projective geometry of relative orientation. Photogrammetria, 23(1):67–75, 1968.

[364] T. Thorhallsson and D.W. Murray. The tensors of three affine views. In Proc.

Conference on Computer Vision and Pattern Recognition, pages I:450–456, 1999.

[365] C. Tomasi and T. Kanade. Shape and motion from image streams under orthography: a factorization method. The International Journal of Computer Vision, 9(2):137–154, 1992.

[366] P. Torr. Motion segmentation and outlier detection. PhD thesis, University of Oxford, 1995.

[367] P. H. S. Torr. Geometric motion segmentation and model selection. In J. Lasenby, A. Zisserman, R. Cipolla, and H. Longuet-Higgins, editors, Philosophical Transactions of the Royal Society A, pages 1321–1340. Roy Soc, 1998.

[368] P.H.S. Torr, A.W. Fitzgibbon, and A. Zisserman. The problem of degeneracy in structure and motion recovery from uncalibrated image sequences. IJCV, 32(1):27–44, August 1999.

[369] P.H.S. Torr and D.W. Murray. Stochastic motion clustering. In Proc. European Conference on Computer Vision, pages 328–337, Stockholm, Sweden, 1994.

[370] P.H.S. Torr and D.W. Murray. The development and comparison of robust methods for estimating the fundamental matrix. The International Journal of Computer Vision, 24(3):271–300, 1997.

[371] P.H.S. Torr and A. Zisserman. Robust computation and parametrization of multiple view relations. In Proc. International Conference on Computer Vision, pages 733–739, 1998.

[372] P.H.S. Torr, A. Zisserman, and S.J. Maybank. Robust detection of degenerate configurations while estimating the fundamental matrix. Computer Vision and Image Understanding, 71(3):312–333, September 1998.

[373] P.H.S. Torr and A. Zissermann. Performance characterization of fundamental matrix estimation under image degradation. mva, 9:321–333, 1997.

[374] G. Toscani. Système de Calibration optique et perception du mouvement en vision artificielle. PhD thesis, Paris-Orsay, 1987.

[375] G. Toscani and O.D. Faugeras. Structure and motion from two perspective views. In Proc. Conference on Robotics and Automation, pages 221–227, Raleigh, 1987.

[376] B. Triggs. Matching constraints and the joint image. In Proc. International Conference on Computer Vision, pages 338–343, Cambridge, MA, 1995.

Draft-Draft-Draft

674 BIBLIOGRAPHY

[377] B. Triggs. Factorization methods for projective structure and motion. In Proc. Conference on Computer Vision and Pattern Recognition, pages 845– 851, San Francisco, CA, 1996.

[378] B. Triggs. Autocalibration and the absolute quadric. In Proc. Conference on Computer Vision and Pattern Recognition, pages 609–614, 1997.

[379] B. Triggs. Linear projective reconstruction from matching tensors. IVC, 15(8):617–625, August 1997.

[380] B. Triggs. Autocalibration from planar scenes. In ECCV98, 1998.

[381] B. Triggs. Differential matching constraints. In Proc. International Conference on Computer Vision, 1999.

[382] B. Triggs. Shape representation and recovery camera pose and calibration from 4 or 5 known 3d points. In ICCV99, pages 278–284, 1999.

[383] H. P. Trivedi. Can multiple views make up for lack of camera registration.

Image and Vision Computing, 6(1):29–32, February 1988.

[384] R. Tsai. Multiframe image point matching and 3d surface reconstruction.

IEEE Transactions on Pattern Analysis and Machine Intelligence, 5:159–174, 1986.

[385] R. Tsai. Synopsis of recent progress on camera calibration for 3D machine vision. In Oussama Khatib, John J. Craig, and Tomás Lozano-Pérez, editors, The Robotics Review, pages 147–159. MIT Press, 1989.

[386] Roger Y. Tsai. A versatile camera calibration technique for high-accuracy 3D machine vision metrology using off-the-shelf tv cameras and lenses. IEEE Journal of Robotics and Automation, 3(4):323–344, August 1987.

[387] R.Y. Tsai and T.S. Huang. Estimating Three-dimensional motion parameters of a rigid planar patch, II: singular value decomposition. IEEE Transactions on Acoustic, Speech and Signal Processing, 30, 1982.

[388] R.Y. Tsai and T.S. Huang. Uniqueness and estimation of three-dimensional motion parameters of rigid objects with curved surfaces. IEEE Transactions on Pattern Analysis and Machine Intelligence, 6(1):13–26, January 1984.

[389] R.Y. Tsai and R.K. Lenz. Real time versatile robotics hamd/eye calibration using 3D machine vision. In Proc. Conference on Robotics and Automation, pages 554–561, 1988.

[390] T. Ueshiba and F. Tomita. A factorization method for projective and euclidean reconstruction from multiple perspective views via iterative depth estimation. In ECCV98, 1998.

[391] S. Ullman and R. Basri. Recognition by linear combinations of models. IEEE Transactions on Pattern Analysis and Machine Intelligence, 13(10):992–1005, October 1991.

The geometry of multiple images Faugeras-Luong

BIBLIOGRAPHY 675

[392] Shimon Ullman. The Interpretation of Visual Motion. MIT Press, 1979.

[393] Régis Vaillant. Géométrie différentielle et vision par ordinateur: détection et reconstruction de contours d’occultation de la surface d’un objet nonpolyhédrique. PhD thesis, University of Paris XI, Orsay, December 1990. in french.

[394] L. Van Gool, M. Proesmans, and A. Zisserman. Planar homologies as a basis for grouping and recognition. Image and Vision Computing, 16:21–26, January 1998.

[395] A. Verri and E. Trucco. Finding the epipole from uncalibrated optical flow.

IVC, 17(8):605–609, June 1999.

[396] T. Vieville. Autocalibration of visual sensor parameters on a robotic head.

IVC, 12(4):227–237, May 1994.

[397] T. Viéville and O. Faugeras. The first order expansion of motion equations in the uncalibrated case. Computer Vision, Graphics, and Image Processing. Image Understanding, 64(1):128–146, July 1996.

[398] T. Viéville, O.D. Faugeras, and Q.-T. Luong. Motion of points and lines in the uncalibrated case. The International Journal of Computer Vision, 17(1):7–42, 1996.

[399] T. Vieville and D. Lingrand. Using specific displacements to analyze motion without calibration. IJCV, 31(1):5–29, February 1999.

[400] T. Viéville and Q.-T. Luong. Motion of points and lines in the uncalibrated case. Technical Report RR 2054, INRIA, Oct 1993.

[401] T. Vieville, C. Zeller, and L. Robert. Using collineations to compute motion and structure in an uncalibrated image sequence. The International Journal of Computer Vision, 20(3):213–242, 1996.

[402] H. Vredeman de Vries. Perspective. Den Hag and Leiden, 1604.

[403] C.W. Wampler, A.P. Morgan, and A.J. Sommese. Numerical continuation methods for solving polynomial systems arising in kinematics. Technical Report GMR-6372, General Motors Research Labs, August 1988.

[404] J. Weber and J. Malik. Rigid-body segmentation and shape-description from dense optical-flow under weak perspective. PAMI, 19(2):139–143, February 1997.

[405] G.Q. Wei and S.D. Ma. Two plane camera calibration: A unified model. In Proc. Conference on Computer Vision and Pattern Recognition, pages 133– 138, Hawaii, June 1991.

[406] G.Q. Wei and S.D. Ma. A complete two-plane camera calibration method and experimental comparisons. In Proc. International Conference on Computer Vision, pages 439–446, Berlin, May 1993.

Draft-Draft-Draft

676 BIBLIOGRAPHY

[407] D. Weinshall, P. Anandan, and M. Irani. From ordinal to euclidean reconstruction with partial scene calibration. In SMILE98, 3D Structure from Multiple Images of Large-Scale Environments, pages 208–223. Springer, LNCS, 1998.

[408] D. Weinshall and C. Tomasi. Linear and incremental acquisition of invariant shape models from images sequences. IEEE Transactions on Pattern Analysis and Machine Intelligence, 17(5):512–517, 1995.

[409] D. Weinshall, M. Werman, and A. Shashua. Duality of multi-point and multiframe geometry: Fundamental shape matrices and tensors. In ECCV96, pages II:217–227, 1996.

[410] J. Weng, N. Ahuja, and T.S. Huang. Optimal motion and structure estimation. IEEE Transactions on Pattern Analysis and Machine Intelligence, 15(9):864–884, September 1993.

[411] J. Weng, P. Cohen, and M. Herniou. Camera calibration with distorton models and accuracy evaluation. IEEE Transactions on Pattern Analysis and Machine Intelligence, 14(10):965–980, 1992.

[412] J. Weng, T.S. Huang, and N. Ahuja. Motion and structure from two perspective views: algorithms, error analysis and error estimation. IEEE Transactions on Pattern Analysis and Machine Intelligence, 11(5):451–476, 1989.

[413] J. Weng, T.S. Huang, and N. Ahuja. Motion and structure from line correspondences: Closed-form solution, uniqueness and optimization. IEEE Transactions on Pattern Analysis and Machine Intelligence, 14(3), March 1992.

[414] Y. Wexler and A. Shashua. Q-warping: Direct computation of quadratic reference surfaces. In CVPR99, pages I:333–338, 1999.

[415] C. Wiles and M. Brady. Ground plane motion camera models. In Proc.

European Conference on Computer Vision, pages II–238–247, Cambridge, UK, 1996.

[416] C. Wiles and M. Brady. On the appropriatness of camera models. In Proc.

European Conference on Computer Vision, pages II–228–237, Cambridge, UK, 1996.

[417] Reg G. Willson. Modeling and Calibration of Automated Zoom Lenses. PhD thesis, Department of Electrical and Computer Engineering, Carnegie Mellon University, 1994. CMU-RI-TR-94-03.

[418] R.G. Willson and S.A. Shafer. What is the center of the image? In Proceedings of the International Conference on Computer Vision and Pattern Recognition [177], pages 670–671.

[419] Walter Wunderlich. Zur Eindeutigkeitsfrage der hauptaufgabe der Photogrammetrie. Monatshefte für Mathematik und Physik, 50:151–164, 1941.

The geometry of multiple images Faugeras-Luong

BIBLIOGRAPHY 677

[420] G. Xu and N. Sugimoto. Linear algorithm for motion from three weak perspective images using euler angles. PAMI, 21(1):54–57, January 1999.

[421] G. Xu and S. Tsuji. Correspondence and segmentation of multiple rigid motions via epipolar geometry. In ICPR96, pages A 213–217, 1996.

[422] G. Xu and Z. Zhang. Epipolar Geometry in Stereo, Motion, and Object Recognition: A Unified Approach. Kluwer, 1996.

[423] M. Yachida, Y. Kitamura, and M. Kimachi. Trinocular vision: New approach for correspondence problem. In International Conference on Pattern Recognition, pages 1041–1044. IEEE, October 1986. Paris, France.

[424] Y. Yakimovsky and R. Cunningham. A system for extracting threedimensional measurements from a stereo pair of tv cameras. Computer Graphics and Image Processing, 7:323–344, August 1978.

[425] Cyril Zeller. Calibration Projective Affine et Euclidienne en Vision par Ordinateur. PhD thesis, École Polytechnique, February 1996.

[426] Cyril Zeller and Olivier Faugeras. Camera self-calibration from video sequences: the Kruppa equations revisited. Research Report 2793, INRIA, February 1996.

[427] L. Zelnik-Manor and M. Irani. Multi-frame alignment of planes. In CVPR99, pages I:151–156, 1999.

[428] L. Zelnik-Manor and M. Irani. Multi-view subspace constraints on homographies. In ICCV99, pages 710–715, 1999.

[429] Z. Zhang. Estimating motion and structure from correspondences of line segments between two perspective images. In Proceedings of the 5th International Conference on Computer Vision [2], pages 257–262.

[430] Z.Y. Zhang. On the epipolar geometry between two images with lens distortion. In Proc. International Conference on Pattern Recognition, volume I, pages 407–411, Vienna, Austria, August 1996.

[431] Z.Y. Zhang. Determining the epipolar geometry and its uncertainty - a review.

The International Journal of Computer Vision, 27(2):161–195, March 1998.

[432] Z.Y. Zhang. On the optimization criteria used in two-view motion analysis.

IEEE Transactions on Pattern Analysis and Machine Intelligence, 20(7):717– 729, July 1998.

[433] Z.Y. Zhang. Flexible camera calibration by viewing a plane from unknown orientations. In ICCV99, pages 666–673, 1999.

[434] Z.Y. Zhang, P. Anandan, and H. Shum. What can be determined from a full and a weak perspective image? In ICCV99, page 680, 1999.

Draft-Draft-Draft

678 BIBLIOGRAPHY

[435] Z.Y. Zhang, R. Deriche, O. Faugeras, and Q.-T. Luong. A robust technique for matching two uncalibrated images through the recovery of the unknown epipolar geometry. Artificial Intelligence Journal, 78:87–119, Oct 1995.

[436] Z.Y. Zhang, O. Faugeras, and R. Deriche. An effective technique for calibrating a binocular stereo through projective reconstruction using both a calibration object and the environment. Videre, 1(1):58–68, 1997.

[437] Z.Y. Zhang, K. Isono, and S. Akamatsu. Euclidean structure from uncalibrated images using fuzzy domain knowledge: Application to facial images synthesis. In ICCV98, pages 784–789, 1998.

[438] Z.Y. Zhang, Q.T. Luong, and O.D. Faugeras. Motion of an uncalibrated stereo rig: Self-calibration and metric reconstruction. RA, 12(1):103–113, February 1996.

[439] Z.Y. Zhang and V. Schenk. Self-maintaining camera calibration over time.

In CVPR97, pages 231–236, 1997.

[440] Z.Y. Zhang and G. Xu. Unified theory of uncalibrated stereo for both perspective and affine cameras. JMIV, 9(3):213–229, November 1998.

[441] X. Zhuang, T. Wang, and P. Zhang. A highly robust estimator through partially likelihood function modeling and its application in computer vision. IEEE Transactions on Pattern Analysis and Machine Intelligence, 14(1):19– 34, January 1992.

[442] A. Zisserman, P. Beardsley, and I. Reid. Metric calibration of a stereo rig. In IEEE Worshop on representation of visual scenes, pages 93–100, Cambridge, MA, 1995.

[443] A. Zisserman, D. Forsyth, J. Mundy, C. Rothwell, J. Liu, and N. Pillow. 3D object recognition using invariance. Artificial Intelligence Journal, 78:239– 288, 1995.

[444] A. Zisserman, D. Liebowitz, and Armstrong. M. Resolving ambiguities in auto-calibration. In Phil. Trans. R. Soc. Lond. A, volume 356, pages 1193– 1211, May 1998.

[445] I. Zoglami, O.D. Faugeras, and R. Deriche. Using geometric corners to build a 2d mosaic from a set of images. In CVPR97, pages 420–425, 1997.

The geometry of multiple images Faugeras-Luong