5— Λ˙ıi t LuBL@*# ıhi U— i ˙ ¨ Lffli 4 i ?— t M) , 4 @?Λi*V˘ AL˙LhLffl

` ˘5˘c‘ it— Vıh˝ı?ı@‘ it*i)@? ßL**i˝i E�bbfiø

5ΛM4 ı——i˙ —L—Ξi # iT@h—4 i?— Lu` h@ı? @?˙ ßL˝?ı—ıffli 5Uıi?Uit ı? T@h—ı@*uΛ*�**4 i?— Lu—Ξi hi^Λıhi4 i?—t uLh—Ξi ˙i˝hii Lu

# LU—LhLu¸ Ξı*LtLTΞ)

@— —Ξi

¨ Σ 55ΣßON55, AA5 WΠ 5AWANA, ȷ 6 A, ßOΠ ȷ wȷ Bv

5iT—i4 Mih�bbH

U≍ ¨ @tt@UΞΛtti——t W?t—ı—Λ—i LuAiUΞ?L*L˝) �bbH

5ı̋ ?@—Λhi LuΣ Λ—ΞLh˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘ # iT@h—4 i?— Lu` h@ı? @?˙ ßL˝?ı—ıffli 5Uıi?Uit 5iT—i4 Mih�ec�bbH

ßih—ı�i˙ M) ˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘ ¨ ıUΞ@i*aLh˙@?

Σ ttLUı@—i ¸ hLuittLhLu¸ t)UΞL*L˝) AΞitıt 5ΛTihfflıtLh

ßih—ı�i˙ M) ˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘ ‘ Ξı—4 @? +ıUΞ@h˙t ¸ hLuittLhLußL˝?ı—ıffli 5Uıi?Ui AΞitıt 5ΛTihfflıtLh

Σ UUiT—i˙ M) ˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘˘ Bih@*˙ 5UΞ?iı̇ ih ßΞ@ıhc# iT@h—4 i?— Bh@˙Λ@—i ßL4 4 ı——ii

5— Λ˙ıi t LuBL@*# ıhi U— i ˙ ¨ Lffli 4 i ?— t M) , 4 @?Λi*V˘ AL˙LhLffl

Vxep lwwhg wr wkh Ghsduwp hqwri Eudlq dqg Frj qlwlyh Vflhqfhv rq Vhswhp ehu47/ 4¡¡; / lq sduwldoixoffloop hqwri wkh uht xluhp hqwviru wkh ghjuhh ri

Grfwru ri Sklorvrsk—

Σ Mt— h@U—

Wkh sulqflsohvxqghuo— lqj wkh surgxfwlrq ri jrdogluhfwhg p ryhp hqwvduh oduj ho— xqnqrz q/ dvhylghqfhg e— wkh odfn ri duwlfflfldo v— vwhp v p dwfklqj wkh uhdo0z ruog shuirup dqfh ri elrorj lfdo rujdqlvp v1 Wkh delolw— wr wudqvirup lq uhdo wlp h d ydjxho— ghfflqhg j rdo +vnllqj grz qkloo, lqwr d ghwdlohg p rwru dfw

+v— qfkurql˝hg p ryhp hqwvdwp xowlsohmrlqwv, dssursuldwhxqghud z lghudqjhri suhylrxvo— xqhqfrxqwhuhg flufxp vwdqfhv +ghwdlov ri wkh whuudlq/ vqrz frqglwlrqv/ hwf1, lv vrp hwklqj z h wdnh iru j udqwhg +diwhu d shulrg ri sdlqixoohduqlqj,1 Wklv lv uhp lqlvfhqwri wkh vxemhfwlyh hdvh z lwk z klfk z h shufhlyh ylvxdoo— foxwwhuhg hqylurqp hqwv/ ruiroorz d frqyhuvdwlrq lq d qrlv— urrp 1

Wklv wkhvlv dujxhv wkdwwkh fodvvlf ylhz ri p rwru frqwurodv d xqlgluhfwlrqdosurfhvv/ vwduwlqj z lwk d sodqqlqj vwdjh +d ohduqhg p dsslqj iurp jrdovlqwr dfwlrqvrud vwudljkwiruz dug lqwhusrodwlrq frqqhfwlqj d qxp ehu ri lqwhup hgldwh srvwxuhv lqwr d ghwdlohg wudmhfwru— , iroorz hg e— h–hfxwlrq ri wkh p rwru sodq/ surylghv dq ryhuvlp solfflhg dqg lqdght xdwh dffrxqwri wkh yhuvdwlolw— ri hyhu— gd— kxp dq shuirup dqfh1

Z h sursrvh wkdwwklv vwdqgdug p rghori p rwru frqwurodv z hoodv wkh vwdqgdug erwwrp 0xs p rghov ri shufhswlrq/ duh lqdght xdwh ehfdxvh erwk shufhswlrq dqg p rwrufrqwuroduh dfwxdoo— %lqyhuvh%sureohp v/ dqg duh ehwwhuwuhdwhg dvvxfk1

Diwhu vrp h wkhruhwlfdofrqvlghudwlrqv ri jrdogluhfwhg p xowlmrlqwp ryhp hqwv/ z h ghyhors d frp sx0 wdwlrqdop rghori vhqvru— 0p rwru surfhvvlqj lq lqwhup hgldwh srlqwwdvnv +lqfoxglqj uhdfklqj , edvhg rq vwrfkdvwlf rswlp dofrqwurowkhru— 1 Lq wklv p rghosodqqlqj dqg h–hfxwlrq duh qrwvhsdudwh vwdjhv/ exw duh erwk lqwhjudwhg lqwr d wljkwvhqvru— 0p rwru orrs z klfk frqvwdqwo— dgmxvwv wkh rqjrlqj p ryhp hqwwr ehwwhu dfklhyh wkh vshflfflhg j rdo1 Wkh p rghosurylghv d qdwxudodffrxqwiru d qxp ehu ri h–shulp hqwdo fflqglqjv uhsruwhg khuh +dv z hoodv suhylrxvo— revhuyhg skhqrp hqd,¿wdnhq wrjhwkhu wkhvh h–shulp hqwdo uhvxowv vwurqjo— lqglfdwh wkdwwkh p rwru v— vwhp xsgdwhv rqolqh lwv lqwhuqdohvwlp dwhv ri erwk wkh hqyl0 urqp hqwdqg wkh p rylqj olp e/ dqg lvdoz d— vuhdg— wr p rgli— lwv%sodq%lq idyruri d glffihuhqwp ryhp hqw wkdwehwwhudfklhyhvwkh jrdoxqghuwkh qhz flufxp vwdqfhv1Wkh revhuydwlrqvlqfoxgh h— h0kdqg v— qfkur0 ql˝dwlrq sdwwhuqv/ fruuhfwlrqv iru xqghwhfwhg vdffdgh0wulj jhuhg ylvxdoshuwxuedwlrqv dqg kdqg lqhuwld dqlvrwurslhv/ hffihfwv ri ghvluhg dffxudf— rq kdqg nlqhp dwlfv/ p ryhp hqwvhjp hqwdwlrq/ vshhg0fxuydwxuh uhodwlrqvklsv1

WkhvlvVxshuylvru=P lfkdhoMrugdq

Wlwoh=Dvvrfldwh Surihvvruri Sv— fkrorj—

WkhvlvVxshuylvru=Z klwp dq Ulfkdugv

Wlwoh=Surihvvruri Frj qlwlyh Vflhqfh

ß L?— i ?— t

4 Lqwur gxfwlr q 9 414 Rujdql˝dwlrq ri wkh wkhvlv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;

5 Wkhr uhwlfdoF r qvlghudwlr qv r i P xowlmr lqwJ r do0Gluhfwhg P ryhp hqw ¡ 514 Fxuuhqwylhz 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ¡ 515 Sureohp v z lwk wkh fxuuhqwylhz 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43 516 J hqhudodssurdfk 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 45 517 P dwkhp dwlfdop rgholqj 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 47 518 Vxssruwlqj hylghqfh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4: 519 Uhodwhg z run 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;

51914 I ruz dug p rghovdqg frp sxwdwlrqdoohduqlqj 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4; 51915 Vwrfkdvwlf rswlp dofrqwuro1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4¡ 51916 Uhlqirufhp hqwohduqlqj 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4¡ 51917 Vlwxdwhg dxwrqrp rxv dj hqwv1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 53 51918 Vlp xodwhg sk— vlfdohqylurqp hqwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 54 51: P rwrusv— fkrsk— vlfv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 54 51; Hqg0hffihfwrufrqwuro 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 56

6 Vwr fkdvwlf Rs wlp doF r qwur or i H— h0 Kdqg P ryhp hqwv lq Yld0Sr lqwWdvnv 58 614 Ryhuylhz 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 58 615 P rghoolqj Dssurdfk 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 59 616 Vwrfkdvwlf Rswlp doFrqwuro 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5: 617 Dgdswdwlrq wr H— h0Kdqg Frruglqdwlrq lq Yld0SrlqwWdvnv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5¡ 61714 Vwdwh irup xodwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5¡ 61715 Frqwurop rghodqg elrp hfkdqlfdop xvfoh surshuwlhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 63 61716 Qhxurp rwruqrlvh1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 65

61717 Shuirup dqfh lqgh– dqg wlp lqj 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 66

61718 P rwruwhp sodwhvdqg ohduqlqj 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 68

61719 Vhqvru— p rgho 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 69

6171: P hp ru— olp lwdwlrqvdqg ghfd— 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6;

6171; Vhqvru— 0p rwrudgdswdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6¡

618 Rswlp doFrqwuroOdz Ghulydwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 73

61814 Vwdwh hvwlp dwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 73

61815 Vt xduh urrwfflowhu 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 75

61816 Lqirup dwlrq yhfwrudqg lqqrydwlrqvirup 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 76

61817 Frqwuroodz 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 78

61818 Qrlvh fryduldqfh dqg olqhdul˝dwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 7;

619 Vxp p du— dqg Lp sohp hqwdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 7¡

7 Hylghqfh ir u r qolqh j r do0gluhfwhg fr qwur olq yld0s r lqwwdvnv 87

714 Ryhuylhz 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 87

715 Uhdfklqj p ryhp hqwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 88

71514 H–shulp hqw714 0Vsdwldodffxudf— ri shulskhudoylvlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 88

716 P xowlsoh yld0srlqwwdvnv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 8;

71614 H–shulp hqw715 0H— h0kdqg frruglqdwlrq lq sdvvlqj wkurxjk p xowlsoh wduj hwv1 1 1 1 8;

717 P ryhp hqwvhjp hqwdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 99

718 Ylvxdoshuwxuedwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :4

71814 H–shulp hqw716 0Vdffdgh0wuljj huhg wduj hwglvsodfhp hqwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :4

71815 H–shulp hqw717 0Udqgrp l˝hg wdujhwglvsodfhp hqwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :5

71816 H–shulp hqw718 0Orfdosulvp vkliwv1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :9

8 P r gholqdffxudflhv dqg fr uuhfwlr q vwudwhj lhv ; 6

814 Hylghqfh iru vlp solfflfdwlrqv ri v— vwhp g— qdp lfv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;6

815 Hylghqfh iru gluhfwirufh frqwurofrp elqhg z lwk gdp slqj frp shqvdwlrq 1 1 1 1 1 1 1 1 1 1 ;:

816 Vhqvru— 0p rwru dgdswdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ¡4

81614 H–shulp hqw814 0Fxuvruglvsodfhp hqwdgdswdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ¡6

81615 H–shulp hqw815 0Orfdosulvp dgdswdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ¡8

817 Ohduqlqj qhz p rwruvnloov 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ¡8

81714 H–shulp hqw816 0Ohduqlqj wr wudfh frqwlqxrxvfxuyhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ¡8

81715 H–shulp hqw817 0Ohduqlqj d wdeoh whqqlvvwurnh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ¡;

9 Nlqhp dwlf Uhj xodulwlhv r i Vs dwldoo— F r qvwudlqhg Kdqg P ryhp hqwv 436 914 Ryhuylhz 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1436 915 Uhfrqvwuxfwlrq ri vshhg surfflohviurp kdqg sdwkv yld vp rrwkqhvvp d–lp l˝dwlrq 1 1 1 1 1 1437 916 Ghvfulswlyh P rghovri Wudmhfwru— I rup dwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1438 91614 Frp sohwh p rghovri wudmhfwru— irup dwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1438 91615 P rghov ri lqwulqvlf uhjxodulwlhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1438 91616 Sduwldop rghovri wudmhfwru— irup dwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 143:

917 D frqvwudlqhg p lqlp xp mhun p rgho1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 143;

91714 I rup doghfflqlwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 143; 91715 Uhodwlrq wr wkh srz huodz 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 143¡ 918 H–shulp hqw914 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1445 91814 P hwkrgv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1445 91815 Gdwd dqdo— vlv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1447 91816 Uhvxowv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 144: 91817 Dqdo— vlvri vshhg surfflohv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1455 91818 Whp sr ıxfwxdwlrqvdqg vhj p hqwdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1455 919 H–shulp hqw915 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 145;

91914 P hwkrgv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 145; 91915 Uhvxowv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 145¡ 91916 Wuldo0wr0wuldoyduldelolw— 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1463 91: Glvfxvvlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1465

: F r qfoxvlr q 467

ß Ξ@T— i h �

W?— hL˙ΛU— ıL?

P ryhp hqwvsurgxfhg lq hyhu— gd— olihsxuvxhd j rdo/ l1h1d ghvluhg fkdqjhlq wkhvwdwhri wkhhqylurqp hqw1

Wkdwjrdofdq eh dv wulyldodqg z hooghfflqhg dv wrxfklqj dq remhfwz lwk wkh fflqjhu/ ru dv frp soh– dqg ydjxho— ghfflqhg dv klwwlqj d whqqlv edoolq d z d— wkh rssrqhqwz loofflqg glȷ fxowwr uhwxuq1 Wkh p dlq wkhp h ri wklv wkhvlv lv wkh ghshqghqfh ri elrorj lfdop ryhp hqwv rq wkh j rdowkh— sxuvxh/ dqg wkh qhhg wr dqdo— ˝h fduhixoo— wkh uhodwlrqvkls ehwz hhq p ryhp hqwghwdlovdqg sdudp hwhuvri wkh p rwruwdvn z klfk wkh p ryhp hqwz dvp hdqwwr dffrp solvk1

Z k— lv lwqhfhvvdu— wr hp skdvl˝h vxfk d vhhp lqjo— reylrxv idfwB Lqghhg/ rqh z rxog wklqn wkdw wkh p rwru frqwuroolwhudwxuh z rxog surylgh qxp hurxv h–dp sohv ri vxfk dqdo— vhv1 Krz hyhu wkdwlv qrw wkh fdvh1 Z kdwwkh olwhudwxuh surylghv lqvwhdg duh qxp hurxv ghvfulswlrqv ri j hrp hwulf surshuwlhv ri p ryhp hqwwudmhfwrulhv/ vht xhqfhv ri p xvfoh dfwlydwlrqv/ hwf1/ z lwk udwkhu vsduvh h–sodqdwlrqv ri krz wkhvh p ryhp hqwfkdudfwhulvwlfv dulvh lq wkh surfhvv ri wu— lqj wr dfklhyh d fhuwdlq j rdo1 Wkh uhdvrq ri frxuvh lv wkdwvxfk h–sodqdwlrqv duh yhu— glȷ fxowwr frqvwuxfw1 Vwulfwo— vshdnlqj/ wr xqghuvwdqg z k— ru krz d kxp dq vxemhfwsurgxfhv d p ryhp hqwz lwk fhuwdlq fkdudfwhulvwlfv/ z h z rxog ffluvwqhhg d jrrg xqghuvwdqglqj ri krz wkh hqylurqp hqwdqg jrdoduh shufhlyhg/ z kdwwkh p rwlydwlrqdoruhp rwlrqdovwdwh ri wkh vxemhfwlv/ z kdwfrjqlwlyh surfhvvhv +dqg lq sduwlfxodu uhdvrqlqj derxwwkh sk— vlfv ri wkh z ruog, duh lqyroyhg/ z kdwwkh %suhihuuhg%sdwwhuqvri p ryhp hqwduh/ hwf1Fohduo— p rwrufrqwurofrxog qrwp dnh p xfk surjuhvv li uhvhdufkhuv z dlwhg iru vdwlvidfwru— dqvz huv wr wkhvh t xhvwlrqv1 Wkh z d— durxqg vxfk frp solfdwlrqvlvxvxdoo— wkh iroorz lqj =srvwxodwhd udwkhuvwulfwvhsdudwlrq ehwz hhq p rwrufrqwurosurshu dqg wkh uhvwri wkh surfhvvlqj lqyroyhg lq p ryhp hqwsurgxfwlrq/ l1h1 dvvxp h wkh uhvwri wkh eudlq lv vrp hkrz ffljxulqj rxwlq vxȷ flhqwghwdloz kdwqhhgv wr eh grqh +frqvwuxfwlqj d sodq,/ dqg wkh p rwru v— vwhp lvuhvsrqvleohirulp sohp hqwlqj +h–hfxwlqj, wkdwsodq1Lq rughuwr gudz d olqhghfflqlqj wkhgrp dlq ri p rwru frqwurorqh kdv wr eh yhu— vshflfflf derxwwkh ırz ri lqirup dwlrq dfurvv wkdwolqh/ l1h1ghvfuleh wkh %lqwhuidfh%ru %irup dw%ri wkh frp p dqgvwkdwwkh p rwruv— vwhp dffhswvdqg lp sohp hqwv1

Vrp h ri wkh p rvwlqıxhqwldolghdv lq p rwru frqwurofdq eh vhhq dv dwwhp swv wr ghfflqh wklv irup dw/ dqg ghp rqvwudwh wkdwlwlv lqghhg vxȷ flhqwwr h–sodlq oduj h fodvvhvri elrorj lfdop ryhp hqwv=

⊆ Vkhuulqjwrq*v lghd wkdwp ryhp hqwvuhvxowiurp fkdlqlqj dqg frp elqdwlrqv ri orz ohyhouhıh–hv

⊆ V— qhuj lhv 0z klfk duh qrz dgd— v vhhq dv frp elqdwlrqv ri p xvfohv dfwlydwhg vlp xowdqhrxvo— / z kloh wkh frqfhswvhhp vwr kdyh lwv ruljlq lq Ehuqvwhlq*vfrruglqdwlrq sdwwhuqv

⊆ Vhuyr frqwuro0wkh lghd +ffluvwsursrvhg e— P huwrq, wkdwgxh wr p xvfoh hodvwlflw— / p ryhp hqwv fdq eh surgxfhg lqgluhfwo— e— frqwuroolqj wkh ht xloleulxp vwdwh ri wkh p xvfxor0vnhohwdov— vwhp

⊆ D ydulhw— ri %exloglqj eorfnv%0 sulp lwlyh lp sxovhv ru %vwurnhv%P̂ rudvvr dqg P xvvd0Lydogl ;5/ Ylyldql dqg I odvk ¡8‘ frqfdwhqdwhg wr irup p ruh frp soh– p ryhp hqwv

⊆ J hqhudol˝hg p rwru surj udp v V̂fkp lgwhwdo1: ¡‘ 0edvlf p ryhp hqwsdwwhuqv wkdwfdq eh vfdohg lq gxudwlrq dqg dp solwxgh wr vdwlvi— wkh uht xluhp hqwvri wkh wdvn1

Z kloh wkhvh lghdv kdyh kdg d j uhdwlp sdfwrq wkh vwxg— ri wkh p rwru v— vwhp dqg vwlp xodwhg d orwri iuxlwixolqyhvwlj dwlrqv/ wkh— kdyh lqyduldeo— idlohg wr ghp rqvwudwh wkdwwkh dqdo— vlv ri p ryhp hqw fdq eh mxvwlffldeo— uhgxfhg wr vrp h ixqgdp hqwdoexloglqj eorfnv1 Wkh sureohp lv wkh %frjqlwlyh shqh0 wudelolw— %Ŝ— o— vk— q ; 3/ Mhdqqhurg ; ;‘ ri p ryhp hqwv= lwvhhp v wkdwfrjqlwlyh h–shfwdwlrqv/ j rdov/ hwf1 fdq kdyh d vlj qlfflfdqwlqıxhqfh rq doodvshfwv ri wkh p ryhp hqw/ p dnlqj d vwulfwklhudufklfdovhsdud0 wlrq yhu— xqolnho— 1 Uhıh–hv fdq eh j uhdwo— p rgxodwhg lq wdvn ghshqghqwz d— v Ôdft xdqlwl hwdo1¡6‘1 Dfwlydwhg p xvfoh j urxsv xqghuo— lqj yhu— vlp lodup ryhp hqwvlq wkh vdp h vxemhfwfdq ydu— vxevwdqwldoo— ŷdq J dohq dqg gh Mrqj ¡8‘/ dqg wkhp xvfohuhfuxlwp hqwsdwwhuqvdvdixqfwlrq ri p ryhp hqwgluhfwlrq fdq eht xlwhfrp soh– Î odqghuvhwdo1¡7‘1Wkhj dlq +vwlffiqhvv, ri wkhvwuhwfk uhıh– qhfhvvdu— iruvhuyr frqwuro vhhp vwr eh wrr orz Êhqqhwwhwdo1¡5/ J rp l dqg Ndz dwr ¡9‘^4 dqg ixuwkhup ruh wkh p dmrulw— ri qhxurqv lq p ryhp hqw0uhodwhg fruwlfdo duhdv uhsuhvhqwirufh Ĥyduwv ;4‘ ru yhorflw— Ĵ hrujrsrxorv hwdo1; 5‘ ru vrp h frp elqdwlrq ri erwk N̂dodvnd hwdo1;¡‘ z klfk vkrxog qrweh wkh fdvh li wkh FQVfrqwuroohg rqo— wkh ht xloleulxp srvlwlrq1 Wkh lqyduldqwuhodwlyh wlp lqj vxj jhvwhg e— wkh jhqhudol˝hg p rwru surj udp grhv qrwvhhp wr h–lvwĴ hqwqhu; :‘/ dqg nlqhp dwlf lqyduldqfhv duh qrwdv vwurqj dv suhylrxvo— wkrxj kw Ẑ ulj kw¡3‘1 Z kloh frqfdwhqdwlrqv ri vwurnhv ru vsolqhv fdq fflwp rvwkdqg wudmhfwrulhv +dv z hoodv p dq— rwkhuvp rrwk ixqfwlrqvwkdwduh qrwkdqg wudmhfwrulhv,/ z h kdyh qr gluhfwhylghqfh wkdwvxfk sulp lwlyhv duh dfwxdoo— xvhg e— wkh p rwru v— vwhp ¿dovr/ wkh vwuxfwxuh ri vxfk vwurnhv +h1j1 wkh vshhg surffloh, lv vljqlfflfdqwo— dffihfwhg e— wkh dffxudf— uht xluhg lq wkh wdvn M̂hdqqhurg ; ; ‘1

Qhz sursrvdoviru%exloglqj eorfnv%ruvlp sohvhwvri uxohvirup ryhp hqwj hqhudwlrq duh z hofrp hg e— wkhp rwrufrqwurofrp p xqlw— / ehfdxvhwkh— uhvrqdwhz lwk wkhj hqhudoo— dffhswhg qrwlrq wkdwwkhsureohp ri p rwru frqwurolv wrr glȷ fxowdqg wkh rqo— z d— wr exlog d ixqfwlrqdop rwru v— vwhp lv wr fflqg z d— v ri vlp soli— lqj lw1 Z kdwlv riwhq p lvvlqj krz hyhu lv d fduhixodqdo— vlv ri z khuh h–dfwo— wkh glȷ fxow— olhv/ dqg frqvht xhqwo— lwlv riwhq xqfohdu z khwkhu wkh sursrvhg %vlp solfflfdwlrq%lv dq dfwxdovlp solfflfdwlrq1 Li z h eholhyh wkdwp rwru ehkdylru lv jryhuqhg e— ghwdlohg suhh–lvwlqj surj udp v dqg wkdwuhvhdufk lq p rwru frqwurovkrxog eh uhvwulfwhg wr wkh h–hfxwlrq ri vxfk surj udp v/ wkh deryh lghdv lqghhg uhsuhvhqw vlp solfflfdwlrqvwr wkh sureohp ri p rwrufrqwuro+l1h1wkh sursrvhg %exloglqj eorfnv%duh xvxdoo— %vlp soh% frqwurovlj qdov wkdwvkrxog eh hdv— wr h–hfxwh,1

Krz hyhu/ lq wkhdevhqfhri gluhfwhylghqfhwkdwwkhp rwruv— vwhp lvlqghhg lvrodwhg iurp wkhsodqqlqj surfhvv/ lwvhhp v dssursuldwh wr lqfoxgh sodqqlqj xqghu wkh jhqhudokhdglqj ri p rwru frqwuro1 Lq wkdw fdvh glvfryhulqj wkhfrqwurovljqdovqhfhvvdu— wr dfklhyh d fhuwdlq jrdoehfrp hvdq lqwhjudosduwri p rwru frqwuro/ dqg wkhjhrp hwulf vlp solflw— ri wkhlufflqdoirup grhvqrwlq lwvhoi lp so— vlp solflw— lq wkhsurfhvvri frqvwuxfwlqj wkhp +ruvhohfwlqj wkhp iurp d odujh froohfwlrq ri srvvleoh frqwurovljqdov,1Lq rwkhuz rugv/ wkh frp soh–lw— ri wkh sureohp p d— ehfrp h grp lqdwhg e— wkh frp soh–lw— ri sodqqlqj / dqg wkhuhiruh wkh vlp solfflfdwlrqvz h frqvlghu+hvshfldoo— z khq wkh— kdyh ghhs lp solfdwlrqvderxwwkh ryhudoovwuxfwxuh ri wkh p rwru v— vwhp , vkrxog shukdsv eh dlp hg dwvlp soli— lqj wkh sodqqlqj udwkhu wkdq wkh h–hfxwlrq sureohp 1

Sodqqlqj lv riwhq ht xdwhg z lwk vroylqj wkh ghj uhhv0ri0iuhhgrp sureohp / l1h1 wkh surfhvv ri vhohfwlqj rqhri wkhlqfflqlwho— p dq— srvvleohp ryhp hqwvwkdwz rxog vdwlvi— wkhjrdoẐ roshuw¡: ‘1Wklvghfflqlwlrq lv dssursuldwhlq fdvhvz khuhwkhidp lo— ri srvvleohp ryhp hqwvlvudwkhureylrxv+h1j 1uhdfklqj wr d wdujhw,1 Lq p ruh frp soh– vlwxdwlrqv krz hyhu lwlv qrwdwdoofohdu z kdwwkh srvvleoh p ryhp hqwv duh/ l1h1 wkdw

�¨ Lhi L? — Ξıt ı? ß Ξ@T—ih fi˘ :

idp lo— ffluvwkdvwr eh frqvwuxfwhg ehiruh z h kdyh d fkdqfh wr vhohfwrqh ri lwvp hp ehuv1Wklvp ryhp hqw frqvwuxfwlrq surfhvv Êhuqvwhlq 9:‘ lv olnho— wr eh udwkhu frp soh–/ dv hylghqfhg e— wkh glȷ fxowlhv wkdw urerwlfv uhvhdufkhuvkdyh hqfrxqwhuhg lq wkh fflhog ri p rwlrq sodqqlqj Ôdwrp eh ¡4/ P dvrq ¡; ‘1

�˘� ȷ h˝@?ı3@— ıL? Lu— Ξi — Ξi tıt

Wkh p dlq srlqwri wklvwkhvlvlvwkdwwkh p rwruv— vwhp lvp ruh %lqwhoolj hqw%wkdq wkh xvxdoghvfulswlrqv lp so— 1 Lqvwhdg ri ehlqj d kdugz luhg vhwri uxohv vrp hkrz wxqhg wr dfklhyh j rrg shuirup dqfh/ lwlq0 vwhdg p dlqwdlqv d p ruh h–solflwuhsuhvhqwdwlrq ri wkh jrdodqg xvhv vrp h srz huixop hfkdqlvp wkdwfdq udslgo— wudqvodwh wkdwj rdolqwr dssursuldwh p ryhp hqwvxqghud z lgh udqjh ri suhylrxvo— xqhqfrxqwhuhg flufxp vwdqfhv1

Fkdswhu5 glvfxvvhvwkhglȷ fxowlhvlqyroyhg lq exloglqj vxfk d v— vwhp / dqg rxwolqhvd j hqhudodssurdfk wr surgxflqj j rdo0gluhfwhg p ryhp hqwv dv z hoodv vrp h vlp solfflfdwlrqv wkdwfrxog p dnh sodqqlqj p ruh wudfwdeoh1 Lwdovr dujxhv wkdwd qxp ehu ri frp p rq revhuydwlrqv ri elrorjlfdop ryhp hqwduh frqvlvwhqw z lwk wklv ylhz 1 Z h duh fhuwdlqo— qrwj rlqj wr vroyh wkh jhqhudo p rwlrq sodqqlqj sureohp khuh¿rxu p dlq j rdo lq wklv fkdswhu lv wr frqylqfh wkh uhdghu wkdwwkh kxp dq p rwru v— vwhp kdv vrp h ri wkh ghfflqlqj ihdwxuhvri dq dfwlyhv— vwhp shuirup lqj d orwri frp sxwdwlrq lp p hgldwho— ehiruhdqg gxulqj wkh p ryhp hqw/ dqg dovr surylgh d jhqhudoiudp hz run iru wklqnlqj derxwp rwru frqwurodv ehlqj p ruh wkdq d p huh uhsod— ri d suhuhfrughg p ryhp hqwwhp sodwh1

Fkdswhu 6 ghulyhv d p dwkhp dwlfdop rghofrqvlvwhqwz lwk wkh deryh ylhz v iru d uhvwulfwhg idp lo— ri h–shulp hqwdowdvnv/ lqyroylqj kdqg p ryhp hqwv wkurxj k vp doovhwv ri wduj hwv1 Wkh p rgholv edvhg rq vwrfkdvwlf rswlp dofrqwurowkhru— / z klfk lq wklvolp lwhg frqwh–wlvht xlydohqwwr wkh iudp hz run ghyhorshg lq Fkdswhu51Wkh p rghokdvwkh xqlt xh ihdwxuh wkdwlwlqfoxghvvsdwldoo— olp lwhg ylvxdoshufhswlrq dqg wkxv fdq dgguhvvylvxr0p rwrufrruglqdwlrq1

Fkdswhu 7 suhvhqwv d odujh vhwri h–shulp hqwdogdwd/ dqg vlp xodwlrqv ri wkh p rghoiurp Fkdswhu 61

Wkh h–shulp hqwv lqfoxgh hvwlp dwhv ri ylvxdodffxudf— / fkdudfwhulvwlfv ri kdqg wudmhfwrulhv xqghu ydu— 0 lqj dffxudf— frqvwudlqwv/ h— h0kdqg frruglqdwlrq lq yld0srlqwwdvnv/ z lwklq vxemhfwyduldelolw— / p ryhp hqw vhjp hqwdwlrq/ fruuhfwlrqv iru xqsuhglfwdeoh ylvxdoshuwxuedwlrqv1 Wkh p rghofdq dgguhvv rwkhu h–shu0 lp hqwdo revhuydwlrqv dydlodeoh lq wkh olwhudwxuh/ z klfk duh dovr glvfxvvhg= vshhg0dffxudf— wudgh0rffiv/ j udgxdovshflfflfdwlrq ri p rwruuhvsrqvhv1

Fkdswhu 8 irfxvhv rq vrp h ri wkh orz hu0ohyhop hfkdqlvp v lq wkh p rgho+dxwrp dwlf frp shqvdwlrq iru p xvfoh ylvfrvlw— , dqg vkrz v krz wklv h–sodlqv ixqfwlrqdofruuhfwlrqv iru dqlvrwurslf kdqg lqhuwld wkdwkdyh ehhq suhylrxvo— uhsruwhg1 I xuwkhu hylghqfh iru vxfk dxwrp dwlf frp shqvdwlrq lv surylghg e— d qxp ehu ri qhxursk— vlrorjlfdorevhuydwlrqv iurp sulp du— p rwru fruwh–/ wkdwduh qdwxudoo— h–sodlqhg e— wkh p rgho1 Wkh fkdswhu dovr suhvhqwv uhvxowv iurp ohduqlqj dqg dgdswdwlrq h–shulp hqwv jhqhudoo— frqvlvwhqwz lwk wkh iudp hz run rxwolqhg lq Fkdswhu 51

Fkdswhu 9 frqwdlqv d uhodwhg p rghowr wkh rqh ghyhorshg lq Fkdswhu 6/ z klfk lv ghvfulswlyh udwkhu wkdq ehlqj p hfkdqlvwlf/ exwdffrxqwvt xlwhz hooiruwkhuhodwlrqvklsvehwz hhq p ryhp hqwsdwkvdqg vshhg surfflohvwkdwkdyh ehhq revhuyhg suhylrxvo— 1Wkhp rgholvdssolhg wr gdwd iurp wz r h–shulp hqwv/ ghp rq0 vwudwlqj vlj qlfflfdqwo— ehwwhu shuirup dqfh frp sduhg wr wkh wz r0wklugv srz hu odz z klfk lv wkh fxuuhqwo— dffhswhg ghvfulswlrq ri wklv skhqrp hqrq1

Fkdswhu : frqfoxghv wkh wkhvlvz lwk vrp h fflqdouhp dunv1

;

AΞi Lhi — ıU@*ß L?tı̇ i h@— ıL?t Lu ¨ Λ*— ı̊Lı?— BL@*´# ıhi U— i ˙ ¨ Lffli 4 i ?—

gr qrwsrvh vhulrxvsureohp viruurerwlfvhqj lqhhuv1Lqvwhdg/ wkh p dlq glȷ fxow— lq urerwlfv+rwkhuwkdq exloglqj kdugz duh dqg ylvlrq v— vwhp v, lvp rwlrq sodqqlqj1Wkh sodqqlqj dojrulwkp vwkdwkdyh ehhq sur0 srvhg duh vxlwdeoh iruuhvwulfwhg wudqvsruwwdvnvÔdwrp eh ¡4‘¿wkh— vfdoh srruo— +dwohdvwh–srqhqwldoo— , dqg ehfrp h lp sudfwlfdoiru uhdolvwlf glp hqvlrqdolw— ri wkh frqffljxudwlrq vsdfh dqg frp soh–lw— ri wkh hqylurqp hqw+h1j 1 p rydeoh remhfwv/ qrqkrorqrp lf frqvwudlqwv/ xqfhuwdlqw— ,1 Dgglqj d qhz w— sh ri j rdo rufrqvwudlqwxvxdoo— uht xluhvd qhz dojrulwkp ¿lwlvqrwfohdukrz wr hyhq dssurdfk p rwlrq sodqqlqj lq p dqlsxodwlrq wdvnvvxfk dvvkx` lqj dqg ghdolqj d ghfn ri fdugvP̂ dvrq ¡;‘1I xuwkhup ruh/ kxp dq p rwru ehkdylrulvd orwp ruh ıh–leoh frp sduhg wr wkh urerwlf wdvnviruz klfk doj rulwkp vkdyh ehhq ghyhorshg1

Z h fdq surgxfh p ryhp hqwvwkdwdwwdlq yhu— glyhuvh w— shvri j rdov+rufrp elqdwlrqvri wkhp ,/ lqfoxglqj ydulrxv ihdwxuhv ri wkh olp e wudmhfwru— ru ghvluhg hffihfwv rq wkh hqylurqp hqwwkdwfdq eh t xlwh eurdgo— ghfflqhg1

Mxvwolnh ylvxdoshufhswlrq ru vshhfk uhfrj qlwlrq/ wkh j hqhudwlrq ri sxusrvhixop ryhp hqwv dsshduv

+vxemhfwlyho— , lp p hgldwhdqg dop rvwwulyldo1Wkhglȷ fxowlhvlqyroyhg fdq uhdoo— ehdssuhfldwhg rqo— diwhu vrp hrqhvhulrxvo— dwwhp swvwr exlog dq duwlfflfldov— vwhp p dwfklqj kxp dq shuirup dqfhdqg idlov1Wkxvwkh surshu frp sxwdwlrqdoohyhoghfflqlwlrq ri wkh sureohp ri p rwru frqwurolv%surgxfh vrp h p ryhp hqwwkdw vdwlvfflhvd j lyhq vhwri jrdovdqg suhihuhqfhv%/ udwkhuwkdq %h–hfxwh dffxudwho— d suhvshflfflhg p ryhp hqw%

0z klfk vhhp vwr p rwlydwh p rvwfxuuhqwuhvhdufk1Z kloh wkhvh ghfflqlwlrqvduh yhu— glffihuhqwz khq dssolhg wr uhdo0olih vlwxdwlrqv/ wkdwglffihuhqfh kdv ehhq eoxuuhg e— hp skdvl˝lqj uhvwulfwhg oderudwru— wdvnv z lwk wulyldosodqqlqj uht xluhp hqwv/ dqg irfxvlqj rq jhrp hwulf ghwdlov ri wkh uhfrughg wudmhfwru— lq lvrodwlrq iurp wkh hqylurqp hqwz khuh wkh p ryhp hqwwrrn sodfh dqg wkh j rdolwdfklhyhg1

2˘2 ¸ hLM*i 4 t ¯ ı— Ξ — Ξi UΛhhi ?— fflıi¯

Ohwxv dvvxp h iru wkh vdnh ri dujxp hqwwkdwwkh ryhudoo slfwxuh deryh lv fruuhfw= iru d j lyhq j rdo wkh v— vwhp vhohfwv2lqvwdqwldwhv d ghwdlohg p rwru sodq +xvlqj d p dsslqj frqvwuxfwhg yld vrp h xqnqrz q dqg yhu— srz huixoohduqlqj surfhvv,/ dqg wkhq h–hfxwhv wkdwsodq dv dffxudwho— dv srvvleoh1 Z kloh d frqfuhwh p rghori p rwru frqwuroedvhg rq wkhvh lghdv kdv qrwehhq sursrvhg uhfhqwo— dqg wkh suhvhqw irup xodwlrq lv wrr ydjxh wr glvsuryh/ z h z rxog dujxh wkdwlwkdv wkh z urqj ıdyru1 Lwdffrxqwv z hooiru vwhuhrw— shg p hfkdqlfdop ryhp hqwv +lqghhg/ wkdwlv krz urerwv xvxdoo— z run 0vxevwlwxwh %doo0srz huixo ohduqlqj surfhvv%z lwk %kxp dq hqjlqhhu%,1 Krz hyhu/ lwlv lq frqılfwz lwk vrp h ri wkh p rvwlqwhuhvwlqj dqg xqlt xh fkdudfwhulvwlfv ri elrorj lfdop ryhp hqwv=

⊆ D qxp ehuri dxwkruvkdyhuhshdwhgo— frp p hqwhg rq wkhidfwwkdwelrorj lfdop ryhp hqwvduhvxusulv0 lqjo— yduldeoh z kloh wkh wdvn lvehlqj khog frqvwdqw1Wkdwyduldelolw— lvqrwfrp sohwho— udqgrp 0lw lvuhvwulfwhg wr wkh idp lo— ri p ryhp hqwvwkdwdfklhyh wkh ghvluhg j rdo+h1j 1wkh rqo— frp p rq srlqw ri vhyhudouhdfklqj p ryhp hqwv surgxfhg e— wkh vdp h vxemhfwlv wkh wduj hw0Êhuqvwhlq 9:‘,1 Wkh deryh p rghofdq surgxfh glffihuhqwwudmhfwrulhvrq uhshdwhg wuldovli hlwkhusodqqlqj ruh–hfxwlrq lv dffihfwhg e— lqwhuqdoqrlvh/ exwwkhuh lv qr uhdvrq z k— wkh rqo— dvshfwv ri wkh wudmhfwru— dffihfwhg e— qrlvh vkrxog eh wkh rqhvluuhohydqwiru wkh wdvn1 I xuwkhup ruh/ dq— duwlfflfldov— vwhp dffihfwhg e— hqrxj k qrlvh wr p dwfk wkh yduldelolw— ri kxp dq p ryhp hqwv z looeh g— vixqfwlrqdo¿lwlv wkhq qrw fohdukrz d elrorjlfdov— vwhp xvlqj p xfk vorz huihhgedfn orrsvfdq hyhu vxffhhg rq dq— wdvn1

⊆ Lq wkh sodqqlqj0h–hfxwlrq p rghowkh uroh ri vhqvru— ihhgedfn gxulqj h–hfxwlrq lvwr fruuhfwghyld0 wlrqvdz d— iurp wkh sodq1Vxfk d p hfkdqlvp z rxog lp so— %eolqg%fruuhfwlrqv=vlqfh wkh h–hfxwlrq v— vwhp grhvqrwnqrz z k— wkdwfrqfuhwh sodq z dvirup hg +l1h1lwgrhvq*wkdyh dffhvvwr wkh j rdo,/ lwkdvwr fruuhfwdooghyldwlrqv+wklvlvkrz SG frqwuroz runviruh–dp soh,1Lq frqwudvw/ wkh rq0olqh fruuhfwlrqvh–klelwhg e— elrorjlfdov— vwhp vduh jrdo0gluhfwhg=z khq rxuirrwfrp hvlq frqwdfwz lwk

dq revwdfoh z h gr qrwnlfn lwdv kdug dv srvvleoh¿lqvwhdg z h oliwwkh irrwdqg uhdgmxvwwkh z kroh erg— vr dv wr p dlqwdlq edodqfh1 Lwlv srvvleoh wr ffl– wklv ıdz ri wkh p rghoe— dvvxp lqj d odujh qxp ehuv ri %edfnxs%sodqv wkdwfdq kdqgoh doofrp p rq huuruv/ exwwkdwz loop xowlso— wkh qxp 0 ehuri qhfhvvdu— p rwrusurj udp v+z klfk douhdg— kdvwr eh udwkhuoduj h frqvlghulqj wkh qxp ehuri glffihuhqwwdvnvwkdwdq dyhudjh kxp dq fdq shuirup ,1

⊆ Li wkh p rwru v— vwhp lv lqghhg d froohfwlrq ri d odujh qxp ehu ri wdvn0vshflfflf p rwru surj udp v +ru doj rulwkp v,/ rqh z rxog h–shfwwr fflqg hylghqfh ri p rgxodul˝dwlrq rq wkh ohyhori sk— vlrorj — 1 Wkh olwwoh z h nqrz derxwwkh qhxudosurfhvvlqj xqghuo— lqj p ryhp hqwsurgxfwlrq srlqwvlq wkhrssrvlwh gluhfwlrq1 Wkh p rvwurexvwfflqglqj lq wkh dup 0uhodwhg duhdv ri qhrfruwh– Ĵ hruj rsrxorv hwdo1;5‘ lv wkdwwkh p dmrulw— ri uhfrughg fhoov^4 duh eurdgo— wxqhg hyhq lq wkh vlp sohvwsrvvleoh p xowlmrlqw wdvn +uhdfklqj,/ lp so— lqj wkdwp rvwfhoovvrp hkrz sduwlflsdwhlq wkhh–hfxwlrq ri p rvwwdvnv1Vrp h vshfldol˝dwlrq vhhp v wr h–lvw+h1j1 %judvslqj fhoov%0Ûl˝˝rodwwl hwdo1¡3‘, exwlv grhv qrwdsshdu wr eh d vxȷ flhqwqhxudoedvlv iru wkrxvdqgv ri p rwru surjudp v/ fruuhvsrqglqj wr doowkh wklqjv z h fdq gr z lwk rxukdqgv1 Z kloh lwlv srvvleoh wr kdyh ixqfwlrqdop rgxodulw— z lwkrxwdqdwrp lfdo p rgxodulw— / sk— vlrorjlfdorevhuydwlrqvduh p ruh frp sdwleoh z lwk dq lqwhj udwhg v— vwhp shuirup lqj vrp h jhqhudofrp sxwdwlrq wkdwlvdssolfdeoh wr p rvwp rwruwdvnv1

⊆ Wkh nlqhp dwlf uhj xodulwlhv p hqwlrqhg hduolhu kdyh ehhq lqwhusuhwhg dv p dqlihvwdwlrqv ri sodqqlqj p hfkdqlvp vwkdwvroyh wkh ghj uhh0ri0iuhhgrp sureohp e— vhohfwlqj rqh ri wkh p dq— srvvleoh p ryh0 p hqwv1 Lq wkdwfdvh vxfk uhjxodulwlhv vkrxog eh yhu— urexvwodz v ri p ryhp hqw+vxfk dv Olvwlqj*v odz , wkdwduh dop rvwlp srvvleoh wr ylrodwh1 Lqvwhdg/ wkh— dsso— rqo— %rq dyhudj h%dqg whqg wr euhdn hyhq lq vlp soh h–whqvlrqv ri wkh ruljlqdowdvnv +vxfk dv uhdfklqj lq d yhuwlfdolqvwhdg ri d krul˝rqwdosodqh 0D̂wnhvrq dqg Kroohuedfk ;8‘,1

⊆ Vxffhvvixoh–hfxwlrq ri idp loldu wdvnv vkrxog uhvxowiurp dq dssursuldwh p rwru surj udp / wkdwhq0 frghv wkh %ulj kw%p ryhp hqw1 Lp djlqh wkh iroorz lqj h–shulp hqw= dvn d qrylfh edvnhwedoosod— hu wr vkrrwiurp d vljqlfflfdqwglvwdqfh/ doz d— v iurp wkh vdp h lqlwldosrvlwlrq1 Uhfrug vhyhudoedoo wudmhfwrulhv/ dyhudj h wkhp +suhvxp deo— uhfryhulqj wkh p rwru sodq ri wkh vxemhfw, dqg wkhq p ryh wkh edvnhwvr wkdwwkh dyhudjh edoowudmhfwru— sdvvhv wkurxjk lw1 Qrz z h kdyh dgmxvwhg wkh j rdo vr wkdwlwp dwfkhv wkh k— srwkhwlfdop rwru surjudp / dqg wkhuhiruh z h vkrxog h–shfwshuihfwshu0 irup dqfh 0z klfk lv t xlwh xqolnho— 1 D uhodwhg srlqwlv wkdwwkh ihdwxuhv ri wkh %ulj kw%p ryhp hqw vkrxog eh vkduhg e— p rvwh–shuwv rq d j lyhq wdvn1 Lqvwhdg/ lwkdv ehhq yhu— glȷ fxowwr lghq0 wli— %vljqdwxuhv%ri h–shuwshuirup dqfh/ rwkhuwkdq p ryhp hqwihdwxuhvgluhfwo— uhodwhg wr wkh j rdo Êulvvrq dqg Dodlq ¡9/ Wrgrury hwdo1¡:‘1Lq rwkhuz rugv/ ehwz hhq vxemhfwyduldelolw— lvolnhz lwklq vxemhfwyduldelolw— 0vxevwdqwldo/ exwuhvwulfwhg wr wkh idp lo— ri vxffhvvixop ryhp hqwv1

⊆ I lqdoo— / d qrylfh vkrxog kdyh d p xfk vlp sohu2vp doohup rwrusurjudp frp sduhg wr dq h–shuw1Vlp 0 sohusurj udp vduhxvxdoo— hdvlhuwr uxq¿wkxvlwlvyhu— glȷ fxowwr vhhz k— xqidp lolduwdvnvuht xluhd vlj qlfflfdqwdp rxqwri frqfhqwudwlrq dqg hffiruw/ z kloh z hoosudfwlfhg wdvnvehfrp h %dxwrp dwlf%dqg vxemhfwlyho— p xfk hdvlhu1 Lwlv fhuwdlqo— qrwehfdxvh h–shuwv gr qrwkdyh wr xvh vhqvru— ihhgedfn +h1j1 h–shuwwhqqlv sod— huv uduho— ljqruh wkh ılj kwri wkh edoo,1 Lq jhqhudo/ li p ryhp hqwv uhvxow iurp suhh–lvwlqj p rwrusurj udp v/ wkhludffxudf— vkrxog rqo— ghshqg rq wkh t xdolw— ri wkdwp rwru surjudp 1 Wkxv fkdqjlqj wkh dffxudf— uht xluhp hqwv ri wkh wdvn vkrxog kdyh qr hffihfwv rq wkh df0 wxdodffxudf— ri wkh p ryhp hqw/ rulwvnlqhp dwlf ghwdlov0erwk ri z klfk duh idovh dvz h nqrz iurp vwxglhvri vshhg0dffxudf— wudgh0rffiv/ uhylhz hg lq M̂hdqqhurg ;; ‘1

�¸ Ξ) tıL*L˝ıU@* hiULh˙ı?˝ —) TıU@**) ı?fflL*fflit tΛMt— @?— ı@* i Tihı4 i?— @* Mı@t d6i—3 b2oc ı̆i˘ i Tihı4 i?— iht —i?˙ — L ıtL*@— i Ui**t — Ξ@— Œ4 @!i ti?tiŒ ı? — Ξi UL?—i — Lu— Ξi —@t!˘

Sensory

Input

Representation of the

Environment/Body/Task

Motor

Output

Feature

Extraction Motor

Program

CNS

I ljxuh 504=Vfkhp dwlf uhsuhvhqdwlrq ri gluhfwp rghov ri shufhswlrq dqg p rwrufrqwuro1

2˘fi Bi ?i h@*@TThL@UΞ

Wkh frp sxwdwlrqdoohyhoghfflqlwlrq ri p rwru frqwurop hqwlrqhg hduolhu lv=j lyhq d j rdoru d vhwri jrdov dqg suhihuhqfhv J / j hqhudwh d p ryhp hqwP vdwlvi— lqj J +l1h1 %xvh doodydlodeoh p hdqv wr dfklhyh wkh ghvluhg hffihfw%,1 Wkxv wkh lqsxwwr wkh v— vwhp lv J / dqg wkh rxwsxwlv P 1Wkh fxuuhqwylhz ri p rwru frqwurosrvwxodwhvd vroxwlrq lqyroylqj d ihhgiruz dug surfhvvwkdwp dsvJ lqwr P lq wz r vwhsv+sodqqlqj dqg h–hfxwlrq,1 Z kloh wklv lv wkh p rvwqdwxudo+dqg dwffluvwjodqfh wkh rqo— , z d— wr vroyh wkh sureohp / lwlv lqwhuhvwlqj wkdwdooglȷ fxowlhv glvfxvvhg deryh fdq eh wudfhg wr wkh gluhfw/ vht xhqwldoqdwxuh ri wkh sursrvhg frp sxwdwlrq1

Wkhdssurdfk dgyrfdwhg khuhlvp hdqwwr dgguhvvwkhvhsureohp vdqg surylghd p ruhh–flwlqj slfwxuh ri wkhp rwruv— vwhp 1Z klohlwkdvqrwehhq h–solflwo— frqvlghuhg lq elrorjlfdop rwrufrqwuro_5/ yhu— vlp lodu ylhz v kdyh kdg d orqj klvwru— lq wkh vwxg— ri shufhswlrq N̂qloodqg Ulfkdugv¡9‘1 Vr z h lqwurgxfh wkh edvlf lghdvwkurxjk d frp sdulvrq z lwk ylvxdoshufhswlrq/ z kloh sd— lqj vshflfflf dwwhqwlrq wr wkh idfwwkdw lq p dq— z d— vwkh wz r v— vwhp v duh rssrvlwhvri hdfk rwkhu1

Wkh frp sxwdwlrqdoohyhoghfflqlwlrq ri ylvlrq lv=j lyhq d uhwlqdolp djh L/ lqihu wkh vwdwh ri wkh z ruog

V z krvh 5G surmhfwlrq rq wkh uhwlqd lv L1 Wkh wudglwlrqdo ylhz ri ylvxdo shufhswlrq dovr lqyroyhv d ihhgiruz dug surfhvv wkdwvwduwv z lwk Ldqg vht xhqwldoo— h–wudfwv p ruh dqg p ruh frp soh– ihdwxuhv dqg exlogvklj khudqg klj khuuhsuhvhqwdwlrqvwkdwhyhqwxdoo— ohdg wr VK̂xehodqg Z lhvho95/ P duu;5‘1Wkxv erwk ylvlrq dqg p rwrufrqwuroduhgrp lqdwhg e— d %gluhfw%wkhru— / z klfk fodlp vwkdwwkhlqsxwlvp dsshg lqwr wkh rxwsxwyld vrp h vht xhqwldoxqlgluhfwlrqdosurfhvv_61Wklvlvlooxvwudwhg lq I lj 5041

Wkh wurxeoh z lwk gluhfwwkhrulhv lv wkdwlwlv qrwfohdu krz wr shuirup wkh uht xluhg frp sxwdwlrq lq

2` Λ— tii tiU—ıL? Œ+i*@— i˙ ¯ Lh! Œ uLh 4 @—Ξi4 @—ıU@*4 L˙i*t — Ξ@— U@? Mi ı?— ihThi—i˙ — Ξ@— ¯ @)˘ fiAL tii —Ξıt tı4 ı*@hı—) ¯ i Ξ@ffli — L —@*! @MLΛ— ı?TΛ—t fflt˘ LΛ—TΛ—t ı?t— i@˙ Lu— LT´˙L¯ ? fflt˘ ML—— L4 ´ΛT ThLUittı?˝ctı?Ui ı?

—Ξi *@— —ih —ih4 ı?L*L˝) —Ξi 4 L— Lh t) t— i4 ıt ŒΛTtı̇ i´˙L¯ ?Œ˘

Sensory Input

Representation of the Environment/Body/Task

Motor Output CNS

Recognition Model

Generative Model

Control Model

Causal Model

I lj xuh 505= Vfkhp dwlf uhsuhvhqwdwlrq ri lqyhuvh p rghov ri shufhswlrq dqg p rwru frqwuro1 Wklq duurz v fruuhvsrqg wr wkh gluhfwlrq ri ırz wkdwlvghvludeoh/ exwglȷ fxowwr lp sohp hqwgluhfwo— 1

d sulqflsohg z d— 1 Lq erwk fdvhv wkh z hoo0ghfflqhg wudqvirup dwlrq lv dfwxdoo— lq wkh rssrvlwh gluhfwlrq1 J lyhq d vwdwh ri wkh z ruog Vz h fdq fflj xuh rxwz kdwwkh uhwlqdolp dj h Lvkrxog orrn olnh +xvlqj d p rgho ri rswlfv,/ l1h1 wkhuh lv d z hoo0ghfflqhg %jhqhudwlyh p rgho%dqg wkh rqo— z d— wr ghfflqh wkh %uhfrj qlwlrq p rgho%uht xluhg irugluhfwylvlrq lvdvdq lqyhuvh1Vlp loduo— / jlyhq d ghwdlohg ghvfulswlrq ri d p ryhp hqwP z h fdq fflj xuh rxwdoosrwhqwldoj rdovwkdwlwdfklhyhv+e— frp sxwlqj vshflfflf ihdwxuhvri wkh wudmhfwru— ru xvlqj d p rghori Qhz wrqldq p hfkdqlfvwr lqihulwvhffihfwvrq wkhhqylurqp hqw,/ l1h1wkhuhlvd z hoo0ghfflqhg %fdxvdop rgho%dqg wkh rqo— z d— wr ghfflqh wkh %frqwurop rgho%qhfhvvdu— irugluhfwp rwru frqwurolv dv dq lqyhuvh1Wklvlghd lvlooxvwudwhg lq I lj 5051

Wkhuhlvqr d sulrul uhdvrq z k— dq lqyhuvhsureohp fdqqrwehvroyhg dffxudwho— e— d gluhfwdojrulwkp 1 Lqghhg/ p dq— dwwhp swvkdyhehhq p dgh lq DL+erwk lq frp sxwhuylvlrq dqg urerwlfv, wr frqvwuxfwgluhfw dojrulwkp v+w— slfdoo— lqyroylqj d froohfwlrq ri khxulvwlfv, wkdwz run lq fduhixoo— frqwuroohg hqylurqp hqwv Ûxvvhodqg Qruylj ¡8‘1 Vxfk doj rulwkp v krz hyhu whqg wr idlo+ru vfdoh srruo— , z khq wkh hqylurqp hqw lv p dgh volj kwo— p ruh uhdolvwlf1 Lwlv srvvleoh wkdwwkh rqo— j hqhudo z d— wr vroyh yhu— kdug lqyhuvh sureohp vvxfk dvylvlrq dqg p rwrufrqwurolvwr dfwxdoo— wuhdwwkhp dvlqyhuvh sureohp v/ l1h1p dlqwdlq d p rghori wkh z hoo0ghfflqhg wudqvirup dwlrq iurp rxwsxwv wr lqsxwvdv z hoodv sulruv ryhurxwsxwv/ dqg xvh vrp h +frp sxwdwlrqdoo— lqwhqvlyh, dojrulwkp irulqyhuwlqj wkdwp rgho1Wklvfruuhvsrqgvwr wkh %Ed— hvldq lqihuhqfh%wkhru— ri ylvlrq N̂qloodqg Ulfkdugv¡9‘1Lq wklvylhz erwk ylvxdoshufhswlrq dqg p rwrufrqwuro duh dfwlyh surfhvvhv/ lqyroylqj p ruh rq0olqh surfhvvlqj wkdq d rqh sdvv ihhgiruz dug frp sxwdwlrq1 Wkdwgrhv qrwglp lqlvk wkh lp sruwdqfh ri %vkruwfxwv%ru slhfhv ri gluhfwwudqvirup dwlrqv wkdwfdq eh lqfrusrudwhg lq wkh lqyhuvh frp sxwdwlrq1 Qrqh ri wkh dgkhuhqwv ri wkh Ed— hvldq wkhru— ri ylvlrq z rxog ghq— wkh h–lvwhqfh ri %hgjh ghwhfwruv%lq Y4/ dqg wkh idfwwkdwwkhlu dfwlylw— lv wr d odujh h–whqw j hqhudwhg e— ihhgiruz dug vwlp xodwlrq iurp wkhOJ Q K̂xehodqg Z lhvho95‘1Vwloo/ hyhq Y4 hgj hghwhfwruv fdq eh dffihfwhg t xlwh gudp dwlfdoo— e— vwlp xol rxwvlgh wkhlu %fodvvlfdo%uhfhswlyh fflhogv V̂rp huv hwdo1¡; ‘ 0 vrp hwklqj wkdwd z hooghvlj qhg ihdwxuh ghwhfwru vkrxog qrwgr1 Z kloh wkh fruuhvsrqglqj glvfryhu—

lq wkh p rwru v— vwhp kdv qrw— hwehhq p dgh +rulhqwdwlrq wxqlqj lq P 4 lv vlp so— d fruuhodwlrq/ qrwd p hfkdqlvwlf h–sodqdwlrq,/ wkh p rwru ht xlydohqwri ihdwxuh ghwhfwruv lv wkh frqfhswri v— qhuj lhv/ p rwru sulp lwlyhv/ sdwwhuq j hqhudwruv=wkh— fdq eh vhhq dv vp dooslhfhv ri d gluhfw+frqwuro, p rgho/ dvvhp eohg lq ydulrxvwdvn0vshflfflf z d— vwr surgxfh frp sohwh p ryhp hqwv1

Wklvylhz ri p rwrufrqwurop d— dsshduwr fruuhvsrqg wr wkhsodqqlqj vwdjhrqo— / exwlwlvqrwvr1Wkhuh lv qr uhdvrq wr frp sohwh wkh hqwluh frp sxwdwlrq ehiruh lqlwldwlqj wkh p ryhp hqw1 Lwlv ehwwhu wr fflqdol˝h wkh uhvxowv rqolqh/ dv vhqvru— lqirup dwlrq ehfrp hv dydlodeoh1 Lq idfw/ uhıh–hv fdq eh vhhq dv vkruwfxwv iru lqyhuwlqj wkh fdxvdop rghorqolqh1 I ru h–dp soh/ wkh vwuhwfk uhıh– lq p dq— wdvnv surgxfhv xvhixo fruuhfwlrqv +l1h1 lwlv xvxdoo— dssursuldwh wr frp shqvdwh iru vp dooghyldwlrqv dz d— iurp wkh h–shfwhg p ryhp hqw,¿wkxvlqyhuwlqj wkhixoop rghoz rxog riwhq surgxfhwkhvdp huhvxowvdvwkhvwuhwfk uhıh–/ rqo— vorz hu1Krz hyhuwkh uhıh– lvrqo— d vkruwfxwz klfk fdq eh p rglfflhg z khq lwehfrp hvlqdssursuldwh +l1h1 lwv jdlq fdq eh juhdwo— p rgxodwhg lq d wdvn0vshflfflf p dqqhu0Ôdft xdqlwl hwdo1;6‘,1

Rqh p d— duj xh wkdwfrp sxwlqj d qhz p ryhp hqwiruhdfk wuldolvd z dvwh ri uhvrxufhv1Lqvwhdg/ z k— qrwvwruh wkh p ryhp hqwmxvwh–hfxwhgBWklvz rxog eh wkh rswlp dovwudwhj— li z h frqvlghuwkh uhshwlwlyh p ryhp hqwv surgxfhg e— urerwv dqg kxp dq vxemhfwv lq oderudwru— h–shulp hqwv1 Krz hyhu lq wkh uhdo z ruog z h uduho— kdyh wr uhshdwh–dfwo— wkh vdp h p ryhp hqw/ l1h1 wkhuh p xvwh–lvwd p hfkdqlvp fdsdeoh ri frp sxwlqj wkh qh–wp ryhp hqwz kloh wkh suhvhqwrqh lvehlqj surgxfhg1Rqfh vxfk d p hfkdqlvp lvlq sodfh lwfdq kdqgoh uhshwlwlyh wdvnv dv z hoo/ vr lwp d— dfwxdoo— eh z dvwhixowr kdyh d ghglfdwhg vwrudjh v— vwhp iruwklvuduh fdvh1

2˘e ¨ @— Ξi 4 @— ıU@*4 L˙i *ı?˝

Wkh reylrxvfdqglgdwhirud p rghori wklvnlqg lvd eholhi qhwz run z klfk hqfrghvd fdxvdop rghoS+J ⇕P , dqg sulruvS+P ,/ dqg irud jlyhq jrdoJ j hqhudwhvp ryhp hqwvP z lwk kljk srvwhulrusuredelolw— S+P ⇕J ,1

Khuh Lglvfxvvvrp h ri wkh ihdwxuhv ri vxfk d p rghowkdwduh vshflfflf wr wkh grp dlq ri p rwrufrqwuro1

Lwz dvdvvxp hg iruvlp solflw— wkdwwkh rxwsxwri wkh v— vwhp lvwkh p ryhp hqwP 1Lq idfw/ wkh rxwsxw lv d vhwri frqwurovljqdov F +wkh fflulqj ri p rwru qhxurqv,1 Wkh rwkhu t xdqwlwlhv lqyroyhg duh wkh vhwri mrlqwwrut xhv W/ wkh vwdwh ri wkh sk— vlfdoz ruog Z +z klfk lqfoxghv olp e frqffljxudwlrq/ l1h1 P ,/ dqg wkh vhwri vhqvru— lqsxwv V1Wr fuhdwh d Ed— hvldq p rgho/ z h qhhg d p rghori p xvfoh irufh surgxfwlrq dqg p rp hqwdup v wkdwghvfulehv wkh wudqvirup dwlrq ri F wr W=S+W⇕F,/ d fdxvdop rghori olp e g— qdp lfv dvz hoodv p hfkdqlfdosurshuwlhv ri wkh hqylurqp hqwwkdwghvfulehv wkh hffihfwv ri Wrq Z =S+Z ⇕W,/ dqg d j hqhudwlyh p rghoghvfulelqj krz vhqvru— lqsxwv Vdulvh iurp wkh sk— vlfdoz ruog Z =S+V⇕Z ,1Z kloh vwxg— lqj S+V⇕Z , idoovlq wkhgrp dlq ri shufhswlrq udwkhuwkdq p rwrufrqwuro/ z h qhhg wr frqvlghulwkhuh lq rughuwr lqfrusrudwh uhıh–hv+vkruwfxwv, lqwr wkh p rgho/ ruvwxg— wkh hffihfwvri vhqvru— olp lwdwlrqvrq p ryhp hqw1

Wkh fhqwudosduwri d Ed— hvldq p rghori p rwru frqwurolv wkh fdxvdop rghoS+Z ⇕F,_71Lwp d— qrweh ihdvleohwr exlog d yhu— dffxudwhp rghori Qhz wrqldq p hfkdqlfv¿hyhq li z hkdg rqh/ lwp d— qrweh xvhixo vlqfh wkh sk— vlfdosurshuwlhv ri p rvwremhfwv lq wkh hqylurqp hqwduh qrwnqrz q h–dfwo— 1 Wkxv lv p d— eh ehwwhu wr xvh vrp h %t xdolwdwlyh%p rgho1 Vxfk p rghov kdyh ehhq vwxglhg lq wkh fflhog rq t xdolwdwlyh sk— vlfvẐ hog dqg gh Nohhu¡3‘z klfk fdq ehixuwkhuvhsdudwhg lqwr t xdolwdwlyhg— qdp lfvdqg t xdolwdwlyh nlqhp dwlfv1Wkh odwwhuryhuodsvz lwk wkh fflhog ri p rwlrq sodqqlqj =p rvwp rwlrq sodqqlqj dojrulwkp vxvh vrp h vfkhp dwlf uhsuhvhqwdwlrq ri iuhh vsdfh +h1j 1 vlokrxhwwhv/ urdgp dsv/ fhooghfrp srvlwlrqv, z klfk lv vxȷ flhqwwr sodq d sdwk lq frqffljxudwlrq vsdfh Ôdwrp eh ¡4‘1Z kloh t xdolwdwlyh sk— vlfvvwloovhhp vwr eh

e ‘ Ξi—Ξih —Ξi U@Λt@*4 L˙i*ıt ˙iUL4 TLti˙ @t ¸ E‘ �ß ø ’ ¸ E‘ �Aø ¸ EA�ß ø Lh ı? tL4 i L—Ξih ¯ @) ELh ?L— @— @**ø ıt ?L—

UhΛUı@*uLh — Ξıt ˙ıtUΛttıL?˘

X(t-1) X(t) X(t+1)

U(t-1) U(t) U(t+1)

S(t-1) S(t) S(t+1)

�

�

�

X*(t-1) X*(t) X*(t+1) �

Cost

X(t-1) X(t) X(t+1)

U(t-1) U(t) U(t+1)

S(t-1) S(t) S(t+1)

�

�

�

C(t) C(t+1)

C(t-1) �

I lj xuh 506=Lqıxhqfh gldjudp v1Vt xduhvfruuhvsrqg wr frqwuroqrghv+X,/ flufohvwr udqgrp yduldeohv+[ 0 vwdwh/ V0vhqvru— lqsxw,/ gldp rqgvxwlolw— 2frvwixqfwlrq +F,/ duurz vuhsuhvhqwwkh fdxvdoıdz ri lqirup d0 wlrq1Ohiw=Lqıxhqfh gldj udp z lwk d suhghwhup lqhg ghvluhg wudmhfwru— [ - dqg vlqj oh xwlolw— qrgh1Ulj kw= Qr ghvluhg wudmhfwru— / vht xhqfh ri %frvw0wr0j r%xwlolw— qrghv1

iduiurp dffrp solvklqj lwvj rdov/ lwp d— ehihdvleohwr fuhdwhp rghoviruuhvwulfwhg sk— vlfdohqylurqp hqwv1 Wklvlvvxȷ flhqwirurxusxusrvhvvlqfh wkh hp skdvlvkhuh lvrq wkh j hqhudosulqflsohvri surgxflqj jrdo0 gluhfwhg p ryhp hqwv lq d Ed— hvldq v— vwhp +dv rssrvhg wr d gluhfwfrqwuroohu,/ z klfk gr qrwqhfhvvdulo— ghshqg rq doowkh ghwdlovri sk— vlfv1

D xqlt xhihdwxuhri wkhsuhvhqwp rgholvwkdwwkhvwdwhri wkhz ruog Z lvqrwuhsuhvhqwhg mxvwehfdxvh z h z dqwwr nqrz z kdwlwlv +dv dvvxp hg lq shufhswlrq,/ exwehfdxvh z h z dqwwr dfwrq lw/ l1h1 dfklhyh j rdov1Li z h z huh wr xvh vrp h frp sdfwuhsuhvhqwdwlrq ri Z +h1j 1d vhwri j hqhudol˝hg frruglqdwhv,/ lwz loo eh h–wuhp ho— glȷ fxowwr uhsuhvhqwwkh j rdori wkh p ryhp hqwdqg ghyhors frqwurodojrulwkp vri vxȷ flhqw j hqhudolw— 1Wkh sureohp lvwkdwp rvwj rdovgr qrwfruuhvsrqg wr d xqlt xh vwdwh ri wkh z ruog/ exwlqvwhdg wr d udwkhuoduj h dqg ydj xho— ghfflqhg idp lo— +h1j1 %vshhg xs wrz dugv wkh hqg ri wkh p ryhp hqw%/ %z ulwh — rxuqdp h lq d uhdgdeoh z d— %/ %p ryh iruz dug rq wz r ohjvz kloh p dlqwdlqlqj edodqfh%,1Wkxvz h qhhg d p dvvlyho— uhgxqgdqwuhsuhvhqwdwlrq ri Z / lq z klfk p rvwsrwhqwldojrdov+h1j1ghvluhg hffihfwv/ ihdwxuhvri wkh p ryhp hqw/ lqglfhv ri shuirup dqfh, duh h–solflwo— uhsuhvhqwhg1 Rqfh z h kdyh vxfk d uhsuhvhqwdwlrq/ z h fdq vlp so— lqvwdqwldwh wkh yduldeohv fruuhvsrqglqj wr wkh vhwri j rdov dqg xvh d j hqhudo0sxusrvh dojrulwkp wkdwwudqvirup v dq— vhwri h–solflwo— uhsuhvhqwhg j rdov lqwr d ghwdlohg p ryhp hqw1 Wkh p rgho vkrxog dovr lqfoxgh xwlolw— qrghv+h1j 1%gr vrp hwklqj dvidvwdvsrvvleoh%,1H–whqglqj wkh uhsuhvhqwdwlrq lq wdvn0vshflfflf z d— v p d— eh rqh ri wkh fkdqjhv wkdwrffxulq wkh surfhvv ri p rwruohduqlqj 1 Dqrwkhulp sruwdqwihdwxuhri wkhp rgholvwkdwwkhuhsuhvhqwhg t xdqwlwlhvduhixqfwlrqvri wlp h+z kloh rqh fdq ohduq d orwderxwylvlrq e— vwxg— lqj vwdwlf lp djhv/ vwxg— lqj srvwxuh dorqh lq p rwru frqwurolv qrwwkdwlqwhuhvwlqj,1 Wkh suhvhqwp rgholv dfwxdoo— d p l– ri vwrfkdvwlf surfhvvhv +wkh wlp h0ydu— lqj vljqdov, dqg vfdodu yduldeohv+ihdwxuhv ri wkh hqwluh p ryhp hqw,1Rqh srvvlelolw— lvwr xvh g— qdp lf eholhi qhwv/ l1h1 fuhdwh frslhv ri wkh qhwz run dwglvfuhwh p rp hqwv lq wlp h1 Dqrwkhu srvvlelolw— lv wr uhsuhvhqw wkh wlp h0ydu— lqj t xdqwlwlhv dv frp elqdwlrqv ri frp srqhqwixqfwlrqv/ z krvh frhȷ flhqwv ehfrp h vfdodu yduldeohv+wklvlvforvho— uhodwhg wr wkh srsxodufrqfhswri sdwwhuq j hqhudwruv rup ryhp hqwsulp lwlyhv,1 I lj 506 looxvwudwhvwkh frqfhswri lqıxhqfh gldjudp v/ z klfk duh suredelolvwlf p rghovz lwk frqwurodqg ydoxh qrghvdgghg wr wkhp Ŝhduo; ;‘1Lq wklviudp hz run wlp h lvuhsuhvhqwhg e— uhsolfdwlqj wkh p rghodw

hdfk wlp h vwhs1Duurz vuhsuhvhqwwkh fdxvdoırz ri lqirup dwlrq=wkh qh–wvwdwh ri wkh v— vwhp [ +w. 4, lv dffihfwhg e— wkh fxuuhqwvwdwh [ +w, dqg wkh qh–wfrqwurovlj qdoX+w. 4,1Wkh vwdwh [ +w, dffihfwvwkh vhqvru— uhdglqj V+w, jhqhudwhg dwwkh fxuuhqwwlp h vwhs1 Wkh frvwqrgh lv hydoxdwhg jlyhq wkh hqwluh wudmhfwru—

+vht xhqfh ri vwdwhv,1Z kloh lqıxhqfh gldjudp vfdq eh xvhg dvp rghovri rqolqh h–hfxwlrq rqo— / l1h1diwhu d ghvluhg wudmhfwru— kdv ehhq frp sxwhg +I lj 506 Ohiw,/ lwlv dovr srvvleoh wr lqfrusrudwh erwk sodqqlqj dqg h–hfxwlrq +I lj 506 Uljkw, lq wkh vdp h p rgho/ e— ghfflqlqj wkh xwlolw— qrghv dssursuldwho— 1 Xvlqj d vht xhqfh ri xwlolw— qrghv lv forvho— uhodwhg wr wkh lghd ri frp sxwlqj d frvw0wr0j r ixqfwlrq lq rswlp do frqwuro+vhh ehorz , z klfk lv fuxfldoiru frp sohwlqj wkh qhfhvvdu— frp sxwdwlrqv lq d uhdvrqdeoh dp rxqw ri wlp h1 Wkh fdxvdo+srvvleo— t xdolwdwlyh, p rghori p hfkdqlfv dqg wkh ulfk uhsuhvhqwdwlrq ri srvvleoh j rdovduh klgghq lq wkh duurz v dp rqj X*vdqg [ *vdqg wkh F qrghv uhvshfwlyho— 1

D ixqgdp hqwdoglffihuhqfh ehwz hhq d Ed— hvldq wkhru— ri ylvlrq dqg p rwrufrqwurolvwkh wuhdwp hqwri sulruv1Lq ylvlrq/ wkhuh lvdq dfwxdovwdwh ri wkh h–whuqdoz ruog wkdwz h z rxog olnh wr lqihu/ dqg z h devr0 oxwho— kdyh wr xvh lqirup dwlyh sulruvlq rughuwr uxoh rxwwkh lqfflqlwh qxp ehuri dowhuqdwlyh h–sodqdwlrqv frqvlvwhqwz lwk wkhuhwlqdolp dj h1Lq p rwrufrqwurolwlvqrwvr reylrxvz k— lqirup dwlyhsulruvkdyhwr eh xvhg=wkhuh lv d vshflfflhg jrdodqg lqfflqlwho— p dq— uhdol˝deoh p ryhp hqwv wkdwdfklhyh lw/ vr lq sulqflsoh z h fdq fkrrvh udqgrp o— dq— vxfk p ryhp hqwz lwkrxwylrodwlqj wkh frp sxwdwlrqdo0ohyhouht xluhp hqwviru wkh p rwru v— vwhp 1 Lq rwkhu z rugv/ wkh %ghj uhhv0ri0iuhhgrp %sureohp grhv qrwh–lvwrq wkh frp sxwd0 wlrqdoohyhori lqyhvwlj dwlrq1Rqh srvvleoh ixqfwlrq ri sulruvlvwr j hqhudwh hȷ flhqw2frp iruwdeoh2vp rrwk p ryhp hqwv_81 Krz hyhu/ wkh nlqhp dwlf uhjxodulwlhv irxqg lq dup p ryhp hqwv +wkdwkdyh ehhq h–sodlqhg dv vroxwlrqv wr rswlp l˝dwlrq sureohp v, gr qrwp lqlp l˝h t xdqwlwlhv wkdwduh reylrxvo— dgydqwdjhrxv wr p lqlp l˝h 0l1h1wkh ghulydwlyh ri dffhohudwlrq ruwrut xh1

Dowhuqdwlyho— / lwlv srvvleoh wkdwwkh ixqfwlrq ri sulruv lq p rwru frqwurolv qrwwr lqwurgxfh vrp h duelwudu— frqvwudlqw/ exwwr hqfrgh wkh idp lo— ri p ryhp hqwvwkdwduh p rvwolnho— wr eh xvhixoirud fodvv ri wdvnv +ehiruh wkh frqfuhwh j rdolv nqrz q,1 Wkh ixqfwlrq ri vxfk sulruv lv qrwwr ohdg wr wkh %fruuhfw% rxwsxwdvlq ylvlrq/ exwwr vshhg xs wkhsurfhvvri fflqglqj d p ryhp hqwdfklhylqj wkhj rdo1Wklvghfflqlwlrq lvp ruhfrqvlvwhqwz lwk wkh xvxdop hdqlqj ri %sulruv%¿lwfdq ehohduqhg e— froohfwlqj vwdwlvwlfvderxwwkh xvhixop ryhp hqwv1 Lwkdv ehhq vxjj hvwhg iru h–dp soh K̂rj dq dqg I odvk ;: ‘ wkdwp lqlp l˝lqj mhun frxog kdyh d vlp lodu ixqfwlrq/ e— p dnlqj p ryhp hqwv p ruh %suhglfwdeoh%1 Wklv lv vwlooqrwht xlydohqwwr wkh xvh ri sulruvlq ylvlrq/ l1h1lwlvqrwqhfhvvdu— dwwkh frp sxwdwlrqdoohyhodvghfflqhg suhylrxvo— 1Krz hyhu/ li z h p rgli— wkh frp sxwdwlrqdoghfflqlwlrq ri p rwru frqwurowr uht xluh wkh surgxfwlrq ri d p ryhp hqw vxlwdeoh iruwkh wdvn/ lq d olp lwhg dp rxqwri wlp h/ wkhq lwp d— dfwxdoo— ehfrp h lp srvvleoh wr vdwlvi— wkh frp sxwdwlrqdoohyhouht xluhp hqwvz lwkrxwxvlqj vxfk sulruv_91

Z kloh d fdxvdop rghofdq eh lqyhuwhg yld vrp h vwrfkdvwlf vlp xodwlrq surfhvv/ lwlv fohdu wkdwvxfk dq doj rulwkp z loo qrwfrqyhujh lq wlp h +hvshfldoo— iru rqolqh vshflfflfdwlrq ri wkh uhp dlqlqj sduwri wkh p ryhp hqw, dqg dwohdvwd sduwldo frqwuro p rgho p xvwh–lvw1 Wklv vxjj hvwv xvlqj vrp h yduldqw ri d Khop krow̋ p dfklqh K̂lqwrq hwdo1¡8‘ z klfk p dlqwdlqv erwk d fdxvdodqg d frqwurop rgho1 Wkh fdxvdop rghokrz hyhuvkrxog eh xvhg qrwrqo— wr frqvwuxfwd frqwurop rghogxulqj ohduqlqj exwdovr lq frp elqdwlrq z lwk wkh frqwurop rghogxulqj p ryhp hqwsurgxfwlrq 0 rwkhuz lvh z h duh edfn wr d gluhfw wkhru— 1

I lqdoo— / z k— duh z h dvvxp lqj wkdwwkh p rwru v— vwhp xvhv dq— vruwri suredelolvwlf p rghoB Wkhuh duh wz r lp sruwdqwuhdvrqvwr wklqn wkdwvxfk p rghovp d— eh xvhg lq p rwrufrqwuro+ehvlghvwkh reylrxv p dwkhp dwlfdouhohydqfh wr wkh w— shv ri frp sxwdwlrq z h kdyh lq p lqg,1 I luvwri doo/ erwk vhqvruv dqg

DAΞ@— U@? @*tL Mi @UΞıiffli˙ M) @˙˙ı?˝ @˙˙ı— ıL?@*˝L@*t˘ AΞi ULhhitTL?˙ı?˝ — hıU! ı? fflıtıL? ¯ LΛ*˙ Mi — L 4 @!i UΞ@?˝it — L

—Ξi hi— ı?@*ı4 @˝icı̆i˘ ŒΞ@**ΛUı?@—iŒ i —h@ı?uLh4 @—ıL? —Ξ@— ¯ ı***i@˙ — L — Ξi ULhhiU— TihUiT—˘

SAΞıt ˙i�?ı— ıL? ıt ?L— @4 ı Lu —Ξi UL4 TΛ— @—ıL?@* @?˙ @*˝Lhı—Ξ4 ıU*iffli*tc @t ı— 4 @) @TTi@h˘ ‘ i @hi ?L— 4 @! ı?˝ @ t—@—i4 i?— @MLΛ— —Ξi tTii˙ Lu@tTiUı�U@*˝Lhı—Ξ4 c MΛ— *ı4 ı—ı?˝ — Ξi hΛ??ı?˝ — ı4 i Lu¯ Ξ@—ifflih @*˝Lhı— Ξ4 ıt Λti˙ ´ hi*@—i˙

—L — Ξi UL4 TΛ—@— ıL?@*UL4 T*i ı—) Lu— Ξi ThLM*i4˘

dfwxdwruvlq elrorj lfdov— vwhp vduhdffihfwhg e— qrlvh0dqg wkhrswlp doz d— wr kdqgohd v— vwhp dffihfwhg e— qrlvh lvwr kdyh d p rghori wkdwqrlvh1P ruh lp sruwdqwo— / wkh lqwhuqdop rghovri wkh sk— vlfvri wkh z ruog dvz hoodvwkh hffihfwvri p xvfoh frp p dqgvduh olnho— wr eh lqfrp sohwh dqg2ruvolj kwo— lqdffxudwh1Lq idfw/ wkdwkdv wr eh wkh fdvh lq p dqlsxodwlqj remhfwv z lwk sk— vlfdosurshuwlhv wkdwz h kdyh qr lqirup dwlrq derxw1Wkxviurp wkh srlqwri ylhz ri wkh p rwruv— vwhp wkh ehkdylruri wkh z ruog +dvlqihuuhg wkurxj k vhqvdwlrq, lv volj kwo— glffihuhqwiurp wkh rqh wkdwfdq eh suhglfwhg xvlqj dq hffihuhqfh frs— ri wkh p rwru rxwsxw1 Vxfk lqdffxudflhv duh ehvwuhsuhvhqwhg dv dgglwlrqdoqrlvh whup v1 Dqrwkhu srvvleoh frqfhuq lv wkdwfruuhfwsuredelolvwlf lqihuhqfh lvqrwqhfhvvdulo— d jrrg p rghori kljk0ohyhokxp dq mxgjhp hqwvdqg uhdvrqlqj N̂dkqhp dq dqg Wyhuvn— :6/ Rvkhuvrq ¡3‘1Krz hyhu/ wkhuh lvj urz lqj hylghqfh wkdwd qxp ehu ri skhqrp hqd lq orz 0 dqg p lg0ohyhoylvlrq dqg sursulrfhswlrq fdq eh h–sodlqhg e— wkh sulqflsohv ri Ed— hvldq lqihuhqfh Ẑ roshuwhwdo1¡8e/ Nqloodqg Ulfkdugv ¡9/ Qdnd— dp d dqg Vklp rmr ¡5‘1

2˘D 5ΛTTLh— ı?˝ i fflı̇ i ?Ui

Lwlv hdv— wr vhh krz d Ed— hvldq wkhru— ri p rwru frqwurofdq lq sulqflsoh uhvroyh wkh sureohp v z lwk wkh fxuuhqwylhz glvfxvvhg deryh=

⊆ Lq vxfk d v— vwhp ehwz hhq0wuldoyduldelolw— z loouhvxowiurp d, wkh qrlvh whup vglvfxvvhg deryh/ dqg dovr e— e, wkh qhfhvvlw— wr whup lqdwh wkh frp sxwdwlrq ehiruh lwkdvkdg vxȷ flhqwwlp h wr frqyhujh wr wkh rswlp dovroxwlrq1 Rq hdfk wuldod suredelolvwlf v— vwhp +xvlqj vrp h vwrfkdvwlf vlp xodwlrq p hwkrg, z loosurgxfh d p ryhp hqwz klfk lv olnho— wr dfklhyh wkh j rdolq wkh j lyhq wdvn¿krz hyhu hyhu— qhz p ryhp hqwz loo eh dq lqghshqghqwvdp soh iurp d srvwhulru suredelolw— glvwulexwlrq +frqglwlrqdoxsrq wkh vshflfflhg j rdo,1Wkxvz hvkrxog h–shfwwr vhhd orwri wuldo0wr0wuldoyduldelolw— p rvwo— frqvwudlqhg wr wkhidp lo— ri vxffhvvixop ryhp hqwv1Vwxg— lqj wkhvsdfhfryhuhg e— revhuyhg p ryhp hqwvp d— uhyhdovrp hwklqj derxwwkh vwuxfwxuh ri wkh suredelolvwlf p rgho1

⊆ Vlqfh vhqvru— ihhgedfn lvuhsuhvhqwhg lq wkh vdp h p rghodqg wkhuh lvqr vwulfwvhsdudwlrq ehwz hhq sodqqlqj dqg h–hfxwlrq/ wkh hffihfwri rqolqh ihhgedfn z looeh wr p dnh vxffhvvixop ryhp hqwv p ruh olnho— jlyhq z kdwkdv douhdg— kdsshqhg gxulqj wkh wuldo1 Shuwxuedwlrqv z loo kdyh wkh hffihfwri fkdqjlqj wkh glvwulexwlrq iurp z klfk +sduwvri, p ryhp hqwvduh ehlqj vdp sohg/ vr wkh v— vwhp z loo uhdfwwr shuwxuedwlrqv lq d jrdo0gluhfwhg p dqqhu lqvwhdg ri eolqgo— wu— lqj wr uhwxuq wkh olp e wr vrp h suhghwhup lqhg wudmhfwru— 1 Qrwh wkdwlq wklvp rghoqdwxudoyduldelolw— dqg rqolqh fruuhfwlrqv kdyh yhu— vlp loduedvhv1

⊆ Dq lp sruwdqwdgydqwdj h ri d suredelolvwlf p rgholv wkdwdfklhylqj duelwudu— frp elqdwlrqv ri vxe0 jrdov grhv qrwuht xluh t xdolwdwlyho— qhz p hfkdqlvp v 0 rqh vlp so— kdv wr lqvwdqwldwh dooghvluhg hffihfwv ri wkh p ryhp hqw/ dqg wkh v— vwhp fdq xvh wkh vdp h jhqhudo doj rulwkp iru vdp solqj wkh srvwhulruglvwulexwlrq1I xuwkhup ruh/ wkhuh lvqr qhhg wr fuhdwh d frp sohwho— qhz fdxvdop rghoiru hdfk wdvn +dowkrxjk vshflfflf w— shvri j rdovp d— eh dgghg,1Wkxvd Ed— hvldq p rwruv— vwhp z looeh d orwp ruh lqwhj udwhg wkdq d odujh froohfwlrq ri p rwrusurj udp v1

⊆ Wkh nlqhp dwlf uhjxodulwlhvghvfulehg deryh uhsuhvhqwd uhvwulfwlrq ri wkh idp lo— ri revhuyhg p ryh0 p hqwveh— rqg wkdwlp solhg e— frqglwlrqlqj xsrq wkh jrdo1Lq wkh suhvhqwp rghowkh— duh hp huj hqw surshuwlhvuhvxowlqj iurp sulruvruwdvn0vshflfflf vkruwfxwvirulqyhuwlqj wkh fdxvdop rghowkdwkdyh ehhq lqfrusrudwhg lq wkh j hqhudodojrulwkp 1 Lq hlwkhu fdvh/ z h z rxog h–shfwuhjxodulwlhv wr krog dssur–lp dwho— dqg eh vhqvlwlyh wr vp doodowhudwlrqv ri wkh j rdo1

⊆ Lq wkh p rwru surjudp ylhz p ryhp hqwv uhvxowiurp vrp h p rwru sodq wkdwfdq eh uhfryhuhg e— dyhudj lqj d qxp ehu ri uhshdwhg wuldov/ wkxv dgmxvwlqj wkh jrdovkrxog p dnh wkh h–lvwlqj surj udp 4:

vxffhvvixo1 Lq frqwudvw/ dyhudj lqj d ihz p ryhp hqwv j hqhudwhg e— d suredelolvwlf v— vwhp dqg dg0 mxvwlqj wkh jrdodffruglqj o— lv qrwvxȷ flhqwwr dfklhyh h–shuwshuirup dqfh= z h duh jxdudqwhhg wkdwwkh idp lo— ri dssursuldwh p ryhp hqwvlqwhuvhfwvwkhidp lo— dvvlj qhg klj k srvwhulrusuredelolw— / exwwkhuh lv qr uhdvrq wr h–shfwd odujh ryhuods ehwz hhq wkh wz r z klfk lv qhfhvvdu— iru h–shuw shuirup dqfh1

⊆ Lq wkh p rgho sursrvhg khuh ohduqlqj ri d qhz p rwru surjudp lv uhsodfhg e— ohduqlqj d p ruh dffxudwh fdxvdop rgho+h1j1 dgglqj lqwhuqdouhsuhvhqwdwlrqv ri wdvn0vshflfflf jrdov wkdwrwkhuz lvh kdyh wr eh dssur–lp dwhg,/ ruohduqlqj krz wr lqyhuwwkh p rghop ruh hȷ flhqwo— +e— fuhdwlqj vkruw0 fxwv ru dgdswlqj wkh sulruv,1 Wkxv surgxflqj p ryhp hqwv lq d qryhowdvn dfwxdoo— uht xluhv p ruh frp sxwdwlrq/ vlqfh lwlqyroyhvuxqqlqj wkh j hqhudodoj rulwkp z lwkrxwdq— wdvn0vshflfflf vshhgxs1

Lq wkh suhylrxvvhfwlrq z h dujxhg wkdwylvlrq dqg p rwrufrqwuroduhvlp lodulq wkhvhqvhwkdwerwk duh lqyhuvh sureohp vvroyhg wkurxjk d Ed— hvldq lqihuhqfh surfhvv1D suredelolvwlf v— vwhp vroylqj dq lqyhuvh sureohp vkrxog kdyh wz r jhqhudoihdwxuhv glvwlqj xlvklqj lwiurp d gluhfwfrp sxwdwlrq=d oduj h vsdfh ri vroxwlrqv z looeh vdp sohg/ dqg wkh vroxwlrqv z looeh vlj qlfflfdqwo— dffihfwhg e— sulruv1 Rqh p ljkwh–shfw wkhq erwk wkh p rwru dqg wkh ylvxdov— vwhp v wr h–klelwerwk surshuwlhv1 Lqvwhdg/ wkh deryh hylghqfh iurp p rwru frqwuro hp skdvl˝hv yduldelolw— dqg ghwdlov ri wkh rxwsxw/ z kloh wkh w— slfdo dujxp hqwv lq ylvlrq lqyroyh ghp rqvwudwlrqv wkdwsulru nqrz ohgjh derxwwkh z ruog fdq dffihfwwkh rxwfrp h ri ylvxdo surfhvvlqj1

Lv lwsrvvleoh wr wudqvodwh wkh hylghqfh lq idyru ri Ed— hvldq wkhrulhv ri ylvxdoshufhswlrq wr wkh fflhog ri p rwru frqwuro+dqg ylfh yhuvd,B Wklv p d— eh srvvleoh lq sulqflsoh/ exwyhu— kdug h–shulp hqwdoo— 1

Wkh glffihuhqfh lv wkdwlq ylvlrq wkh lqsxw+uhwlqdolp djh, lv nqrz q dqg frqwuroohg e— wkh h–shulp hqwhu/ z kloh wkh rxwsxw+shufhsw, lvydj xho— ghfflqhg dqg kdug wr p hdvxuh t xdqwlwdwlyho— 1Lq frqwudvw/ lq p rwru h–shulp hqwvz h fdq uhfrug wkh rxwsxwri wkh v— vwhp lq juhdwghwdlo/ z kloh wkh lqsxw+wkh jrdo, lvydjxho— ghfflqhg 0wkhuhlvd vshflfflhg p rwruwdvn/ exwlwlvqrwfohdukrz wkdwlvuhsuhvhqwhg lqwhuqdoo— / dqg z khwkhu rwkhuvxej rdov2suhihuhqfhvduh ehlqj dgghg1

Wkxv ylvlrq h–shulp hqwv uho— lqj rq fduhixoo— frqvwuxfwhg lqsxwv duh kdug wr wudqvodwh lqwr p rwru frqwuro1I ruh–dp sohwkhuhh–lvwd qxp ehuri ylvxdolooxvlrq/ l1h1vwlp xol wkdwz rxog ehshufhlyhg fruuhfwo— e— d ihhgiruz dug surfhvvexwduh lq idfwshufhlyhg lqfruuhfwo— gxh wr sulrudvvxp swlrqvderxwwkh z ruog

+h1j 1euljkwqhvvlooxvlrqv/ vl˝h looxvlrqv/ hwf1, Qr p rwrulooxvlrqvkdyh ehhq frqvwuxfwhg vr idu/ l1h1p rwru wdvnvz khuhvrp hri wkh+vxe,j rdovduhp lvvhg frqvlvwhqwo— gxhwr sulruvryhuwkhvsdfhri p ryhp hqwv+rqh srvvleoh h–fhswlrq lv wkh skdvh orfnlqj lq udslg uhshwlwlyh p ryhp hqwv 0M̂hnnd dqg Nhovr ; ¡‘,1 Dqrwkhu h–dp soh iurp ylvlrq lv wkh suhihuhqfh iru vshflfflf lqwhusuhwdwlrqv ri lp djhv wkdwkdyh lqfflqlwho— p dq— srvvleoh lqwhusuhwdwlrqv +h1j1 wkh jhqhulf ylhz srlqwdvvxp swlrq 0N̂qloodqg Ulfkdugv¡9‘,1 Wklv frxog fruuhvsrqg wr nlqhp dwlf uhjxodulwlhv/ li z hfflqg d z d— wr h–suhvvwkhp dvuhvxowlqj iurp p hdqlqj ixosulruv udwkhu wkdq mxvwehlqj duelwudu— irup xodv1

2˘S + i *@— i ˙ ¯ Lh!

2˘S˘� 6Lh¯ @h˙ 4 L˙i *t @?˙ UL4 TΛ— @— ıL?@**i @h?ı?˝

Wkhxvh ri %iruz dug%p rghovkdvehhq sursrvhg suhylrxvo— lq p rwrufrqwuroM̂rugdq dqg Uxp hokduw¡5‘/ dqg vlqfh wkhq vxevwdqwldohylghqfh kdv dffxp xodwhg lq vxssruwri wkdwqrwlrq Ẑ roshuw¡:‘1Wklvwhup fruuhvsrqgvwr z kdwz h fdoohg d %fdxvdo%p rghoderyh +dqg lvfrp sohwho— xquhodwhg wr z kdwz h fdoohg d

%gluhfw%p rgho,¿lwlvd p rghori p xvfoh frqwudfwlrq dvz hoodvsk— vlfvri wkh olp e dqg wkh hqylurqp hqw/ wkdq fdq eh xvhg wr lqwhuqdoo— vlp xodwh ru suhglfwwkh rxwfrp h ri fxuuhqwo— frqvlghuhg p rwru rxwsxwv1 4;

wkdwfdq eh dssolhg lq hdfk vwdwh1 Wkh ohduqlqj surfhgxuh +T0ohduqlqj , hvwlp dwhv wkh suredelolwlhv ri p dnlqj d wudqvlwlrq iurp rqh vwdwh wr dqrwkhu j lyhq wkdwd fhuwdlq dfwlrq z dv dssolhg +l1h1 lwohduqv d p rghori wkh v— vwhp g— qdp lfv,1Lwdovr ohduqvdq %rswlp dosrolf— %0d suhvfulswlrq ri z kdwdfwlrq wr wdnh lq hdfk vwdwh lq rughuwr p d–lp l˝h vrp h shuirup dqfh lqgh–1Wkh dgydqwdj h ri uhlqirufhp hqwohduqlqj lv wkdwlwuht xluhvyhu— olwwoh sulrulqirup dwlrq/ yhu— olwwoh ihhgedfn/ dqg lvt xlwh j hqhudo+dqg dovr surylghv d iuxlwixojurxqg iru surylqj lqwhuhvwlqj p dwkhp dwlfdouhvxowv/ exwwkdwidfwlq lwvhoi grhvq*wp dnh lwd p ruh dwwudfwlyh fdqglgdwh irup rghoolqj elrorj lfdov— vwhp v,1Wkh sureohp lvwkdwwklvp rghojurz vz lwk wkh qxp ehuri glvfuhwh vwdwhvehlqj uhsuhvhqwhg1I rufrqwurosureohp vri uhdolvwlf frp soh–lw— / z h kdyh wr glvfuhwl˝h d +frqwlqxrxv, vwdwh vsdfh z lwk udwkhu oduj h glp hqvlrqdolw— / w— slfdoo— fdxvlqj dq h–srqhqwldo h–sorvlrq +iru h–dp soh/ wr frqwurod kxp dq kdqg p dqlsxodwlqj dq remhfw/ z h suredeo— qhhg derxw48 ghj uhhvri iuhhgrp ¿dvvxp lqj d glvfuhwl˝dwlrq ri rqo— 43 srlqwvlq hdfk glp hqvlrq/ wkh qxp ehuri vwdwhv lvdssur–lp dwho— ht xdowr wkh qxp ehuri v— qdsvhvdydlodeoh lq wkh FQV,1Wkxvwkh p rghokdvrqo— ehhq dssolhg wr fduhixoo— frqvwuxfwhg orz 0glp hqvlrqdofrqwurosureohp v1 Xqohvv wklv h–srqhqwldoh–sorvlrq fdq eh vrp hkrz holp lqdwhg/ lwlvqrwfohdukrz uhlqirufhp hqwohduqlqj fdq surylgh p xfk lqvljkwlqwr wkh ruj dql˝dwlrq ri frp soh– p xowl0mrlqwp ryhp hqwv1 Wkh vdp h lv ri frxuvh wuxh ri g— qdp lf surj udp p lqj dojrulwkp v wkdwlqyroyh dq h–kdxvwlyh vhdufk ri dq h–srqhqwldoo— oduj h vsdfh1 Dowkrxjk wkh rswlp do frqwurosureohp +Fkdswhu 6, lv vroyhg xvlqj g— qdp lf surj udp p lqj/ wkhuh duh d qxp ehu ri sudfwlfdo fdvhvz khuh wkh vroxwlrq lv dfwxdoo— wudfwdeoh 0z klfk h–sodlqv lwvqxp hurxvdssolfdwlrqvlq hqj lqhhulqj / dqg rxulqwhuhvwlq lw1

2˘S˘e 5ı— Λ@— i ˙ @Λ— L?L4 LΛt @˝i ?— t

D vwurqj uhdfwlrq wr wkh t xhvwiru surydeo— h–dfwsodqqlqj doj rulwkp v wkdwwdnh iruhyhu wr frp sxwh d vlqjoh frqwurovlj qdolv wkh z run rq vlwxdwhg dxwrqrp rxv djhqwv Êurrnv; 9‘1 Wklv z run hp skdvl˝hv wkh idfwwkdwp rwru frqwurokdv wr rffxu lq uhdowlp h/ hyhq li wkh uhvxowlqj frqwurovlj qdov duh vxerswlp do1

Wkh vroxwlrq rulj lqdoo— sursrvhg e— Eurrnv lv d od— huhg dufklwhfwxuh wkdwlv kdqgfudiwhg wr frqwurod p reloh urerw1 D p ruh ıh–leoh doj rulwkp wkdwgrhv qrwuht xluh wkdwp xfk p dqxdosurj udp p lqj lv wkh dfwlrq0vhohfwlrq qhwz run ri P dhvP̂ dhv¡4‘/ lq z klfk srvvleohdfwlrqvduhuhsuhvhqwhg dvqrghvfrqqhfwhg wr hdfk rwkhu dffruglqj wr wkh h–shfwhg rxwfrp hv ri hdfk dfwlrq dqg wkh suhfrqglwlrqv lwuht xluhv wr eh h–hfxwhg1 Wkh qhwz run lv rshudwhg e— sdvvlqj %dfwlydwlrq%fruuhvsrqglqj wr wkh fxuuhqwvwdwh dqg ghvluhg vhwri vwdwhv/ lwhudwlqj lwirud ihz f— fohvdqg h–hfxwlqj wkh dfwlrq z lwk klj khvwhqhuj — 1Wklvlvdq lqwhuhvwlqj h–dp soh ri d v— vwhp wkdwp dlqwdlqvd uhsuhvhqwdwlrq ri wkh jrdo/ dqg xvhvlwlq d udwkhugluhfw z d— wr vhohfwdssursuldwhdfwlrqv_: 1D p rglfflhg yhuvlrq ri wklvdojrulwkp +frp elqhg z lwk lqvsludwlrq iurp hwkrorj — , kdvehhq xvhg vxffhvvixoo— wr frqwurodqlp dwhg fkdudfwhuvlqwhudfwlqj z lwk kxp dq xvhuvlq uhdo wlp h Êoxp ehuj ¡:‘1Xqiruwxqdwho— wklvw— sh ri dfwlrq vhohfwlrq kdvolp lwhg dssolfdelolw— wr wkh vwxg— ri p rwru frqwuroehfdxvh lwuholhv rq dwrp lf2v— p erolf dfwlrqv +exwvhh J lv˝whu ¡7, dqg lwlv qrwfohdu krz wr dsso— lwwr vhohfwlrq ri frqwurovljqdov iurp d frqwlqxrxv frqwurovsdfh1 Wkh vdp h sureohp klqghuv wkh xvh ri hwkrorjlfdorevhuydwlrqv lq p rwru frqwuro0hwkrorj lvwv duh w— slfdoo— lqwhuhvwhg lq klj khu ohyho

%dfwlrqv%wkdwfdq eh yhuedoo— ghvfulehg +h1j1 d gxfn uroolqj dq hjj lqwr lwv qhvw, dqg gr qrwxvh wkh uhfruglqj ht xlsp hqwqhfhvvdu— wr grfxp hqwwkh fflqh p ryhp hqwghwdlov vwxglhg lq p rwrufrqwuro1

. W— t ThLM*i4 t @hi hi@*—i˙ — L —Ξi *@U! Lu ı?uLh4 @— ıL? @MLΛ— — Ξi tLΛhUi Lu @U—ıffl@—ıL?˘ 5L4 i @—— i4 T— t Ξ@ffli Mii? 4 @˙i

—L � —Ξ@— ThLM*i4 M) — @˝˝ı?˝ @U— ıffl@—ıL? tı̋ ?@*t ¯ ı—Ξ — Ξi ı?˙i Lu—Ξi ?L˙i ¯ Ξihi — Ξi) Lhı̋ ı?@—i˙c4 @! ı?˝ — Ξi @*˝Lhı—Ξ4

*itt i*i˝@?—˘ W?— ihit—ı?˝*)c— Ξıt ıt fflih) tı4 ı*@h — L — Ξi ThLM*i4 t Lu˙LΛM*i´ULΛ?— ı?˝ Luifflı̇ i?Ui ı? i@h*) i Tih— t) t— i4 tc—Ξ@—

@hi UΛhhi?—*) hitL*ffli˙ M) Λtı?˝ Miı*iu ?i—¯ Lh! t ḑ i@h*HHŏ AΞΛt ı— 4 @) Mi ı?—ihit—ı?˝ —L hiı?—ihThi— —Ξi @U—ıL?´ti*iU— ıL?

@*˝Lhı—Ξ4 ı? —Ξi Mi*ıiu?i—¯ Lh! uh@4 i¯ Lh!˘

2˘S˘D 5ı4 Λ*@— i ˙ TΞ) tıU@*i ?fflıhL?4 i ?— t

D z d— wr looxvwudwh wkh wkhru— rxwolqhg deryh z rxog eh wr vlp xodwh d vlp solfflhg p rghori d kxp dq dup / rshudwlqj lq d frqvwudlqhg hqylurqp hqwreh— lqj vrp h vlp solfflhg p rghori sk— vlfv1 Z h qhhg wr ghfflqh d ulfk hqrxj k idp lo— ri wdvnv wkdwfdq eh sdudp hwhul˝hg lq d uhdvrqdeo— frp sdfwz d— / dqg vhh z kdw w— shv ri ehkdylruv wkh p rghoz looj hqhudwh1 Wkh lghd lv wr fflqg sdudoohov wr wkh edvlf skhqrp hqd ri kxp dq p ryhp hqwglvfxvvhg deryh/ udwkhuwkdq wu— lqj wr uhsolfdwh t xdqwlwdwlyho— wkh uhvxowvri frqfuhwh h–shulp hqwv1

Dq lqvslulqj h–dp sohlvwkhz run ri V̂lp v ¡7‘=khvlp xodwhg wkhlqwhudfwlrqvri vlp sohyluwxdofuhdwxuhv z lwk d vlp solfflhg sk— vlfdohqylurqp hqw/ ghfflqhg d jrdo+h1j 1 vz lp p lqj / mxp slqj / z donlqj , e— d frvw ixqfwlrq +h1j 1 krz p xfk wkh fhqwhu ri p dvv p ryhg iruz dug ru xs, lqvwhdg ri d suhvshflfflhg wudmhfwru— / dqg wkhq xvhg d FP 8 wr uxq d j hqhwlf dojrulwkp surgxflqj fuhdwxuhvz lwk vxffhvvixoehkdylruv1Dowkrxj k wkhfuhdwxuhvz huhp dghri eorfnv/ wkhuhvxowlqj ehkdylruvorrn yhu— %elrorjlfdo%lq wkhvhqvhwkdwglffihuhqw fuhdwxuhvdffrp solvk wkhj rdolq frp sohwho— glffihuhqwz d— v1Wkholp lwdwlrq ri Vlp v*dssurdfk lvwkdwhdfk fuhdwxuh kdvmxvwrqh kdugz luhg ehkdylru+z klfk lvd sduwri wkh j hqrw— sh,1Krz hyhu/ li z h wklqn ri wkh z kroh vlp xodwrudvd p rghori wkh p rwruv— vwhp / dqg frqvwudlq lwwr doz d— vxvh wkh vdp h p ruskrorj — ri wkh yluwxdofuhdwxuh/ wkhq z h kdyh d v— vwhp wkdwfdq j hqhudwh d z kroh idp lo— ri p ryhp hqwvwkdwvdwlvi— wkh vdp h j rdo/ exwduh yhu— glffihuhqwlq wkhlu ghwdlov1 Lq rxu whup lqrorj — / wklv vlp xodwru fuhdwhv d qhz frqwurop rghoiru hdfk wuldo+e— vhdufklqj wkh vsdfh ri frqwurop rghov udwkhu wkdq lqyhuwlqj d fdxvdo p rgho,1

Dqrwkhulqwhuhvwlqj h–dp sohiurp wkhfrp sxwhuj udsklfvolwhudwxuhlvwkhz run ri Ŵhu˝rsrxorvhwdo1¡7‘/ z kr p rghohg t xlwhuhdolvwlfdoo— d fflvk erg— z lwk derxw93 ghjuhhvri iuhhgrp / frqwuroohg e— 44 p xvfoh0olnh dfwxdwruv/ dqg vz lp p lqj lq d uhdvrqdeoh vlp xodwlrq ri z dwhu1 Wklv z run uhsuhvhqwv d uduh h–dp soh ri ohduqlqj wkh %p xvfohv— qhujlhv%rswlp doirud jlyhq rujdqlvp dqg idp lo— ri wdvnv0lq wklvfdvhvz lp p lqj iruz dug dqg wxuqlqj 1Wkhdxwkruvxvhg d vlp xodwhg dqqhdolqj doj rulwkp wr fflqg wkhrswlp dowlp h0ydu— lqj p xvfoh dfwlydwlrq frhȷ flhqwvwkdwuhvxowhg lq wkh ehvwvz lp p lqj shuirup dqfh1Vlqfh wkhluj rdoz dveh0 olhydeoh dqlp dwlrq udwkhu wkdq vwxg— lqj p rwru frqwuro/ wkh— z huh vdwlvfflhg z lwk wkh p lqlp xp srvvleoh qxp ehu ri v— qhuj lhv wkdwfrxog surgxfh wkh ghvluhg ehkdylruv1 Rqh fdq lp dj lqh krz hyhu uxqqlqj d vlp lodu vlp xodwlrq z lwk/ vd— d p rghori d kxp dq kdqg wu— lqj wr p dqlsxodwh d qxp ehu ri remhfwv dqg vwxg— lqj wkh w— shvri p ryhp hqwsdwwhuqvwkdwhp hujh1

Lwvkrxog eh hp skdvl˝hg wkdwwkh vxffhvv ri wkhvh vlp xodwlrqv vhhp v wr ghshqg fuxfldoo— rq xvlqj d z hooghfflqhg dqg lqwhuqdoo— frqvlvwhqw+dowkrxj k qrwhqwluho— uhdolvwlf, p rghori sk— vlfv/ dqg vshfli— lqj j rdove— qxp hulfdolqglfhv ri shuirup dqfh udwkhuwkdq suhvfulelqj ghvluhg wudmhfwrulhv1

2˘. ¨ L— Lh Tt) UΞLTΞ) tıUt

Wkh p ryhp hqwv fxuuhqwo— vwxglhg lq p rwru sv— fkrsk— vlfv lqyroyh p rvwo— uhdfklqj¿z kloh wklv lv d yhu— j rrg vwduwlqj srlqw/ irfxvlqj h–foxvlyho— rq wkhvhwdvnvlvqrwolnho— wr ohdg dq— ixuwkhuwkdq wkh vwxg— ri rulhqwhg eduvkdvohg lq ylvlrq1Vrp h yhu— lp sruwdqwdvshfwvri uhdolvwlf dup p ryhp hqwvduh holp lqdwhg lq vxfk wdvnv1

Wkhuh lv qr p dqlsxodwlrq ri wkh hqylurqp hqw+rqo— wudqvsruw,/ z klfk lv yhu— uhvwulfwlyh vlqfh p d0 qlsxodwlrq lv wkh xowlp dwh jrdori p rvwdup p ryhp hqwv dqg uht xluhv d orwp ruh frp soh– sodqqlqj wkdq wudqvsruwwdvnv1 E— irfxvlqj rq wkh hqg0srlqw+w— slfdoo— fflqjhuwls/ ru kdqgoh, z h ljqruh wkh nlqhp dwlf uhgxqgdqf— ri wkh kxp dq dup dqg frqvht xhqwo— d orwri wkh yduldelolw— suhvhqwlq qdwxudop ryhp hqwv +wklv lv sduwlfxoduo— xqghvludeoh lq wkh suhvhqwiudp hz run,1 Wkh ylvxdovwlp xol duh wrr vlp soh dqg wkh ghp dqg ri wkh wdvn wrr orz / ohdylqj vxemhfwvz lwk wkh ihholqj wkdwwkh— fdq h–hfxwh wkh wdvn lq dq— z d— wkh— z dqw+dqg udlvlqj wkh srvvlelolw— wkdwduelwudu— lqwhuqdosuhihuhqfhv duh ehlqj dgghg wr wkh j rdo,1

Wklv p dnhv wkh dyhudj h p rwru frqwuroh–shulp hqwd orwohvv frqylqflqj wkdq d ylvlrq h–shulp hqwz khuh vxemhfwv duh qrwiuhh wr fkrrvh z kdwwkh— vhh1 P ruh ghp dqglqj p rwru wdvnv +vxfk dv sod— lqj frp sxwhu j dp hv/ ru uhwxuqlqj d glȷ fxowwhqqlv edoo, gr qrwkdyh wkdwsureohp 1 I lqdoo— / vwxg— lqj vlp soh glvfuhwh p ryhp hqwv holp lqdwhv wkh qhhg wr frqwlqxrxvo— wdnh lqwr dffrxqwwkh vwdwh ri wkh hqylurqp hqwdqg wkh ghp dqgvri wkhwdvn dqg wr frp sxwhwkhqh–wp ryhp hqwz klohsurgxflqj wkhfxuuhqwrqh1Wklvlvdqrwkhu lp sruwdqwihdwxuh ri uhdo0z ruog shuirup dqfh/ z klfk d uhdvrqdeoh p rghori p rwrufrqwurovkrxog eh deoh wr ghdoz lwk1

Wkh revhuydwlrqvri kxp dq p ryhp hqwwkdwz h xvhg wr duj xh djdlqvwwkh p rwrusurjudp ylhz p rvwo— frp h iurp frp soh– wdvnvÊhuqvwhlq 9:‘ wkdwduh glȷ fxowwr vwxg— ulj rurxvo— 1Vxfk revhuydwlrqvduh ohvv frp p rq lq wkh vlp soh wdvnvxvhg lq p rwrusv— fkrsk— vlfv/ gxh wr wkh olp lwdwlrqvolvwhg deryh1Wkxvlwlv ghvludeohwr ghvlj q d idp lo— ri frqwuroohg oderudwru— wdvnv+rud %p hwdwdvn%, wkdwdyrlg wkhvholp lwdwlrqv1

Wkdwz rxog lqyroyh d yluwxdohqylurqp hqwz lwk vrp h remhfwvz krvh srvlwlrq2vkdsh2surshuwlhv2ehkdylru fdq fkdqj h/ wudfnlqj p ruh ghj uhhv ri iuhhgrp wkdq mxvwwkh fflqj huwls/ dqg frqwlqxrxvo— p dqlsxodwlqj remhfwv +suredeo— z lwk vrp h yluwxdop dqlsxodwru vlp sohu wkdq d kxp dq kdqg,1 Wkh p hwdwdvn vkrxog kdyh d uhodwlyho— vlp soh sdudp hwhul˝dwlrq/ dqg lwvkrxog eh srvvleoh wr h–sodlq lwwr vxemhfwv vr wkdw vkrz lqj d qhz vwlp xoxvfrqffljxudwlrq grhvqrwuht xluh qhz yhuedolqvwuxfwlrqv1

Wkh p rvwlp sruwdqwihdwxuh ri kxp dq dup p ryhp hqwv lq wkh suhvhqwp rgho lv wkhlu yduldelolw— / z klfk kdv wudglwlrqdoo— ehhq ljqruhg +e— irfxvlqj rq wkh dyhudj h p ryhp hqw,1 Lq wklv iudp hz run lw ehfrp hvyhu— lp sruwdqwwr t xdqwli— qrwmxvwwkh dyhudj h p ryhp hqwexwwkh z kroh idp lo— ri p ryhp hqwv ehlqj vdp sohg/ dqg dqdo— ˝h lwv ryhuods z lwk wkh idp lo— ri doo vxffhvvixo p ryhp hqwv1 I xuwkhup ruh/ wkhuh lv qr uhdvrq wr nhhs wkh wdvn ffl–hg exwlqvwhdg lwfdq eh ydulhg rq hyhu— wuldo/ wkxv h–sorulqj d p xfk odujhu vxevsdfh ri srvvleoh p ryhp hqwv dqg uhyhdolqj p ruh ri wkh vwuxfwxuh ri wkh xqghuo— lqj v— vwhp 1Wkdwdssurdfk z loodovr doorz d ehwwhut xdqwlfflfdwlrq ri z kdwhyhunlqhp dwlf uhj xodulwlhvhp hujh lq wkh wdvn1 Dq h–flwlqj srvvlelolw— +vxj jhvwhg e— uhfhqwuhvxowv rq rqh0wuldoohduqlqj ri g— qdp lf irufh fflhogv 0Ŵkrurxj kp dq dqg Vkdgp hku¡:‘, lv wkdwvrp h ri wkh yduldelolw— qrup doo— revhuyhg lv dfwxdoo— suhglfwdeoh jlyhq wkh vht xhqfh ri uhfhqwp ryhp hqwv dqg wkh fruuhvsrqglqj vhqvru— ihhgedfn +dqg d frqfuhwh p rghori krz rqh0wuldoohduqlqj wdnhvsodfh,1

Dqrwkhu lp sruwdqwdvshfwri wkh suhvhqwp rgholv rqolqh frp sxwdwlrq/ dqg edodqflqj wkh dydlodeoh uhvrxufhvehwz hhq fxuuhqwdqg ixwxuhp ryhp hqwv1Fkdswhu7 ghvfulehvh–shulp hqwvlqyroylqj xqghwhfwhg ylvxdoshuwxuedwlrqv+v— qfkurql˝hg z lwk vdffdghv, wkdwduh lqwurgxfhg wudqvlhqwo— dqg vkrxog qrwdffihfw wkhdup p ryhp hqwli dfrqfuhwhsodq z dvdouhdg— irup hg dqg wkhh–hfxwlrq vwdjhrqo— lqyroyhg fruuhfwlrqv dz d— iurp wkdwsodq1 Lqvwhdg/ vxfk shuwxuedwlrqv uhvxowlq vlj qlfflfdqwwudmhfwru— p rglfflfdwlrqv1 Dovr/ vlp so— vwxg— lqj wkh wlp lqj ri h— h p ryhp hqwvz kloh wkh dup p ryhvwkurxj k d vht xhqfh ri wdujhwv— lhogv hylghqfh irudssursuldwh doorfdwlrq ri surfhvvlqj wlp h ehwz hhq fxuuhqwdqg ixwxuh j rdov1

Z kloh wkh p rghorxwolqhg khuh lvqrwyhu— vshflfflf derxwohduqlqj qhz vnloov_; / lwrffihuvd qhz shuvshf0 wlyh1 Wkh sureohp z lwk p rwru ohduqlqj lv wkh odfn ri d j rrg ghfflqlwlrq ri z kdwh–dfwo— fkdqj hv lq wkh frxuvh ri ohduqlqj1 Reylrxvo— / shuirup dqfh lqfuhdvhv dqg wkdwlv vrp hkrz gxh wr wkh ihhgedfn uhfhlyhg rq suhylrxv wuldov/ exwwkdwvd— v yhu— olwwoh derxwwkh dfwxdop rglfflfdwlrqv lq wkh p rwru v— vwhp uhvsrq0 vleoh iru wklv lp suryhg shuirup dqfh_¡1 Lq wkh suhvhqwp rgho/ wkh vwdwh ri wkh p rwru v— vwhp lv ghvfulehg qrwe— wkh dyhudj h p ryhp hqw/ exwe— wkh z kroh idp lo— ri p ryhp hqwv +lqfoxglqj wkrvh holflwhg e— shu0 wxuedwlrqv,1Lwlvsrvvleoh wkdwwkh lp sruwdqwglffihuhqfhvehwz hhq qrylfhvdqg h–shuwvduh wr eh irxqg e—

H¨ Lhi ˙i—@ı*t @hi Thiti?— i˙ ı? ß Ξ@T—iht fi @?˙ D̆ bWu¯ i Mi*ıiffli —Ξ@— LMtihffli˙ 4 Lffli4 i?— t @hi 4 @?ıuit—@—ıL?t Lu˙i— @ı*i˙ Thii ıt—ı?˝ T*@?tc — Ξi? t— Λ˙) ?˝ UΞ@?˝it ı? —Ξi

4 Lffli4 i?— — h@˚iU—Lh) ıt i^Λıffl@*i?— —L t—Λ˙) ı?˝ UΞ@?˝it ı? — Ξi t— @— i Lu—Ξi 4 L—Lh t) t— i4 ˘ W? —Ξ@— U@ti — Ξi t—Λ˙) Lu4 L—Lh

*i@h?ı?˝ ıt hi˙ΛUi˙ —L tı4 T*i LMtihffl@—ıL?˘ OL¯ ifflihc ıu — Ξi LMtihffli˙ 4 Lffli4 i?— t hitΛ*— uhL4 —Ξi uΛ?U— ıL?ı?˝ Lu @4 Lhi

UL4 T*i t) t— i4 TihuLh4 ı?˝ @tı̋ ?ı�U@?— @4 LΛ?— LuL?*ı?i UL4 TΛ— @— ıL?cı?—ih?@*UΞ@?˝it U@??L— Mi ˙ıhiU— *) ı?uihhi˙ uhL4

—h@˚iU— Lh) UΞ@?˝it˘

frp sdulqj wkh glvwulexwlrqv ri p ryhp hqwv1 Lq sduwlfxodu/ lwlv srvvleoh wkdwh–shuwv duh ehwwhu dwxvlqj rqolqh lqirup dwlrq lq d ixqfwlrqdoz d— / dv rssrvhg wr dsso— lqj vrp h orz 0ohyhofruuhfwlrq1 D fohdq z d— wr whvwwklv k— srwkhvlv lv wr wudlq vxemhfwv wr glffihuhqwshuirup dqfh ohyhov/ dqg lqwurgxfh shuwxuedwlrqv vrp h ri z klfk lqwhuihuh z lwk wkh jrdodqg rwkhuv gr qrw1 Wkh suhglfwlrq z rxog eh wkdwqrylfhv z loo fruuhfwirudooshuwxuedwlrqv/ z kloh h–shuwvz loolj qruh wkh rqhvwkdwgr qrwlqwhuihuh z lwk wkh jrdo1Lwlv dovr srvvleoh wkdwh–shuwv ghyhors sulruv wkdwduh p ruh dssursuldwh iru wkh wdvn +wkdwfrxog eh vwxglhg z lwk d p rglfflhg wlp hg uhvsrqvh sdudgljp 0K̂hqlqj hwdo1; ;‘,1Dqrwkhusrvvlelolw— lvwkdwh–shuwvkdyh d ehwwhu lqwhuqdouhsuhvhqwdwlrq ri wkh jrdo1 Lq j hqhudo/ lwz rxog eh ghvludeoh wr kdyh dq h–shulp hqwdo p hwkrg iru ghwhup lqlqj z kdwh–dfwo— wkh jrdolv iru d sduwlfxodu vxemhfw¿wkdwydj xho— fruuhvsrqgv wr wkh p hwkrgv irup hdvxulqj sv— fkrp hwulf ixqfwlrqv lq shufhswxdosv— fkrsk— vlfv1

I lqdoo— / lwp d— eh srvvleoh wr fflqg vrp h ht xlydohqwri ylvxdolooxvlrqv1 D frp soh– exwfrqwuroohg p rwru wdvn hvvhqwldoo— jlyhvwkh h–shulp hqwhup ruh frqwuroryhuwkh lqsxwwr wkh p rwruv— vwhp +l1h1wkh j rdo,/ z klfk lv rqh ri wkh sureohp v z lwk frqvwuxfwlqj p rwru looxvlrqv +wkh rwkhu sureohp lv wkdwlwlv qrwfohdu z kdwh–dfwo— wkh sulruv duh,1 D ohvv dp elwlrxv surmhfwp d— eh wr fflqg vlwxdwlrqv z khuh vp doo +vsdwldoo— orfdol˝hg, yduldwlrqv lq wkh wdvn ohdg wr elj glffihuhqfhv lq wkh idp lo— ri uhvxowlqj p ryhp hqwv¿ wklv lvuhp lqlvfhqwri duj xp hqwvlq idyruri wrs0grz q hffihfwvlq ylvlrq1

2˘H , ?˙´i gi U— Lh UL?— hL*

Hqg0hffihfwrufrqwurolvwkhlghd ri dfklhylqj frqwuroryhud sduwri wkholp e/ rusrvvleo— dq h–whuqdoremhfw/ wkdwlv p rvwgluhfwo— uhodwhg wr wkh wdvn fulwhulrq +wkxv wkh whup %hqg0hffihfwru%,1 Lq vxssruwri vxfk d frqwurovfkhp h/ lwkdv ehhq ghp rqvwudwhg wkdwwkh p ryhp hqwv ri wkh kdqg orrn %vlp sohu%lq Fduwhvldq vsdfh +z khuh p dqxdowdvnvduh xvxdoo— ghfflqhg, udwkhuwkdq mrlqwvsdfh P̂ rudvvr ; 4‘/ dqg wkdwd qxp ehu ri nlqhp dwlf lqyduldqfhv vhhp wr eh suhvhuyhg lq wkh uhohydqwhqg0hffihfwru vsdfh1 D forvho— uhodwhg lghd lq urerwlfvlvwkdwri rshudwlrqdovsdfh frqwuroN̂kdwle ;: ‘ ruyluwxdop rghofrqwuroŜudww¡8‘/ z khuh wkh fhqwudov— vwhp dvvxp hvwkdwlwlvfrqwuroolqj d p xfk vlp sohup dqlsxodwru+yluwxdop rgho, ghfflqhg lq wkh dssursuldwh wdvn vsdfh dqg lvvxhv wkh fruuhvsrqglqj frqwurovlj qdov/ z klfk duh wkhq wudqvodwhg e— vrp h hȷ flhqworz 0ohyhov— vwhp lqwr vljqdovdssursuldwh wr gulyh wkh dfwxdoolp e +wklvp d— lqyroyh fdqfhoodwlrq ri lqwhudfwlrq wrut xhv/ frp shqvdwlrq irunqrz q gdp slqj/ hwf1,

Wklvlghd fdq eh lqfrusrudwhg yhu— qdwxudoo— lq wkh iudp hz run glvfxvvhg deryh 0vhh I lj 5071 Vxssrvh z h ghfflqhg d vhwri yluwxdop rwrurxwsxwv/ dqg d uxoh iruwudqvodwlqj wkhp lqwr dfwxdop rwru rxwsxwv1Wkhq wkh p dsslqj iurp yluwxdowr uhdop rwrurxwsxwvehfrp hvd sduwri wkh fdxvdop rgho/ l1h1 z hfdq qrz lqihuwkhh–shfwhg dfklhyhp hqwri wkhj rdojlyhq wkhyluwxdop rwrurxwsxw1Li lwz huhsrvvleoh wr ghvljq wklv p dsslqj lq vxfk d z d— wkdwyluwxdofrqwurovljqdov kdyh vwudlj kwiruz dug hffihfwv lq hqg0 hffihfwruvsdfh +l1h1z h fdq hdvlo— frp sxwh krz z hoowkh j rdolvvdwlvfflhg jlyhq wkh yluwxdofrqwurovljqdov, wkhq lwp d— eh srvvleoh wr ljqruh wkh frp sohwh fdxvdop rghodqg uhsodfh lwz lwk d +wdvn0vshflfflf, fdxvdo p rghowkdwlvp xfk vlp sohudqg hdvlhuwr lqyhuw1Wkhuh lvd wudghrffi lqyroyhg lq ghvlj qlqj vxfk d yluwxdo p rgho1 Li z h uht xluh wkh p dsslqj wr uhdop rwru rxwsxwv wr eh vlp soh +h1j 1 d olqhdu wudqvirup dwlrq, wkdwz rxog vlp soli— ohduqlqj 2frqvwuxfwlqj wkh p rgho/ exwp d— dovr olp lwlwv xvhixoqhvv vlqfh d vlp soh p dsslqj wr p rwrurxwsxwvp d— qrweh vxȷ flhqwwr dfklhyh wkh ghvluhg hffihfwvlq hqg0hffihfwruvsdfh1Rq wkh rwkhu kdqg/ dwwhp swlqj wr dfklhyh shuihfwhqg0hffihfwru frqwurop d— uht xluh d p dsslqj iurp yluwxdo wr uhdop rwrurxwsxwv wkdwlvwrr frp soh– wr ohduq1

Wklv wudghrffi fruuhvsrqgv yhu— forvho— wr wkh glffihuhqwghfflqlwlrqv ri d %p rwru v— qhuj — %wkdwkdyh dsshduhg lq wkh olwhudwxuh1 Wkh rulj lqdolghd Êhuqvwhlq 9: ‘ z dv wkdwv— qhuj lhv duh jhqhudofrruglqdwlrq sdwwhuqv z krvh ghfflqlqj surshuw— lv wkdwwkh— p dnh h–hfxwlrq ri wkh wdvn hdv— 1 Wkh h–lvwhqfh ri vxfk frruglqdwlrq sdwwhuqvdqg wkhluqhfhvvlw— irudq— vnloohg p ryhp hqwz dvreylrxvwr wkdwvfkrrori wkrxj kw/

Goal

World

State Joint

Torques

Motor

Output

Virtual

Motor

Output

I lj xuh 507=Vfkhp dwlf uhsuhvhqwdwlrq ri xvlqj yluwxdofrqwurolq d fdxvdop rgho1Vrolg duurz vfruuhvsrqg wr wkh ruljlqdofdxvdop rgho1 Wkh yluwxdorxwsxwlv d yhfwru wkdwlv wudqvodwhg lqwr p rwrurxwsxwv/ wkxv h–whqglqj wkh fdxvdop rgho1Wkh jud— duurz fruuhvsrqgv wr wkh hqg0hffihfwrufdxvdop rgho1 wr wkh h–whqwwkdwrevhuydwlrqvri h–shuwshuirup dqfhz huh lqwhusuhwhg dvhylghqfh iruvxfk frruglqdwlrq sdwwhuqv D̂udw— xq— dq hwdo19¡‘1 Wkh sureohp z lwk wklv ghfflqlwlrq ri frxuvh lv wkdwlwkdv qhyhu ehhq srvvleoh wr lghqwli— z kdwwkhvh sdwwhuqvduh/ dqg krz h–dfwo— wkh— fdq eh irup hg1Rq wkh rwkhuh–wuhp h lv wkh ylhz ri v— qhujlhv dv p xvfoh v— qhujlhv/ l1h1 jurxsv ri p xvfohv wkdwduh dfwlydwhg vlp xowdqhrxvo— lq ffl–hg sursruwlrq1 Z kloh lwlv fohdu krz vxfk v— qhujlhv fdq eh lp sohp hqwhg/ lwlv qrwwkdwfohdu z kdw wkh— frxog eh xvhg iru1 Frqvlghu iru h–dp soh wkh vlp soh sureohp ri p rylqj wkh kdqg lq 6G vsdfh1

Dq dssursuldwh vhwri v— qhujlhv lq wklv fdvh z rxog eh d vhwwkdwdwhdfk srlqwlq vsdfh surylghv 6 gluhfwlrqv ri p ryhp hqw/ dorqj vrp h uhdvrqdeo— ghfflqhg d–hv1 Wkxv lwz rxog eh frqyhqlhqwwr kdyh 6 p xvfoh v— qhujlhvxqghuo— lqj dookdqg wudqvsruwp ryhp hqwv1Li z h z huh wr dfwlydwh d ffl–hg vhwri p xvfohv/ krz hyhu/ wkh uhvxowlqj gluhfwlrqv ri p ryhp hqwz rxog qrweh yhu— vlp soh= wkh sureohp lv fdxvhg e— wkh yduldeoh ohqjwk0whqvlrq fxuyhv ri p xvfohv/ yduldeoh p rp hqwdup v dqg jhrp hwu— / qrq0frp p xwdwlyh urwdwlrqvlq 6G/ judylw— / frqfflj xudwlrq0ghshqghqwlqhuwld/ hwf1Êxqhr hwdo1¡:‘1Xqolnh HP J gdwd iurp iurj suhsdudwlrqvĜ*Dyhood dqg El˝˝l ¡;‘/ wkh dydlodeoh HP J gdwd iurp kxp dq vxemhfwvlvqrwjhqhudoo— frqvlvwhqwz lwk wkh h–lvwhqfh ri d vp dooqxp ehu ri p xvfoh frp elqdwlrqv doz d— v xvhg wr wudqvsruwwkh dup Î odqghuvhwdo1¡7‘_{43}1 Vr li ffl–hg frp elqdwlrqv ri p xvfohv duh ehlqj xvhg dv v— qhujlhv/ wkhuh p xvw eh d orwri wkhp / dqg wkh v— vwhp z lookdyh wr shuirup d orwri dgglwlrqdofrp sxwdwlrqv wr fflj xuh rxw z khq lwlvdssursuldwh wr xvh z klfk v— qhuj — / l1h1wkh vlp solfflfdwlrq ri wkh frqwurosureohp uhvxowlqj iurp p xvfoh v— qhuj lhvlv qrwwkdwreylrxv1

Wkh wuxwk suredeo— olhvvrp hz khuh lq ehwz hhq wkh wz r h–wuhp hv1Shukdsvfrp sxwdwlrqdop rghovfdq vkhg vrp h oljkwrq wklv lvvxh/ e— vhdufklqj wkh vsdfh ri yluwxdop rghov wkdwvlp soli— wkh fdxvdop rgho dqg — hwduh hdv— wr lp sohp hqw0vxfk dv Ŵhu˝rsrxorvhwdo1¡7‘1 Qrwh wkdwlp sohp hqwlqj yluwxdop rgho frqwurolq urerwlfv lv qrwvr fkdoohqjlqj / vlqfh d, wkh wdvnv urerwv shuirup duh vlj qlfflfdqwo— vlp sohu dqg lqyroyh ohvv ghj uhhv ri iuhhgrp / dqg e, wkh dydlodeoh vhqvruv dqg dfwxdwruv duh idvwhu dqg p ruh uholdeoh/ dqg lwlvsrvvleoh wr hvwlp dwh wkh sk— vlfdosurshuwlhv ri wkh sodqwt xlwh dffxudwho— 1

�f Σ *— ΞLΛ˝Ξ ı— 4 @) Mi @h˝Λi˙ — Ξ@— @tΛæ Uıi?— ?Λ4 Mih Lu 4 ΛtU*it Ξ@t ?L— Mii? hiULh˙i˙ uhL4 c Lh @tΛæ Uıi?— h@?˝i Lu

4 L— Lh —@t! t Ξ@t ?L— Mii? i T*Lhi˙˘

ß Ξ@T— i h fi

5— LUΞ@t— ıUȷ T— ı4 @*ß L?— hL*Lu, ) i´

O@?˙ ¨ Lffli 4 i ?— t ı? Vı@´¸ Lı?— A@t! t

fi˘� ȷ ffli hfflıi¯

Lq wklvfkdswhuz huhvwulfwrxudwwhqwlrq wr d vp dooidp lo— ri p rwruwdvnvz klfk z loodoorz xvwr lqvwdqwldwh wkh j hqhudowkhruhwlfdoiudp hz run ghyhorshg deryh lqwr d frqfuhwh p rghori p rwru frqwuro/ dqg p dnh t xdqwlwdwlyh frp sdulvrqv wr h–shulp hqwdogdwd1 Z h frqvlghu wdvnv z khuh d vxemhfwlv dvnhg wr p ryh d srlqw+wkdwfrxog frlqflgh z lwk wkh fflqj huwls/ ruwkh wls ri d uljlg remhfwkhog e— wkh kdqg/ rud vlp xodwhg fxuvrufrqwuroohg yld lvrp hwulf irufh dssolfdwlrq, wr d vshflfflhg wduj hworfdwlrq/ srvvleo— sdvvlqj wkurxj k vrp h lqwhup hgldwh wduj hwv +fdoohg %yld0srlqwv%,1 Wkh wdvn sdudp hwhuv wkdwfdq eh ydulhg lqfoxgh wkh qxp ehu dqg orfdwlrq ri wduj hwv/ ghfflqlwlrq ri wkh hqg0hffihfwru/ wlp lqj dqg dffxudf— frqvwudlqwv/ ylvxdo ihhgedfn frqglwlrqv/ dqg glffihuhqwylvxdoru p hfkdqlfdoshuwxuedwlrqv1 Erwk kdqg dqg h— h p ryhp hqwv z looeh dqdo— ˝hg vlp xowdqhrxvo— / lq d 5G sodqh^41

Dowkrxjk uhvwulfwhg lq p dq— lp sruwdqwz d— v wr eh glvfxvvhg odwhu/ wklv idp lo— ri wdvnv doorz v xv wr dgguhvv d vlj qlfflfdqwsursruwlrq ri wkh h–shulp hqwdorevhuydwlrqv ri dup p ryhp hqwv= vshhg0dffxudf— wudgh0rffiv/ nlqhp dwlf ihdwxuhvri sodqdup ryhp hqwv/ hffihfwvri erwk xqsuhglfwdeoh dqg v— vwhp dwlf shuwxu0 edwlrqv/ wlp lqj sdwwhuqv ri h— h p ryhp hqwv/ uhdfwlrq wlp hv/ dup lp shgdqfh fkdudfwhulvwlfv/ hwf1 Vlqfh wkhvh revhuydwlrqvkdyh ehhq p dgh e— glffihuhqwuhvhdufkhuvlq glffihuhqwh–shulp hqwv/ wkh— kdyh wudglwlrq0 doo— ehhq frqvlghuhg lq lvrodwlrq/ ohdglqj wr glffihuhqwdqg qrwqhfhvvdulo— frp sdwleohwkhruhwlfdodffrxqwv dqg hp skdvl˝lqj glffihuhqwdvshfwvri vhqvru— 0p rwrusurfhvvlqj1Krz hyhudoovxfk skhqrp hqd z rxog rffxu vlp xowdqhrxvo— lq wkh vdp h vxemhfwdqg wkh vdp h h–shulp hqw/ li rqh z huh wr p dqlsxodwh doouhohydqwwdvn sdudp hwhuv dqg p hdvxuh doouhohydqwuhvsrqvhv1 Z kloh lwlv srvvleoh wkdwwkh p rwru v— vwhp frqwdlqv d oduj hfroohfwlrq ri kdugz luhg %uxohv%/ rqh iruhdfk hp slulfdofflqglqj ghvfulehg lq wkh olwhudwxuh/ lwlvp ruh olnho— wkdwwkh h–hfxwlrq ri d vlp soh wdvn vxfk dvwkh rqh vwxglhg khuh lvedvhg rq d ihz edvlf sulqflsohv/

�‘ Ξı*i —Ξi @U—Λ@*@h4 4 Lffli4 i?— Ξ@t 4 @?) 4 Lhi —Ξ@? 2 ˙i˝hiit Luuhii˙L4 cLΛh @ttΛ4 T—ıL? ıt — Ξ@— —Ξi 4 L— Lh t) t— i4 Λtit i?˙´igiU— Lh UL?— hL* Lu —Ξi —) Ti ˙ıtUΛtti˙ ı? ß Ξ@T—ih 2˘ AΞΛt UL?— hL* tı̋ ?@*t ¯ ı** Mi @ttΛ4 i˙ —L @giU— —Ξi Ξ@?˙ TLtı—ıL? ˙ıhiU—*)˘ W?@UUΛh@Uıit ˙Λi — Lhi4 @ı?ı?˝ TLt— Λhi ˙iTi?˙i?Ui ¯ ı**Mi 4 L˙i*i˙ @t ?Lıtich@— Ξih— Ξ@? Miı?˝ — @!i? ı?— L @UULΛ?— i T*ıUı—*) E@t uΛ?U— ıL?t Lu ˚Lı?— UL?�˝Λh@— ıL?ø˘ ‘ i ¯ ı**Λti ŒΞ@?˙Œ @?˙ Œi?˙´igiU—LhŒ ı?—ihUΞ@?˝iM*)c @*— ΞLΛ˝Ξ —Ξi i?˙´igiU— Lh 4 @) ?L— @*¯ @) t ULı?Uı̇ i ¯ ı— Ξ — Ξi Ξ@?˙˘

j lylqj ulvh wr d qxp ehu ri hp huj hqwskhqrp hqd1 Wkxv lwlv ghvludeoh wr kdyh d vlqjoh p rghowkdwfrxog dgguhvv/ dwohdvwlq sulqflsoh/ wkh p dmrulw— ri revhuydwlrqvp dgh z lwklq wkh frqwh–wri yld0srlqwwdvnv1

Wkh qh–wvhfwlrq suhvhqwvwkh udwlrqdoh ri rxup rghoolqj dssurdfk/ dqg lwvuhodwlrq wr wkh glvfxvvlrq iurp Fkdswhu51Z hwkhq vxp p dul˝hvrp hfodvvlf uhvxowvri vwrfkdvwlf rswlp dofrqwurowkhru— / z klfk vhuyh dvwkhvwduwlqj srlqwirud qxp ehuri p rglfflfdwlrqvqhfhvvdu— irud uhdvrqdeo— uhdolvwlf p rghori h— h0kdqg frqwuro1 Wkhvh p rglfflfdwlrqv uht xluh vxevwdqwldofkdqjhv lq wkh fodvvlf rswlp dofrqwuroodz / suhvhqwhg lq wkh iroorz lqj vhfwlrq lq d vhoi0frqwdlqhg ghulydwlrq ri wkh doj rulwkp iru vlp xodwlqj rxu p rgho1 Wkh p hwkrgvxvhg lq wkhghulydwlrq duhghyhorshg lq ghwdlolq Ĝdylv dqg Ylqwhu ;8/ Ehuwvhndv ;: / Z lovn— ¡7‘1

Z h frqfoxgh wkhfkdswhuz lwk d vxp p du— ri wkh doj rulwkp dqg vrp h lp sohp hqwdwlrq ghwdlov1Wkh dfwxdo suhglfwlrqv ri wkh p rghodqg wkhlu h–shulp hqwdoyhulfflfdwlrq lv ghihuuhg wr wkh qh–wfkdswhu1 Qrwh wkdw wkh p rghosursrvhg khuh lv p hdqwwr eh t xlwh jhqhudo/ dqg lwfrxog eh xvhg wr dgguhvv d odujh qxp ehu ri skhqrp hqd qrwdoori z klfk z looeh glvfxvvhg lq wklvwkhvlv1

fi˘2 ¨ L˙i **ı?˝ Σ TThL@UΞ

Lq wkh vslulwri wkh wkhruhwlfdoglvfxvvlrq iurp wkh suhylrxv fkdswhu/ z h z loodvvxp h wkdwwkh vhqvru— 0 p rwruv— vwhp lvvlp so— wu— lqj wr gr z kdwlwz dvdvnhg wr gr/ dvz hoodvlwfdq1Lq rwkhuz rugv/ lwdwwhp swv wr surgxfh wkh %ehvw%srvvleoh p ryhp hqw/ z lwklq wkh vshflfflhg wlp h olp lwv/ xvlqj wkh dydlodeoh vhqvru— lqsxwdvz hoodvsulrulqirup dwlrq derxwlwvrz q surshuwlhvdqg olp lwdwlrqv1Wkhj rdokhuhlvwr ghyhors d p hfkdqlvwlf p rghori p rwrufrqwuroiruyld0srlqwwdvnv/ wkdwfdq ehvxemhfwhg wr dop rvwdq— h–shulp hqwdo sdudgljp d kxp dq vxemhfwfrxog sduwlflsdwh lq1Vxfk d p rghoz rxog wdnh dvlqsxwwkh lqirup dwlrq wkdw lvdydlodeoh wr wkh kxp dq vxemhfw/ p rp hqwe— p rp hqw/ dqg surgxfh d %uhdo0wlp h%uhvsrqvh wkdwfdq eh frp sduhg wr h–shulp hqwdogdwd_51Lq frqwudvw/ ghvfulswlyh p rghovsurylgh d sdudp hwulf irup ri vxemhfwv* uhvsrqvhv/ dqg wkh fflwwlqj surfhgxuh lqyroyhvhvwlp dwlqj wkh ydoxhvri wkh iuhh sdudp hwhuviurp revhuyhg gdwd1Z kloh lwlvp xfk hdvlhuwr fflwghvfulswlyh p rghovwr gdwd dqg d qxp ehuri p rghovlq wkh fflhog idoolq wkdwfdwhj ru— +vhh Fkdswhu 9 iru d glvfxvvlrq,/ fodvvli— lqj vxfk p rghov uhodwlyh wr wkh fflqh olqh ehwz hhq h–sodqdwlrq dqg gdwd fflwwlqj riwhq lqyroyhvd vxemhfwlyhmxgj hp hqwri krz %vxusulvlqj%lwlvwkdwwkh gdwd lvfflwz lwk vr %ihz %sdudp hwhuv1

Lwlv fohdu iurp wkh deryh uht xluhp hqwiru uhdo0wlp h rswlp douhvsrqvh wkdwwkh p rghoz lookdyh wr xvh vhqvru— lqirup dwlrq wr jxlgh wkh rqjrlqj p ryhp hqw1 Dwwklv srlqwrqh p d— eh vxusulvhg wkdwz h duh glvp lvvlqj vr oljkwo— wkh orqj0odvwlqj ghedwhv derxwwkh uroh ri ihhgedfn lq p ryhp hqwsurgxfwlrq

D̂gdp v :4/ Deevdqg Z lqvwhlq ¡3‘1 Vxfk dujxp hqwv kdyh irfxvhg rq udslg p ryhp hqwv +vlqfh qr rqh z rxog glvsxwh wkh lp sruwdqfh ri ihhgedfn iruvorz hup ryhp hqwv, dqg z khwkhuwkh— duh hqwluho— edoolvwlf/ dqg iru krz orqj1 Reylrxvo— dq— vhqvru— lqsxwlq d elrorj lfdov— vwhp kdv d qrq0qhj olj leoh ghod— / dqg dq— vhulrxvp rghokdvwr wdnh wkdwlqwr dffrxqw1Krz hyhuwkdwidfwlq lwvhoi grhvqrwlp so— wz r glffihuhqw p rghv ri rshudwlrq 0 edoolvwlf dqg vhqvru— jxlghg¿ z kdwlv sursrvhg khuh lv d vlqj oh v— vwhp wkdwlv fdsdeoh ri surgxflqj edoolvwlf p ryhp hqwv lq wkh devhqfh ri vhqvru— ihhgedfn dqg lv dovr suhsduhg wr xwlol˝h ihhgedfn dvvrrq dv lwehfrp hvdydlodeoh1

J lyhq rxu p rgho uht xluhp hqwv/ d qdwxudo p dwkhp dwlfdo iudp hz run lv surylghg e— wkh wkhru— ri vwrfkdvwlf rswlp dofrqwuro/ z klfk lvfrqfhuqhg z lwk p d–lp l˝lqj vrp hshuirup dqfhfulwhulrq e— frqwuroolqj d vwrfkdvwlf v— vwhp z lwk vshflfflhg g— qdp lfv dqg qrlv— vwdwh revhuydwlrqv1 Ehiruh j rlqj lqwr ghwdlov/ z h

2` ) Œhi@*´— ı4 iŒ ¯ i 4 i@? @hitTL?ti M@ti˙ L?*) L? ı?uLh4 @— ıL? @ffl@ı*@M*i ΛT —L —Ξıt TLı?— ı? — ı4 i˘ AΞi @U—Λ@*—ı4 i ?iÚ itt@h) — LhΛ? — Ξi UL4 TΛ—ih tı4 Λ*@—ıL?t ıt ˙iTi?˙i?— L? @ffl@ı*@M*i Ξ@h˙¯ @hi @?˙ LΛh t! ı**ı? ˙iffli*LTı?˝ iæ Uıi?— @*˝Lhı— Ξ4 t˘

5ı?Ui ML— Ξ Lu — Ξiti ı?Uhi@ti UL?t—@?—*)c ı— ıt ^Λı— i 4 i@?ı?˝*itt — L 4 @!i @h˝Λ4 i?— t @MLΛ— —Ξi Œ˙ıæ UΛ*—) Œ Lh ŒMıL*L˝ıU@*

T*@ΛtıMı*ı—) Œ Lu Uih—@ı? UL4 TΛ—@— ıL?t M@ti˙ L? LΛh UΛhhi?— @Mı*ı—) — L ı4 T*i4 i?— —Ξi4 ı? hi@*— ı4 i L? ˙ı̋ ı—@*UL4 TΛ— iht˘

AΞ@— UL4 4 i?— LMfflıLΛt*) ˙Lit ?L— @TT*) —L ThLffl@M*) ı?— h@U—@M*i UL4 TΛ— @—ıL?tcMΛ— —Ξıt ıt ?L— —Ξi U@ti Ξihi˘

p dnh d fflqdosrlqwderxwwkh jhqhudosurshuwlhvri wkh p rgholq uhodwlrq wr wkh glvfxvvlrq lq wkh suhylrxv fkdswhu1Wkhvroxwlrq wr dq rswlp dofrqwurosureohp wdnhvwkhirup ri dq rswlp dofrqwuroodz +rusrolf— ,/ z klfk lv d irup xod vshfli— lqj z kdwfrqwurovlj qdov wr rxwsxwdwhdfk p rp hqwlq wlp h dv d ixqfwlrq ri doodydlodeoh lqirup dwlrq vr idu1 Lq rwkhu z rugv/ wkh frqwuroodz lv d suhvfulswlrq ri z kdwwr gr lq dq— frqfhlydeoh vlwxdwlrq wkdwp d— dulvh1 Lq vrp h vshfldofdvhv +dv wkh rqh lq wkh qh–wvhfwlrq, vxfk d odz fdq eh frp sxwhg ehiruh dq— ihhgedfn lvuhfhlyhg/ z klfk lq vrp h vhqvh fruuhvsrqgvwr d vwulfwvhsdudwlrq ehwz hhq sodqqlqj dqg h–hfxwlrq +z khuh wkh %sodq%frqwdlqvd orwp ruh wkdq d vlqjoh ghvluhg p ryhp hqw,1 Krz hyhu/ dv vrrq dv z h p dnh wkh p dwkhp dwlfdop rghovolj kwo— p ruh frp soh– dqg uhdolvwlf/ z h kdyh wr uhvruwwr dssur–lp dwlrqv wr wkh frqwuroodz wkdwduh shuirup hg lq uhdowlp h/ diwhu vhqvru— lqirup dwlrq kdv ehfrp h dydlodeoh +vhh ehorz ,1 Wkxv sodqqlqj lv qrwfrp sohwhg ehiruh p ryhp hqwrqvhw/ hyhq li z h doorz wkh %sodq%wr eh dv vrsklvwlfdwhg dv d frqwuroodz 1 Wr vhh z k— wkdwlv wuxh lq jhqhudo/ frqvlghu dq h–wuhp h fdvh vxfk dv sod— lqj frp sxwhu fkhvv1 Wkh w— slfdodoj rulwkp iru vxfk jdp hv lv d p lqlp d– dojrulwkp / wkdwiruhdfk p ryhvhdufkhvwkurxjk wkhwuhhri doosrvvleohp ryhvQ vwhsvdkhdg/ dqg fkrrvhv wkh rqh wkdwkdv wkh p rvwghvludeoh rxwfrp h1 Krz hyhu/ dwghswk Q wkh doj rulwkp kdv wr vwrs +gxh wr wlp holp lwdwlrqv, dqg xvhvrp hkhxulvwlf wr hydoxdwhwkhfxuuhqwvlwxdwlrq1Dwwkhqh–wp ryh/ lwlvsrvvleoh wr vhdufk wkh wuhh rqh vwhs ixuwkhu/ l1h1wkh khxulvwlf z looeh dssolhg wr wkh qh–wohyhogrz q dqg wkdwfdq srwhqwldoo— fkdqj h wkh suhylrxvhvwlp dwhvri ghvludelolw— +vlqfh wkh khxulvwlf lvqrwh–dfw,1Wkxvvxfk dq dojrulwkp lv hvvhqwldoo— grlqj wkh vdp h dp rxqwri sodqqlqj dwhdfk wlp h vwhs +khuh rssrqhqw*v p ryhv sod— wkh uroh ri vhqvru— ihhgedfn/ l1h1uhvwulfwwkh vsdfh ri srvvleoh vfhqdulrv,1

Z klohvlp sohwdvnvvxfk dvyld0srlqwp ryhp hqwvduhp ruhvlp loduwr wkhwudfwdeohfdvhz khuhd frqwuro odz fdq ehfrp sxwhg dwohdvwdssur–lp dwho— / wkhvhwdvnvduh qrwuhsuhvhqwdwlyhri hyhu— gd— jrdo0gluhfwhg p ryhp hqwv1 Lq sduwlfxodu wkh— ljqruh p hfkdqlfdouhgxqgdqf— / g— qdp lf p dqlsxodwlrq ri remhfwv z lwk xqfhuwdlq sk— vlfdosurshuwlhv/ dqg lq jhqhudodq— qrqwulyldosodqqlqj1Dvvrrq dvz h ohdyh wkh grp dlq ri 5G wudqvsruwp ryhp hqwv ehwz hhq wduj hwv/ lwehfrp hv yhu— xqolnho— wkdwrswlp dofrqwuroodz v frxog eh frp sxwhg ehiruh p ryhp hqwrqvhw+lq idfw/ d qxp ehuri surrivh–lvwwkdwh–dfwvsdwldosodqqlqj sureohp v lq urerwlfvkdyh h–srqhqwldovsdfh frp soh–lw— F̂dqq— ;; ‘ 0edvlfdoo— p hdqlqj %lqwudfwdeoh%,1 Rqh p ljkwwkhq dvn/ z kdwfdq z h ohduq iurp d p rghori yld0srlqwwdvnv li lwlv fohdu wkdwwkh vdp h dojrulwkp fdqqrweh dssolhg wr p ruh lqwhuhvwlqj wdvnvB Wkh dqvz hu lv wkdwwkh frp sxwdwlrqdop rgholv glffihuhqwiurp wkh dojrulwkp 1 Rxu jrdokhuh lv wr vwxg— wkh surshuwlhv ri d v— vwhp wkdwlv dwwhp swlqj wr shuirup d fhuwdlq frp sxwdwlrq +p d–lp l˝h shuirup dqfh vxemhfwwr wdvn frqvwudlqwv,1 Wkh idfwwkdw z h fdq shuirup wkdwfrp sxwdwlrq dffxudwho— rqo— xqghuuhvwulfwhg frqglwlrqvlp solhvwkdwwkh elrorjlfdo v— vwhp p d— kdyh wr uhvruwwr dssur–lp dwlrqv lq p ruh frp soh– vlwxdwlrqv1 Z kloh wkdwz rxog dffihfwwkh ehkdylru ri wkh v— vwhp lq vrp h lp sohp hqwdwlrq0ghshqghqwz d— / z h z rxog h–shfwwkdwhffihfwwr eh ri %vhfrqg rughu%frp sduhg wr wkh surshuwlhv hp huj lqj rq wkh frp sxwdwlrqdo ohyho/ hvshfldoo— lq wdvnv z khuh z h nqrz wkdwvljqlfflfdqwdssur–lp dwlrqvduh qrwqhfhvvdu— 1

fi˘fi 5— LUΞ@t— ıUȷ T— ı4 @*ß L?— hL*

Lq wklv vhfwlrq z h vxp p dul˝h wkh fodvvlf uhvxowv ri vwrfkdvwlf rswlp do frqwuro wkhru— / z klfk z loo eh p rglfflhg odwhu wr vxlwrxu qhhgv1 Frqvlghu d v— vwhp z lwk vwdwh ♭_n z khuh ♭ lv d yhfwru ri uhdoqxp ehuv dqg n lv d glvfuhwh wlp h lqgh–1 Dwhdfk wlp h vwhs d frqwurovljqdoX_n lv vhohfwhg e— d frqwuroohu +z klfk z h duh wr ghvlj q,/ dq revhuydwlrq ♮_n lvrewdlqhg dv d ixqfwlrq ri wkh fxuuhqwvwdwh/ dqg wkh vwdwh p dnhv d wudqvlwlrq wr d qhz vwdwh=

♭_{n. 4} @ D♭_n . EX_n . Fκ_n +614,

♮_n @ K♭_n . J ϖ_n 5:

z khuh κ ⊃ Q+3>L, dqg ϖ ⊃ Q+3>L, duh qrup doo— glvwulexwhg udqgrp yduldeohv z lwk ˝hur p hdq dqg xqlwfryduldqfh/ fruuhvsrqglqj wr v— vwhp dqg revhuydwlrq qrlvh uhvshfwlyho—_61 Wkh frqwuroohu fdq rqo— revhuyhwkhvwdwhri wkhv— vwhp wkurxj k qrlv— p hdvxuhp hqwv/ dqg lqihulwvhyroxwlrq iurp qrlv— g— qdp lfv1

J lyhq hvwlp dwhv ri wkh p hdq +~♭^4, dqg fryduldqfh +Ψ^4, ri wkh vwdwh dwwlp h 4/ dqg doo revhuydwlrqv

♮_{n∗ 4} ⪅ ^♮^4>///>♮^{n∗ 4}‘ dqg frqwurov X_{n∗ 4} ⪅ X̂^4>///>X^{n∗ 4}‘ xs wr wlp h n ∗ 4/ wkh mre ri wkh frqwuroohu lv wr fflqg wkh ixqfwlrqvX_±^n ) ♮_{n∗ 4}>X_{n∗ 4}>~♭^4>Ψ^4 [ wkdwp lqlp l˝h wkh h–shfwhg frvw=

M@H ] ♭_W^Q T^Q ♭^Q . Q ∗ 4⋃ n@4 ] ♭_W^n T^n♭^n . X_W^n UX^n ⌊ ⌊ +615,

Wkh gxudwlrq ri wkh p ryhp hqwQ/ dv z hoodv wkh p dwulfhv lq wkh v— vwhp dqg frvwht xdwlrqv duh nqrz q1

Wklvsureohp lvfdoohg wkh OlqhduTxdgudwlf J dxvvldq +OTJ , uhjxodwru0vlqfh wkh v— vwhp ht xdwlrqvduh olqhdu/ wkh frvwixqfwlrq lv t xdgudwlf/ dqg wkh qrlvh p rgholvJ dxvvldq1

P lqlp l˝lqj vxfk d frvwixqfwlrq uht xluhvdwhdfk wlp h vwhs d fkrlfh ri X_±^n z klfk p lqlp l˝hvh–shfwhg frvwe— wdnlqj lqwr dffrxqwdoosrvvleoh vht xhqfhv ri ixwxuh frqwurovdqg revhuydwlrqv= p lq^{Xn} ] X_W^n UX^n . H ] ♭_W^n T^n♭^n ⌊ . H^{♮ n} ] p lq^{Xn . 4} ] X_W^{n. 4}UX^{n. 4} . H ] ♭_W^{n. 4}T^{n. 4}♭^{n. 4} ⌊ . H^{♮ n . 4} +÷÷÷, ⌊ ⌊ ⌊ z klfk lq j hqhudodp rxqwv wr dq h–kdxvwlyh vhdufk ri dq h–srqhqwldoo— oduj h vsdfh1 Wkxv lwlv t xlwh uhp dundeoh wkdwlq wkh OTJ fdvh wkh sureohp kdv dq h–dfwvroxwlrq +z klfk lv d p dmru vxffhvv ri frq0 whp srudu— p dwkhp dwlfv dqg kdv j lyhq ulvh wr dq lp p hqvh olwhudwxuh 0 vhh Ĝdylvdqg Ylqwhu; 8‘ iru d qlfh lqwurgxfwlrq,1 Lqwxlwlyho— / wkh sureohp lv wudfwdeoh ehfdxvh wkh h–shfwhg frvwdwwlp h n +fdoohg

%frvw0wr0j r%, fdq eh hydoxdwhg uhfxuvlyho— z lwkrxwshuirup lqj dq h–kdxvwlyh vhdufk +xqolnh frp sxwhu fkhvv iruh–dp soh,1Wkh vroxwlrq wr wklv sureohp lvj lyhq e— wkh iroorz lqj wkhruhp v=

Wkhr uhp 4 +Ndop dq I lowhulqj Doj r ulwkp , Wkh hvwlp dwhv ri wkh p hdq dqg fryduldqfh ri wkh vwdwh duh sursdjdwhg iruzdug lq wlp h dffruglqj wr=

~♭^{n. 4} @ D ~♭^n . EX^n . N^n ) ♮^n ∗ K ~♭^n [

N^n @ DΨ^nK_W ] KΨ^nK_W. J J_W ⌊^{∗ 4} Ψ^{n. 4} @ DΨ^nD_W. FF_W∗ DΨ^nK_W ] KΨ^nK_W. J J_W ⌊^{∗ 4} KΨ^nD_W vwduwlqj zlwk wkh jlyhq hvwlp dwhv ~♭^4 dqg Ψ^41 N^n lv fdoohg wkh Ndop dq jdlq p dwul–1

Wkhr uhp 5 +Rs wlp doF r qwur oOdz , Wkh rswlp dofrqwuroodz lv rewdlqhg iurp wkh vwdwh hvwlp dwhv ri wkh Ndop dq fflowhu/ dqg wkh frqvwdqwp dwulfhv O dqg V sursdjdwhg edfnz dugv lq wlp h= X_±^n @ ∗ O^n ~♭^n O^n @ ] E_WV^{n. 4}E . U ⌊^{∗ 4} E_WV^{n. 4}D

V^n @ DV^{n. 4}D_W. T^n ∗ DV^{n. 4}E_W ] EV^{n. 4}E_W. U ⌊^{∗ 4} EV^{n. 4}D_W

fiAΞi ! ?L¯ ? 4 @—hıUit Σ c` cß cOcB @hi UL?tı̇ ihi˙ UL?t—@?— Ξihi uLh tı4 T*ıUı—)cMΛ— — Ξi) MiUL4 i —ı4 i%t— @—i ˙iTi?˙i?—

Mi*L¯˘

5;

fhqwhuhg frruglqdwhvfrlqflgh_71

Wkh edvlf t xdqwlwlhv wkdwqhhg wr eh uhsuhvhqwhg dwhdfk srlqwlq wlp h +dqg wkxv frqvwlwxwh wkh

%vwdwh%♭ ri wkh v— vwhp , duh kdqg srvlwlrq +K^ı>K^ȷ , dqg wdujhwsrvlwlrqv ] W_s^ı >W_s^ȷ ⌊ s@4///S / z khuh wkh

vwduwlqj srvlwlrq lvwduj hw4 dqg wkh fflqdosrvlwlrq lvwdujhwS1Wkh frqwurovljqdolvwkh irufh dssolhg dw wkh kdqg1Lq rughuwr hydoxdwh wkh hffihfwri irufh +z klfk lvht xdowr dffhohudwlrq iruxqlwp dvv,/ z h qhhg wr nhhs wudfn ri erwk srvlwlrq dqg yhorflw— ) bK^ı > bK^ȷ [ ri wkh kdqg1Ghfflqlqj

♭ ⪅

K^ı K^ȷ bK^ı bK^ȷ W_4^ı

W_4^ȷ 1 1 W_S^ı W_S^ȷ

> X ⪅ �K^ı �K^ȷ > D ⪅

4 3 gw 3 3

3 4 3 gw 4 111 4 3 4

> E ⪅

3 3 3 3 gw 3 3 gw 1 1 1 1 3 3 z khuh gwlvwkh glvfuhwl˝dwlrq wlp h vwhs/ z h kdyh v— vwhp g— qdp lfv=

♭^{n. 4} @D♭^n . EX^n +616,

Wklv lv d p dwul– qrwdwlrq iru wkh glvfuhwh0wlp h ht xdwlrqv K +w. gw, @ K +w, . bK +w, gw/ bK +w. gw, @ bK +w, . �K +w, gw/ dqg W+w. gw, @ W+w, 0 wkh odvwht xdwlrq fruuhvsrqgv wr wkh idfwwkdwwdujhwv duh dvvxp hg vwdwlrqdu— 1 Lwlv dovr frqyhqlhqwwr sursdj dwh d frqvwdqw+ht xdowr 4, lq wkh vwdwh yhfwru ♭ wr doorz wkh hqfrglqj ri wdvn frqvwudlqwv ghfflqhg e— frqvwdqwt xdqwlwlhv1 Qrwh wkdwwkh vwdwh dqg frqwuro gr qrwfrqwdlq h— h p ryhp hqwlqirup dwlrq1H— h p ryhp hqwv z looeh kdqgohg glffihuhqwo— 1

fi˘e˘2 ß L?— hL*4 L˙i *@?˙ MıL4 i UΞ@?ıU@*4 ΛtU*i ThLTi h— ıi t

Lq wkhvwdwhirup xodwlrq deryhfrqwurovljqdovX duhdvvxp hg wr ehht xdowr wkhqhwp xvfohirufhj hqhudwhg dwwkh kdqg1 Wklv z rxog eh d qdwxudodvvxp swlrq lq frqwuroolqj d urerwdup gulyhq e— sxuh wrut xh dfwxdwruv1 P xvfohv krz hyhu duh glffihuhqwiurp sxuh wrut xh dfwxdwruv lq vrp h lp sruwdqwz d— v= wkh dp rxqwri irufhwkh— surgxfhlvqrwrqo— d ixqfwlrq ri qhxudodfwlydwlrq/ exwlvdovr dffihfwhg e— wkhohqj wk0 whqvlrq dqg irufh0yhorflw— fkdudfwhulvwlfv ri wkh p xvfoh N̂dqghohwdo1¡4/ P fP dkrq ;7‘1 I xuwkhup ruh wkh p rwruqhxurqdosrrogulylqj p xvfohvlvqrwkrp rj hqhrxv/ exwfdq eh vhsdudwhg lq wz r frp srqhqwv= δ p rwruqhxurqvgulylqj h–wudixvdop xvfoh fflehuvz krvh dfwlydwlrq lvdqdorjrxvwr sxuh irufh j hqhudwlrq/ dqg ζ p rwru qhxurqv gulylqj lqwudixvdop xvfoh fflehuv +frqwdlqlqj vslqgoh uhfhswruv, z krvh dfwlydwlrq ghwhup lqhv wkh ht xloleulxp srlqwiruwkh vwuhwfk uhıh–1D qxp ehu ri vhuyr frqwurowkhrulhv ri elrorjlfdo p ryhp hqwkdyh ehhq sursrvhg dffruglqj wr z klfk wkh FQVfrqwurov gluhfwo— wkh ζ p rwru qhxurqv +l1h1

e ‘ Ξı*i —Ξihi Ξ@ffli Mii? 4 @?) @h˝Λ4 i?— t hi˝@h˙ı?˝ — Ξi ?@—Λhi Lu—Ξi ULLh˙ı?@—it Λti˙ M) —Ξi ß Π 5 — L hiThiti?— tT@Uic

—Ξi @U—Λ@*ULLh˙ı?@—i t) t—i4 ¯ LΛ*˙ ?L— @giU— — Ξi MiΞ@fflıLh Lu—Ξi 4 L˙i*ThLfflı̇ i˙ —Ξihi ıt @L?i´—L´L?i 4 @TTı?˝ —L ¯ Lh*˙´

Ui?—ihi˙ ß @h— itı@? ULLh˙ı?@— it Ei˘˝˘ TL*@h tΞLΛ*˙ih´Ui?—ihi˙ 2# ULLh˙ı?@—itø˘

vhwv wkh ht xloleulxp srlqwiru wkh p xvfxor0vnhohwdov— vwhp ,/ dqg wkh dfwxdop ryhp hqwuhvxowv iurp wkh δ ∗ ζ frdfwlydwlrq orrs dqg vsulqj 0olnhp hfkdqlfdosurshuwlhvri p xvfohvÊl˝˝l hwdo1¡5‘1Wkhuhduhvrp h p dmrusureohp vz lwk vxfk p rghov=

⊆ wkh revhuyhg dfwlydwlrq ri ζ p rwru xqlwv grhv qrwsuhfhgh wkh dfwlydwlrq ri δ p rwru xqlwv e— d vxȷ flhqwdp rxqwri wlp h P̂ fP dkrq ; 7‘

⊆ wkh revhuyhg vwlffiqhvv+j dlq ri wkh vwuhwfk uhıh– soxvp xvfoh hodvwlflw— , dsshduvwrr orz wr dffrxqw iru p rvwudslg p ryhp hqwv Êhqqhwwhwdo1¡5/ J rp l dqg Ndz dwr ¡9‘/ dqg lq j hqhudowkh %vlp solffl0 fdwlrq%uhvxowlqj iurp wklvw— sh ri frqwuro+vhh Fkdswhu5, grhvqrwvhhp wr mxvwli— wkurz lqj dz d— wkh srvvlelolw— ri gluhfwirufh frqwuro^8

⊆ irufh2yhorflw— +lqvwhdg ri ht xloleulxp srvlwlrq dorqh, dsshduwr ehuhsuhvhqwhg lq wkh/dmrulw— fruwlfdo p rwruduhdvvwxglhg vr iduĴ hruj rsrxorvhwdo1;5/ Hyduwv9; / Mrkqvrq ¡5‘1

Wkxvz hz looqrwxvhsxuhht xloleulxp 0srlqwfrqwuro1Krz hyhulwlvfohduwkdwp xvfohvkdyhd vljqlfflfdqw dp rxqwri gdp slqj +z klfk lvqrwgxhwr sdvvlyhylvfrvlw— / exwuhvxowviurp wkhvkdshri wkhirufh0yhorflw— fxuyh, dqg wkdwvwlffiqhvv +uhvxowlqj iurp wkh vorsh ri wkh p xvfoh ohqj wk0whqvlrq fxuyh dv z hoo dv wkh vwuhwfk uhıh–, lv doz d— v suhvhqwN̂dqghohwdo1¡4‘1 Lwlv ghvludeoh wr eh deoh wr frp elqh irufh frqwuro z lwk ht xloleulxp 0srlqwfrqwurolq wkh p rgho1 Lqghhg/ wkh p lqlp xp 0mhun dqg p lqlp xp 0wrut xh0fkdqjh p rghov z huh ffluvwghyhorshg rq wkh ohyhori wkh dfwxdodup p ryhp hqw+lp so— lqj wkdwwkh frqwurovljqdo vhqwe— wkh FQVlvirufh ruwrut xh,1Odwhuerwk p rghovz huh p rglfflhg wr wdnh vwlffiqhvvdqg gdp slqj lqwr dffrxqw/ uhvxowlqj lq d ehwwhu fflwwr h–shulp hqwdogdwd1 Wkh lp suryhg dffxudf— ri wkh p rglfflhg p rghov +dvvxp lqj lwlv qrwgxh wr wkh suhvhqfh ri h–wud sdudp hwhuv, lp solhv wkdwwkh FQVfrqwurov gluhfwo— d klj khu0ohyho%irufh%/ ehiruh wkh hffihfwvri dup lp shgdqfh kdyh ehhq dgghg1

I rup doo— / dvvxp h wkdwwkh dffhohudwlrq ri wkh kdqg uhvxowv iurp d frp elqdwlrq ri SG frqwurodqg irufh frqwuro= �K @X_d ∗ e bK . n+X_h ∗ K, Khuh e dqg n duh frqvwdqwv fruuhvsrqglqj wr gdp slqj dqg vwlffiqhvv uhvshfwlyho— / z h duh dvvxp lqj p dvv p @4/ X_d lvwkh dffhohudwlrq sduwri wkh frqwurovlj qdo/ dqg X_h lvdq dgglwlrqdofrqwurovlj qdovshfli— lqj wkh ht xloleulxp srlqwiru wkh vwuhwfk uhıh–1 Qrwh wkdwX_h lv qrwwkh %ghvluhg%kdqg srvlwlrq dqg X_d lv qrwwkh %ghvluhg%kdqg dffhohudwlrq/ vlqfh wkh frqwuroohu lv dz duh ri wkh dfwxdokdqg g— qdp lfv1 Lwp d— eh lqwhuhvwlqj wr vwxg— wkh rswlp doz d— wr ydu— e dqg n e— lqfoxglqj wkhp lq wkh frqwurovljqdo/ krz hyhu wklv lv eh— rqg wkh vfrsh ri wkh suhvhqwp rgho+wkh v— vwhp g— qdp lfvehfrp hv qrqolqhdudqg uht xluhvdq dgglwlrqdoolqhdul˝dwlrq wr rewdlq wkh rswlp dofrqwuroodz ,1

Vxevwlwxwlqj �K iru X lq +616, dqg qrwlqj wkdwK dqg bK fdq eh h–wudfwhg iurp wkh fxuuhqwvwdwh ♭ / z h fdq uhghfflqh wkh v— vwhp g— qdp lfv= ♭_{n. 4} @ [D♭_n . [E [X_n DW— Ξ@t hiUi?— *) Mii? tΞL¯ ? dBhıMM*i i— @*˘ bHo— Ξ@— @?L?*ı?i@h ı4 Ti˙@?Ui 4 L˙i*U@? @UULΛ?— uLh —Ξiti �?˙ı?˝tc@— —Ξi ULt— Lui —h@@ttΛ4 T— ıL?t — Ξ@— tii4 hi@*ıt—ıUMΛ— Ξ@ffli ?L— )i— Mii? fflihı�i˙ i Tihı4 i?— @**)˘ ȷ ? —Ξi L— ΞihΞ@?˙cdk @¯ @—L bHo —h@ı?i˙ @?iΛh@*?i—¯ Lh! EU@T@M*i Lu *i@h?ı?˝ @*4 Lt— @hMı—h@h) ı4 Ti˙@?Ui uΛ?U— ıL?tø L? @*@h˝i @4 LΛ?— Lu Tih—ΛhM@— ıL? ˙@— @c @?˙ Λti˙ —Ξi —h@ı?i˙ ?i—¯ Lh! — L ı?uih —Ξi i^Λı*ıMhıΛ4 — h@˚iU—Lh) ´ UL?�h4 ı?˝ — Ξiıh ThifflıLΛt UL?U*ΛtıL? —Ξ@— ı— ıt Œ4 Lhi UL4 T*i Œ —Ξ@? — Ξi @U—Λ@*—h@˚iU— Lh)˘ W? iı— Ξih U@tic¯ Ξi? @?L?*ı?i@h ı4 Ti˙@?Ui 4 L˙i*ıt Λti˙ — LThL˙ΛUi UL4 T*i UΛhffli˙ 4 Lffli4 i?—tcı— ıt ?L— fflih) U*i@h ΞL¯ —L 4 Lffli — Ξi i^Λı*ıMhıΛ4 TLı?— Lu— Ξi @h4 E@?˙ ti— — Ξi L— Ξih T@h@4 i—iht Lu—Ξi 4 L˙i*ø ı? Lh˙ih —L @UΞıiffli — Ξi ˙itıhi˙ 4 Lffli4 i?—˘

z khuh [D @D ∗ nEL^K ∗ eEL^{bK} > [E @ ⌋ E nE ⌈ > [X @ X_d X^h dqg L^K dqg Lb^K duh lghqwlw— p dwulfhv sdgghg z lwk 3*v wkdwh–wudfwK dqg bK iurp ♭ 1 Wkxv dgglqj SG frqwurowr wkh gluhfwirufh frqwurop rghoohdyhv wkh v— vwhp g— qdp lfv lq wkh vdp h irup 1 Wkh uhp dlqlqj sduwri wkh ghulydwlrq grhv qrwghshqg rq wkh h–dfwydoxhv ri D dqg E/ vr SG frqwurofdq eh dgghg lqghshqghqwo— ri rwkhup rglfflfdwlrqv1

Wklv p rghodoorz v wkh frqwuroohu wr vhwX^d>X^h lqghshqghqwo— / vr lwfdq dfklhyh wkh vdp h hqgsrlqw irufh z lwk glffihuhqwfrqwurovljqdov1 I lwwlqj vxfk d p rghowr gdwd lv glȷ fxowz khq wkh dgglwlrqdofrvwv

+vhhehorz , dvvrfldwhg z lwk wkhglffihuhqwfrp srqhqwvri wkhfrqwurovljqdoduhxqnqrz q/ h1j 1li z hdvvxp h wkdwrqo— X^d lqfxuvdq dgglwlrqdofrvw/ wkh frqwuroohuz loovhwlwwr 3 dqg xvh X^h wr p ryh wkh kdqg/ z klfk lvxquhdolvwlf1Dovr/ wkhht xloleulxp srlqwri wkhp xvfxor0vnhohwdov— vwhp fdqqrwehfrqwuroohg frp sohwho— lqghshqghqwo— = z kloh wkh v— vwhp lv iuhh wr vhwwkh dfwlylw— ri ζ dqg δ p rwru xqlwv lqghshqghqwo— / wkh vwlffiqhvvghshqgvrq erwk p xvfoh dfwlydwlrq +X^d, rq d vkruwwlp h vfdoh dqg wkh vwuhwfk uhıh– rq d orqj hu wlp h vfdoh Q̂lfrovdqg Krxn : 6‘1 Wkxv lq wkh vlp xodwlrqv z h z looxvh d vlp sohuyhuvlrq/ z klfk suhvhuyhv wkh gdp slqj dqg vwlffiqhvv whup v lq wkh v— vwhp g— qdp lfv [D exwfrp elqhv wkh wz r frqwurovlj qdov lqwr d vlqjoh X +l1h1z h xvh wkh ruljlqdoE dqg X ghfflqhg deryh,1

fi˘e˘fi Π i ΛhL4 L— Lh ?Lıti

Frp sdulqj +614, wr +616, z h vhh wkdwwkh rqo— glffihuhqfh lv wkh suhvhqfh ri qrlvh lq wkh OTJ uhj xodwru1

Qrlvh lv d yhu— lp sruwdqwfrqfhswlq p rghoolqj elrorjlfdovhqvru— 0p rwru surfhvvlqj1 Lwlv suhvhqwerwk lq wkh vhqvru— lqsxw+vhh ehorz , dqg wkh p rwru rxwsxwri wkh v— vwhp 1 Wkh odwwhu irup ri qrlvh +fdoohg qhxurp rwru qrlvh/ P̂ h— huhwdo1; 5‘, lv xvhg wr ghvfuleh wkh xqfhuwdlqw— ri wkh dfwxdoirufh surgxfhg e— wkh p xvfohv iru d j lyhq fhqwudovlj qdo1 Wkxv lwlv qrwyhu— uhdolvwlf wr p rghoqhxurp rwru qrlvh dv ehlqj dgglwlyh/ ru ghshqghqwrq wkh vwdwh ri wkh dup 0 vlqfh wkh rqo— xqsuhglfwdeoh irufhv dffihfwlqj wkh dup lq wkh w— sh ri p ryhp hqwv frqvlghuhg khuh duh p xvfoh irufhv1 Lwkdv ehhq hvwdeolvkhg wkdw wkh huuru lq surgxflqj d ghvluhg irufh ohyhoe— kxp dq vxemhfwv lv sursruwlrqdowr wkh dp rxqwri irufh

V̂fkp lgwhwdo1:¡‘ vxj jhvwlqj d qrlvh whup p xowlso— lqj wkh frqwurovlj qdolq rxup rgho=

♭^{n. 4} @D♭^n . +E . κ^nF, X^n . Gη^n +617, z khuh κ^n ⊃ Q+3>4, lvd J dxvvldq udqgrp yduldeoh/ η^n ⊃ Q+3>L, kdvd p xowlyduldwh qrup doglvwulexwlrq/

F @ϕ^XE z khuh ϕ^X lv wkh vwdqgdug ghyldwlrq ri wkh frqwuroqrlvh1 Z h dovr suhvhuyh wkh dgglwlyh qrlvh whup wr eh deoh wr p rghorwkhuvrxufhvri qrlvh/ vxfk dvvp dooerg— vkliwvuhodwlyh wr wkh h–whuqdoz ruog

+vhh ehorz ,1 Li SG frqwurolv ehlqj xvhg/ wkh qrlvh whup z loodffihfwerwk wkh gluhfwirufh frp srqhqw ri wkh frqwurovlj qdodv z hoodv wkh ht xloleulxp srvlwlrq frp srqhqw1 Qrwh wkdwrxu p rghori frqwuro qrlvh fruuhvsrqgv wr fruuhodwhg glvwxuedqfhv lq doofrp srqhqwv ri wkh frqwurovlj qdoX/ l1h1 wkh irufh glvwxuedqfh z loodoz d— volh dorqj wkh fxuuhqwirufh yhfwru+z klfk lv uhdvrqdeoh vlqfh hdfk p xvfoh dssolhv hqg0srlqwirufh lq rqh gluhfwlrq/ dqg p xvfohvwkdwduh p ruh dfwlyh duh dvvxp hg p ruh qrlv— ,1

Dvglvfxvvhg lq Fkdswhu5/ wkh p rvwolnho— vrxufh ri qrlvh lvqrwwuxh udqgrp qhvv+z klfk lvz kdwwkh deryh p rgholp solhv, exwd idloxuh wr wdnh lqwr dffrxqwdoofrp soh–lwlhv ri wkh frqwuroohg v— vwhp 1 I ru h–dp soh/ p xvfohv p d— surgxfh d irufh glffihuhqwiurp wkh ghvluhg ohyhoehfdxvh wkhlu fxuuhqwp hwderolf vwdwh/ p rp hqwdup dqg jhrp hwu— / uhfuxlwp hqwohyho/ srvlwlrq dorqj wkh ohqjwk0whqvlrq fxuyh/ hwf1 duh qrwhvwlp dwhg dffxudwho— 1 Vxfk lqdffxudflhv duh olnho— wr ıxfwxdwh vorz o— ryhu wlp h1 Wkxv lwp d— eh

ghvludeoh wr xvh d whp srudoo— fruuhodwhg lqvwhdg ri d z klwh qrlvh p rgho1D whp srudoo— fruuhodwhg surfhvv kdvlwv rz q vwdwh rup hp ru— =

♭_{n. 4} @ D♭_n . EX_n . σ_n σ_{n. 4} @ dσ_n . κ_nFX_n . Gη_n

z khuh d fruuhvsrqgv wr wkh dp rxqwri whp srudofruuhodwlrq +d @3 uhfryhuv wkh z klwh qrlvh surfhvv,1 Dj dlq z h fdq uhz ulwh wkh p rglfflhg v— vwhp lq wkh irup =

[♭_{n. 4} @ [D [♭_n . ) [E . κ_n [F [ X_n . [Gη_n z khuh

[♭ @ ♭ σ > [D @ D L 3 dL > [E @ E 3 > [F @ 3 F > [G @ 3 G Wkxv dgglqj whp srudoo— fruuhodwhg qrlvh ohdyhv wkh v— vwhp lq wkh irup +617,/ vr lwfdq eh dgghg lqgh0 shqghqwo— ri rwkhup rglfflfdwlrqv^91

fi˘e˘e ¸ i huLh4 @?Ui ı?˙i @?˙ — ı4 ı?˝

Wr ghfflqh d shuirup dqfh lqgh– vlp lodu wr wkh frvwixqfwlrq +615, z h kdyh wr ffl– wkh p dwulfhv T_n>U dqg wkh ghvluhg p ryhp hqwgxudwlrq Q1 Z khq p ryhp hqwgxudwlrq lv vshflfflhg ffl–lqj Q lv vwudlj kwiruz dug1 Krz hyhu/ hyhq lq wkrvh fdvhvwkh vshflfflhg p ryhp hqwgxudwlrq z looqrwdoz d— veh dfklhyhg h–dfwo— 1Wkxv lwp d— vhhp dssursuldwh wr dgg wkh glffihuhqfh ehwz hhq wkh vshflfflhg dqg dfwxdop ryhp hqwgxudwlrqv wr wkh frvwixqfwlrq/ rudgg d shqdow— whup wkdwlqfuhdvhvz lwk p ryhp hqwgxudwlrq +dvlq K̂rffi ¡7‘,1Lq wkh suhvhqwp rghowklv lv yhu— glȷ fxowvlqfh wkh dfwxdop ryhp hqwgxudwlrq lv qrwh–solflwo— uhsuhvhqwhg lq wkh vwdwh ht xdwlrqv/ vr z h z lookdyh wr lqihu lwiurp wkh wudmhfwru— 1 Hydoxdwlqj dq h–suhvvlrq ryhu wkh hqwluh wudmhfwru— +diwhuwkh p ryhp hqwlvfrp sohwhg, p dnhvlwlp srvvleoh wr ghfflqh d frvw0wr0jr ixqfwlrq/ z klfk holp lqdwhv doodgydqwdj hv ri xvlqj wkh OTJ iudp hz run1 Lqvwhdg ri dgglqj dq h–solflwp ryhp hqw gxudwlrq frvw/ z h z loolqfrusrudwh lwlp solflwo— e— uht xlulqj kdqg yhorflw— wr ydqlvk dwwlp h Q 0 wkxv p ryhp hqwv z lwk lqfruuhfwgxudwlrq z looeh shqdol˝hg1 E— ydu— lqj wkh uhodwlyh z hljkwri wkh whup lqdo yhorflw— frqvwudlqwz h fdq lqgluhfwo— ydu— wkh z hljkwri wkh gxudwlrq frqvwudlqw1 Wklv dssur–lp dwlrq p d— qrweh dssursuldwh z khq p ryhp hqwgxudwlrq lv wkh yduldeoh ri lqwhuhvw/ exwlwvhhp v uhdvrqdeoh lq fdvhvz khuh gxudwlrq lvhlwkhuvshflfflhg/ rulwkdvd vlp soh vfdolqj hffihfw1

Wkh T_n p dwulfhv hqfrgh wkh uht xluhp hqwwr sdvv wkurxj k wduj hwv +dqg vwrs dwwkh hqg,1 Z khq lqwhup hgldwh wduj hwv duh suhvhqw/ wkh sdvvdjh wlp hv wkurxjk wkhp duh qrwnqrz q lq dgydqfh vr z h gr qrwnqrz z klfk T_n wr vhw1Qrwh wkdwwklvlqghwhup lqdf— lvglffihuhqwiurp xqnqrz q p ryhp hqwgxudwlrq= ydu— lqj yld0srlqwsdvvdj h wlp hvgrhvqrwuht xluh dq dgglwlrqdoduelwudu— z hlj kw/ z klfk lvqhfhvvdu— z lwk xqnqrz q gxudwlrq wr suhyhqwlqfflqlwho— vorz dqg lqfflqlwho— dffxudwh p ryhp hqwv1Rxuvwudwhj— lvwr vroyh wkhsureohp z lwk ffl–hg sdvvdjhwlp hvN @^4>n_5>///>n_{S ∗ 4}>Q‘dqg wkhq lp sohp hqwdq rxwhup lqlp l˝dwlrq orrs ryhu wkh yhfwru N1 D j rrg z d— wr lqlwldol˝h N lv wr h–wudfwlwiurp wkh p lqlp xp 0mhun wudmhfwru—

S5— hıU— *) tTi@! ı?˝ — Ξi ?Lıti ı? — Ξıt uLh4 ıt ThLTLh—ıL?@*—L —Ξi ThifflıLΛt UL?—hL*tı̋ ?@*ı?t—i@˙ Lu—Ξi UΛhhi?— L?ic MΛ— —Ξ@— ıt ?L— *ı!i*) —L 4 @!i @˙ıgihi?Ui tı?Ui UL?ti^Λ—ıffli UL?—hL*t @hi fflih) tı4 ı*@h˘

+vhh Fkdswhu 9,1

Vxssrvh wkdwdwwlp h n^l wkh kdqg K lv uht xluhg wr sdvv wkurxj k wdujhwW_l1 Ghfflqh d p dwul– G^{ml}

+xquhodwhg wr wkhdgglwlyhqrlvhwhup deryh, wkdwh–wudfwvwkhglffihuhqfhehwz hhq wduj hwvmdqg l +odeholqj wkh kdqg dvwdujhw3,=

G^{3l} @ 4 3 ÷÷÷ ∗ 4 3 ÷÷÷ 3 4 ÷÷÷ 3 ∗ 4 ÷÷÷ > G^{3l}♭ @ K_ı ∗ W_{lı} K^ȷ ∗ W_l^ȷ +G^{3l}♭ ,_WG^{3l}♭ @ ♭_WG_W^{3l}G^{3l}♭ @ ] K^ı ∗ W_l^ı ⌊^5 . ] K^ȷ ∗ W_l^ȷ ⌊^5 vxjj hvwlqj wkdwT vkrxog eh ghfflqhg dv=

T^{nl} ⪅ z^lG_W^{3l}G^{3l}> T^{n ∂▽ N} ⪅ 3 z khuh z^l fruuhvsrqgv wr wkh z lgwk ri wdujhwl/ ru wkh uht xluhg dffxudf— dwwkdwwduj hw1 Wr hqfrgh wkh whup lqdoyhorflw— frqvwudlqw+z lwk z hlj kwy, z h kdyh wr dgg d whup =

T^Q @T^{nS} . yG_{yW}G_y> G_y @ 3 3 4 3 ÷÷÷ 3

3 3 3 4 ÷÷÷ 3

Lwlv dovr srvvleoh wr hqfrgh frqvwudlqwv wkdwhqirufh d yhorflw— rwkhu wkdq 3 dwvshflfflhg srlqwv lq wlp h/ e— xvlqj wkh frqvwdqw4 z h duh sursdj dwlqj lq wkh vwdwh yhfwru ♭ 1

I lqdoo— / wkh OTJ frvwixqfwlrq +615, lqfoxghvd shqdow— iruwkh frqwurovlj qdo1Wkhuh duh wz r uhdvrqv irulqfoxglqj wklv h–wud frvwlq hqj lqhhulqj dssolfdwlrqv=

⊆ wkh vt xduh ri wkh frqwurovljqdoX_WUX fruuhvsrqgv wr vrp h sk— vlfdot xdqwlw— +h1j1 hqhuj — , wkdw z h z rxog olnh wr p lqlp l˝h

⊆ lqfoxglqj d %uhj xodul˝hu%wxuqv dqg loo0srvhg sureohp +rqh z lwk lqfflqlwho— p dq— vroxwlrqv, lqwr d z hoo0srvhg sureohp 1

Lq elrorjlfdop rwru frqwurolwfrxog p dnh vhqvh wr p lqlp l˝h p hwderolf dfwlylw— / ru p xvfoh whqvlrq/ ru qhxurqdofflulqj/ hwf1 doori z klfk fruuhvsrqg wr dq hqhuj— 0olnh whup lq wkh frvwixqfwlrq1 Krz hyhu/ frp sdulvrqv ri p lqlp l˝dwlrq p rghov edvhg rq ghulydwlyhv ri glffihuhqwrughu vwurqjo— vxjj hvwv wkdwli dq— wklqj lvehlqj p lqlp l˝hg/ lwlvwkhvt xduhg ghulydwlyhri dffhohudwlrq udwkhuwkdq vt xduhg dffhohudwlrq lwvhoi1Wkxvz h z loolqfoxgh wkh whup +X^n ∗ X^{n∗ 4},_WU+X^n ∗ X^{n∗ 4}, udwkhuwkdq X^n_WUX^n1Wklvdgglwlrqdo frvwwhup uhsuhvhqwv d ghyldwlrq iurp rxu p lqlp dolvwsulqflsoh ri frqvwuxfwlqj d p rghoedvhg rq wdvn uht xluhp hqwvrqo— ¿wkhhylghqfhirulwz looehglvfxvvhg h–whqvlyho— odwhu1Khuhz hqrwhwkdwvhwwlqj U @3 holp lqdwhvwklvwhup / dqg vhwwlqj wr 3 d fhuwdlq sdudp hwhuwkdwz loodsshduodwhudfwxdoo— wudqvirup vwklv whup lqwr X^n_WUX^n/ vr z h fdq vwxg— glffihuhqwyhuvlrqvri wkh dgglwlrqdofrvwlq wkh vdp h jhqhudop rgho1

Z hxvhU @Lu∂gw_5 z klfk shqdol˝hvwkhohqjwk ri wkhmhun yhfwruz lwk z hljkwu1Z lwk wkhderyhghfflqlwlrqv/ wkh frvwixqfwlrq irurxup rghoehfrp hv=

M@H ]^Q ⋃ n@4 ♭_W^n T^n♭^n . Q⋃ n@4 +X^n ∗ X^{n∗ 4},_WU+X^n ∗ X^{n∗ 4}, ⌊ +618,

Lwlvdovr srvvleohwr shqdol˝hmhun lqvwhdg ri dffhohudwlrq e— lqfoxglqj dffhohudwlrq lq wkhv— vwhp vwdwh/ ghfflqlqj wkhfrqwurovlj qdowr ehmhun/ dqg xvlqj d X_n^WUX_n whup dvlq wkhOTJ frvw+h1j1K̂rffi ¡7‘,1Wklv lv vrp hz kdwohvv qdwxudo/ dqg dovr ohdgv wr glȷ fxowlhv z khq frp elqhg z lwk lp shuihfwvwdwh revhuydwlrq dqg d qrlvhp rghosursruwlrqdowr dffhohudwlrq 0wkhqrlvhehfrp hvsursruwlrqdowr wkh +xqfhuwdlq, vwdwh/ frp solfdwlqj p dwwhuvodwhulq wkh ghulydwlrq1

fi˘e˘D ¨ L— Lh — i 4 T*@— i t @?˙ *i @h?ı?˝

Z h duj xhg lq Fkdswhu 5 dj dlqvwwkh %p rwru surj udp %ylhz dffruglqj wr z klfk p ryhp hqwv uhvxowiurp wkh h–hfxwlrq ri suhghfflqhg whp sodwhv/ dqg lq idyruri d p ruh urexvwp rghoz klfk doz d— vp dlqwdlqvwkh j rdori wkh p ryhp hqwdqg dwwhp swv wr fflqg wkh frqwurovlj qdov wkdwp d–lp l˝h h–shfwhg shuirup dqfh1 Wkh p rghoghyhorshg wkxvidufohduo— ehorqjv wr odwwhufdwhj ru— 1Li wkh sodqwlvp rghohg dffxudwho— +l1h1 dooqrlvh whup v duh xqsuhglfwdeoh, dqg wkhuh lv vxȷ flhqwwlp h wr frp sohwh wkh uht xluhg frp sxwdwlrqv rq0olqh/ vxfk d p rghoz rxog lqghhg eh rswlp dodqg p rwru whp sodwhv z rxog qrwfrqwulexwh dq— wklqj wr shuirup dqfh1Krz hyhu/ lwlvolnho— wkdwvrp h huuruvduh vwdwh0ghshqghqwdqg wkh p rwru v— vwhp grhvqrw doz d— v kdyh wkh wlp h wr frp sohwh doofrp sxwdwlrqv1 Lq wkrvh fdvhv lwp d— eh dgydqwdjhrxv wr vwruh lqirup dwlrq derxwwkh frqwurovljqdovxvhg rq suhylrxv wuldov1

Krz vkrxog wkdwsulrulqirup dwlrq eh uhsuhvhqwhg dqg lqfrusrudwhg lqwr wkh rswlp dofrqwurop rghoB Wkh deryh irup ri wkh frvwixqfwlrq +618, doorz v dq dowhuqdwlyh lqwhusuhwdwlrq ri wkh dgglwlrqdofrqwuro0 ghshqghqwwhup / vxj jhvwlqj d qdwxudoz d— wr xvh lqirup dwlrq frp slohg iurp suhylrxv wuldov1 Dwwlp h n z h duh shqdol˝lqj ghyldwlrqv ri wkh frqwurovljqdoX_n dz d— iurp wkh %ghvluhg%ydoxh X_{n∗ 4} +z klfk lv frp sxwhg dwwkh suhylrxvwlp h vwhs dqg wkhuhiruh fdq eh wuhdwhg dvd nqrz q frqvwdqw,1WkxvX_{n∗ 4} fdq eh vhhq dvd %klqw%derxwwkh qh–wfrqwurovlj qdo/ dqg U dvd p hdvxuh ri krz vhulrxvo— wkdwklqwvkrxog eh wdnhq1 Wkh uhdvrq z h fkrvh X_{n∗ 4} dv wkh ghvluhg ydoxh iru X_n z dv wr shqdol˝h mhun1 Lqvwhdg z h frxog xvh d glffihuhqwklqw/ h1j 1 wkh frqwurovljqdoX_n frp slohg iurp suhylrxv vxffhvvixowuldov1 Wkhuh duh wz r glvdgydqwdjhv wr xvlqj dq h–solflw%whp sodwh%X_{4///Q} =

⊆ Vlqfh wkh whp sodwh lv qrwvwdwh0ghshqghqw/ lwehfrp hv xqxvdeoh li wkh frqfflj xudwlrq ri wduj hwv lv wudqvodwhg ru urwdwhg ru vfdohg +z klfk lv vxerswlp do iurp d wkhruhwlfdo srlqwri ylhz dqg dovr frqwudglfwv revhuydwlrqv ri nlqhp dwlf lqyduldqfhv lq sodqdup ryhp hqwv,

⊆ Wkh %uhdo%rxwsxwri wkh rswlp dofrqwuroohu lv wkh ixqfwlrq X^± @O~♭ ghfflqhg e— wkh p dwulfhv O/ z kloh wkh dfwxdofrqwurovlj qdoX lvmxvwwkh ydoxh ri wkh rswlp dofrqwuroodz irud +srvvleo— qrlv— , vwdwh hvwlp dwh ~♭ 1

Wkxvlwp d— eh suhihudeoh wr vwruh suhylrxvo— frp sxwhg frqwuroodz vO udwkhuwkdq frqwurovlj qdovX/ dqg frp sxwh wkh klqwv dv X_n @O_n ~♭ 1 Dv z h z loovhh ehorz lwlv frqyhqlhqw+gxh wr wkh vhqvru— ghod— , wr dxjp hqwwkh vwdwh z lwk wkh p rvwuhfhqwfrqwurovljqdov/ dqg vr wkh suhylrxv frqwuroX_{n∗ 4} fdq eh h–wudfwhg iurp wkh dxj p hqwhg vwdwh L_n=X_{n∗ 4} @L_4L_n z khuh L_4 lv d frqvwdqwp dwul– wr eh ghfflqhg odwhu1 Wkhuhiruh wkh frqwurofrvwwhup lq +618, lvdouhdg— lq %klqwirup %/ z lwk %ghidxow%frqwuroodz O@L_41E— xvlqj d glffihuhqwO z h fdq p dnh X ghshqghqwrq ~♭ dvz hoodvwkh p rvwuhfhqwfrqwurovlj qdo1Lwp d— eh lqwhuhvwlqj lq ixwxuhz run wr fflqg d ohduqlqj dojrulwkp wkdwfrp slohvOiurp suhylrxvwuldovdqg frp elqhv lwz lwk wkh lqlwldoydoxh L_4 lq vrp h %rswlp do%z d— 1

Wkhdgglwlrqdofrvwwhup deryhlvqrwp hdqwwr fkdqjh wkh rswlp dofrqwuroodz / exwlqvwhdg wr %eldv% wkh frqwuroohuvr wkdwwkh rswlp dofrqwuroodz lvfrp sxwhg idvwhudqg2rup ruh dffxudwho— +z khwkhuwkdw lv lqghhg wkh fdvh uhp dlqv wr eh yhulfflhg lq vlp xodwlrqv,1 Wklv lv uhp lqlvfhqwri qxp hulfdorswlp l˝dwlrq p hwkrgv +h1j1 vlp xodwhg dqqhdolqj / uhod–dwlrq p hwkrgv/ hwf1, wkdwfflqg vroxwlrqv wr glȷ fxowsureohp v

e— ffluvwdssur–lp dwlqj wkhp z lwk vlp sohu rqhv/ fflqglqj d vroxwlrq/ dqg wkhq wudfnlqj lwz kloh wkh ds0 sur–lp dwlrq lv j udgxdoo— holp lqdwhg Ŝuhvv hwdo1¡5‘1 Lv lwsrvvleoh wkdwwkh p lqlp xp 0mhun frvw+z klfk wdnhv wkh irup ri d ghidxowfrqwuroodz , kdv d vlp lodu ixqfwlrqB Dv p hqwlrqhg hduolhu/ mhun lv qrwd sduwlfxoduo— p hdqlqj ixot xdqwlw— wr p lqlp l˝h vlqfh lwgrhvqrwfruuhvsrqg wr dq— sk— vlfdouhvrxufh wkdw p d— eh lp sruwdqwwr wkh p rwru v— vwhp 1 Lwkdv ehhq vxj jhvwhg K̂rjdq dqg I odvk ; :‘ wkdwp lqlp l˝lqj klj khu0rughu ghulydwlyhv uhvxowv lq p ruh %suhglfwdeoh%p ryhp hqwv/ z klfk p d— eh dgydqwdj hrxv iurp d frp sxwdwlrqdosrlqwri ylhz +wkdwqrwlrq kdv qrwehhq p dgh p ruh h–solflwvlqfh wkhq,1 Dowkrxj k wklv vxjj hvwlrq lvvlp lodulq vslulwwr wkh %eldv%ixqfwlrq sursrvhg deryh/ qrwh wkdwrqh fdq p dnh p ryhp hqwv suhglfwdeoh e— dgglqj dq duelwudu— vwdwh0ghshqghqwwhup wr wkh frvwixqfwlrq dqg vr %suhglfwdelolw— %lq lwvhoi fdqqrwh–sodlq z k— d sduwlfxodughulydwlyh vkrxog eh p lqlp l˝hg1

Lq wkh deryh p rgholwlv hdv— wr vhh z k— wkh ghidxowfrqwuroodz vkrxog p lqlp l˝h mhun1 Vxssrvh z h z huh wr vwduwz lwk duelwudu— O^4 dqg lwhudwh wkh ohduqlqj uxoh O^{W. 4} @+4∗ ϱ, O^W. ϱO^W ryhud qxp ehuri frqwh–wv+wdujhwfrqffljxudwlrqv, z kloh j udgxdoo— ghfuhdvlqj wkh ohduqlqj udwh ϱ1Z kdwz rxog O frqyhujh wrBGxh wr v— p p hwu— / lwfdqqrwfrqwdlq dq— vshflfflf %frp p dqgv%vxfk dvwxuq ohiw/ wxuq uljkw/ vshhg xs/ vorz grz q/ hwf1 +h1j 1 iru hyhu— wdujhwfrqfflj xudwlrq uht xlulqj ohiwwxuqv wkhuh lv d wdujhwfrqfflj xudwlrq uht xlulqj ulj kwwxuqv,1 O fdq rqo— hqfrgh klqwv wkdwduh ydolg ryhu wkh hqwluh idp lo— ri p rwru wdvnv1

Rqh reylrxv klqwlv wkdwrq dyhudj h wkh frqwurovlj qdouhp dlqv xqfkdqj hg/ l1h1 wkh h–shfwhg ydoxh ri

X^n frqglwlrqdoxsrq X^{n∗ 4} +z lwkrxwdq— wdujhwlqirup dwlrq, lv X^{n∗ 4}1 Wkxv wkh ghidxowfrqwuroodz z loo frqyhuj h wr d frvwixqfwlrq uht xlulqj wkh frqwurovljqdo+z kdwhyhulwlv, wr uhp dlq frqvwdqw1Wkh uhdvrq mhun dsshduv wr eh p lqlp l˝hg lv d %vlgh hffihfw%ri wkh idfwwkdwwkh frqwurovlj qdolv sursruwlrqdowr dffhohudwlrq1

fi˘e˘S 5i ?tLh) 4 L˙i *

Uhfdoolqj +614,/ wkh vhqvru— p rghovshflfflhv krz wkh p hdvxuhp hqwyhfwru ghshqgv rq wkh fxuuhqwvwdwh dqg p hdvxuhp hqwqrlvh= ♮ @ K♭ . J ϖ1 Z h frqvlghu wz r fkdqqhov ri vhqvru— lqsxw0 ylvlrq dqg sursulrfhswlrq1 Dq hffihuhqfh frs— +doosuhylrxv frqwurovljqdov, lv dovr dydlodeoh wr wkh frqwuroohu/ exw wkdwlvqrwd sduwri wkh vhqvru— p rgho+qrwh wkdwwkh hffihuhqfh frs— lvdovr qrlv— / vlqfh wkh dfwxdoirufh surgxfhg fdq eh glffihuhqwiurp wkh frqwuroohg irufh,1Dvvwdwhg deryh/ vsdwldolqirup dwlrq lq wkh v— vwhp vwdwh ♭ lv uhsuhvhqwhg lq d z ruog2erg— 0fhqwhuhg frruglqdwh v— vwhp +dvvxp hg wr eh Fduwhvldq, vr doo vhqvru— p hdvxuhp hqwvkdyhwr ehwudqvirup hg lqwr wkdwfrruglqdwh v— vwhp 1Lq sduwlfxodu/ sursulrfhswlyh lqirup dwlrq derxwkdqg srvlwlrq dqg h— h ffl–dwlrq kdv wr eh lqwhjudwhg ryhu vhyhudomrlqwv1 Wkhuh p d— eh lqdffxudflhv lq wkhvh frruglqdwh wudqvirup dwlrqv/ z klfk z h p rghodv dgglwlrqdovhqvru qrlvh1 Wkxv wkh qrlvh whup J lv wkh vxp ri %wuxh%qrlvh dqg wudqvirup dwlrq huuruv1 Wkh p djqlwxgh ri wkh qrlvh lv nqrz q/ l1h1 wkh frqwuroohu kdv hvwlp dwhv ri wkh uholdelolw— ri hdfk vhqvru +wkhvh hvwlp dwhv p d— ehfrp h lqdffxudwh li dq h–shulp hqwhulqwurgxfhv ihhgedfn shuwxuedwlrqv 0vhh ehorz ,1

Lwlv z hoonqrz q wkdwvhqvru— 0p rwru shuirup dqfh lqfuhdvhv z lwk surfhvvlqj wlp h1 I ru h–dp soh/ wkh h–shulp hqwv ri K̂hqlqj hwdo1;; / J kh˝ hwdo1¡:‘ vkrz wkdwylvxdolqirup dwlrq derxwd ghvluhg p rwru uhvsrqvh lvdydlodeoh z hooehiruh wkh qrup douhdfwlrq wlp h +UW,/ dqg dvp ruh surfhvvlqj wlp h lvdoorz hg wkh uhvsrqvh ehfrp hv p ruh dffxudwh= li vxemhfwv duh dvnhg wr uhvsrqg ehiruh wkh UW/ wkh uhvsrqvh lv qrwfrp sohwho— udqgrp exwlqvwhdg dssur–lp dwhv wkh vshflfflhg uhvsrqvh1 Wkh rswlp dofrqwurop rgho fdq fdswxuh wklv skhqrp hqrq t xlwh qdwxudoo— 1 Frqvlghu d %slsholqh%lq z klfk vhqvru— lqsxwv duh ehlqj surfhvvhg1Rewdlqlqj dqg surfhvvlqj rqhlqsxwwdnhvΞ wlp hvwhsv+Ξ ⋆ UW, ehiruhlwehfrp hvdydlodeoh wr wkh frqwuroohu/ dqg wkh yduldelolw— ri lqsxwvduulylqj dwwkh hqg ri wkh slsholqh lvdoz d— vwkh vdp h +J ,1

Wkh rswlp dohvwlp dwlrq surfhgxuh frp elqhv doodydlodeoh p hdvxuhp hqwv wr rewdlq dq hvwlp dwh z krvh dffxudf— lqfuhdvhv ryhu wlp h1 Wkxv d sduwri wkh frqwuroohu lv dfwxdoo— lqyroyhg lq vhqvru— surfhvvlqj /

fruuhvsrqglqj wr wkh Ndop dq fflowhuderyh^: 1

Qrz z h wxuq wr wkh p rghori ylvxdosurfhvvlqj dqg h— h p ryhp hqwv1 Vlqfh wkh sulp du— j rdokhuh lv wr vwxg— dup p ryhp hqwv/ z h z looeh vdwlvfflhg z lwk d p ruh skhqrp hqrorjlfdoghvfulswlrq ri ylvlrq1 Lq sduwlfxodu/ z h z loodvvxp h wkdwvxemhfwv doz d— v xvh vdffdghv z klfk vhhp v wr eh wkh fdvh +lq idfw/ z khq wduj hwvz huhuhp ryhg doovxemhfwvwhvwhg ffl–dwhg vrp hz khuhlq wkhp lggohri wkhz runvsdfhlqvwhdg ri xvlqj vp rrwk sxuvxlwh— h p ryhp hqwvwr wudfn wkhlup rylqj kdqg,1Vdffdghvduh doz d— vgluhfwhg dwrqh ri wkh vwdwlrqdu— wdujhwv+vhh Fkdswhu7, dqg irurxusxusrvhvduh dffxudwh +l1h1z h frp elqh srvvleoh fruuhfwlyh vdffdghv lq rqh %vdffdgh%p rylqj wkh h— hv iurp rqh wduj hwwr dqrwkhu,1 H–dfwffl–dwlrq lv dfklhyhg wkurxjk vrp h irup ri uhwlqdohuurufdqfhodwlrq/ vxfk wkdwqr h–wud lqirup dwlrq lvh–wudfwhg iurp wkh h— h p ryhp hqwvljqdov +l1h1 hffihuhqfh frs— ri h— h p ryhp hqwlv qrwxvhg wr frqwurodup p ryhp hqw,1 Ylvxdo lqsxwlvdevhqwgxulqj wkh vdffdglf h— h p ryhp hqw/ dvvxp hg wr eh ri ffl–hg gxudwlrq1Wklvlvp rghohg e— dgglqj d oduj h frqvwdqwwr wkh ylvlrq0uhodwhg qrlvh whup vlq wkh p hdvxuhp hqwyhfwru^; 1 Wkxv wkh rqo— sdudp hwhuv vshfli— lqj h— h p ryhp hqwv duh wkh wlp hv v̂_4>///v_{S ∗ 4}‘ ri shdn h— h yhorflw— +dvvxp lqj wdujhwv duh ffl–dwhg lq rughu/ z klfk lv j hqhudoo— wuxh diwhu wkh kdqg sdvvhv wkh ffluvwwduj hw0 vhh Fkdswhu 7,1 Vlqfh wduj hwffl–dwlrq lv h–dfw/ sursulrfhswlyh lqirup dwlrq derxwh— h srvlwlrq ehfrp hv sursulrfhswlyh lqirup dwlrq derxwwkh fxuuhqwffl–dwlrq wduj hw+lq devroxwh frruglqdwhv,1Wkh srvlwlrqvri doorwkhu wdujhwv +lqfoxglqj wkh kdqg, duh shufhlyhg uhodwlyh wr wkh ffl–dwlrq srlqw/ l1h1 ylvlrq surylghv hvwlp dwhv derxwwkh yhfwruv srlqwlqj iurp wkh ffl–dwlrq srlqwwr doorwkhu srlqwv1 Wkh dffxudf— ri vxfk hvwlp dwhvghfuhdvhvz lwk glvwdqfhiurp wkhiryhd +fruuhvsrqglqj wr ghfuhdvlqj ylvxdodfxlw— ,1Qrwhwkdwlw lvxs wr wkhfrqwuroohuwr lqwhj udwhuhodwlyh uhwlqdolqirup dwlrq lqwr wkherg— 0fhqwhuhg frruglqdwhv— vwhp 1 Ylvlrq dovr surylghvlqirup dwlrq derxwkdqg yhorflw— +wkhuhlvqr glffihuhqfhehwz hhq uhodwlyhdqg devroxwh yhorflw— iru d vwdwlrqdu— ffl–dwlrq srlqw,1 P rwlrq vhqvlwlylw— lv nqrz q wr h–whqg p xfk ixuwkhu lqwr wkh shulskhu— frp sduhg wr vsdwldovhqvlwlylw— / dqg lq idfwwkhuh lv d eldv wrz dugv kljkhu vwlp xoxv yhorflwlhv lq shulskhudoylvlrq M̂hdqqhurg ; ;‘1 Wkxv z h dvvxp h wkdwwkh uholdelolw— ri yhorflw— p hdvxuhp hqwv grhv qrwghshqg rq glvwdqfh iurp wkh ffl–dwlrq srlqw1

J lyhq wkh h— h p ryhp hqwwlp hv/ z h fdq fflqg wkh lqgh– ri wkh ffl–dwlrq wduj hwi +n, dwhdfk wlp h vwhs n1I urp wkh deryh glvfxvvlrq wkh p hdvxuhp hqwyhfwrulv=

♮_n @ K_{n∗ Ξ} ♭_{n∗ Ξ} . J_{n∗ Ξ} +♭_{n∗ Ξ} ,ϖ_n +619,

K_n♭_n @

K bK W^{i +n,} K ∗ W^{i +n,} W^4 ∗ W^{i +n,} 1 1 W^S ∗ W^{i +n,}

> K_n ⪅

L 3 3 ÷÷÷ 3 ÷÷÷ 3 3 L 3 ÷÷÷ 3 ÷÷÷ 3 3 3 3 ÷÷÷ L ÷÷÷ 3 L 3 3 ÷÷÷ ∗ L ÷÷÷ 3 3 3 L ÷÷÷ ∗ L ÷÷÷ 3 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 3 3 ÷÷÷ ∗ L ÷÷÷ L z khuh wkh ffluvwwkuhh urz vfrqwdlq devroxwh p hdvxuhp hqwvdqg wkh odvwS urz vfrqwdlq uhodwlyh p hdvxuh0

. ‘ i ¯ ı**?L— UL?tı̇ ih ˙ıgihi?— ˙i*@) t uLh fflıtıL? @?˙ ThLThıLUiT— ıL? Ξihi˘ Π L— i — Ξ@— ı?Uhi@tı?˝ ti?tLh ˙i*@) Ξ@t @fflih) tı4 ı*@h igiU— — L ı?Uhi@tı?˝ ti?tLh ?Lıti Eı— ı?Uhi@tit —Ξi Thi˙ıU— ıL? TihıL˙ Lfflih ¯ ΞıUΞ ?L 4 i@tΛhi4 i?— t @hi @ffl@ı*@M*ic@?˙ —ΞΛt @UUΛ4 Λ*@— it 4 Lhi Thi˙ıU— ıL? ihhLh hitΛ*—ı?˝ uhL4 t) t— i4 ?Lıtiø˘

HW? ˝i?ih@*c ¯ ı—Ξ˙h@¯ @*Luti?tLh) ı?TΛ— U@? Mi 4 L˙i*i˙ @t ˝hi@—*) ı?Uhi@ti˙ ?Lıti ı? —Ξi ULhhitTL?˙ı?˝ — ih4 t Lu—Ξi 4 i@tΛhi4 i?— ffliU— Lh˘ ‘ i ¯ ı**Λti —Ξ@— @TThL@UΞ — L tı4 Λ*@— i UL?˙ı—ıL?t ¯ ı—Ξ *ı4 ı—i˙ fflıtΛ@*uii˙M@U! cLh T@—ıi?— t ¯ ı—Ξ *Ltt LuThLThıLUiT—ıL?˘

6:

p hqwv +wkhuh lv qr uhodwlyh lqirup dwlrq fruuhvsrqglqj wr W_{i +n,} ,1 Qrwh wkdwwkh revhuydwlrq p rghoz loo fkdqj h z lwk hyhu— vdffdglf h— h p ryhp hqw1 Wkh qrlvh whup J^n+♭^n, hqfrghv wkh dp rxqwri yduldelolw— lq wkh fruuhvsrqglqj p hdvxuhp hqwv/ dqg lv d ixqfwlrq ri wkh vwdwh ♭ vlqfh wkh dp rxqwri vhqvru— qrlvh ghshqgv rq glvwdqfhv iurp wkh fxuuhqwffl–dwlrq srlqw1 Z h z looeh p ruh vshflfflf derxwJ lq wkh qh–w vhfwlrq1

Vr iduz h kdyh dvvxp hg wkdwwkh h— h p ryhp hqwwlp hv+dqg wkxvwkh ixqfwlrq i +n,, duh nqrz q1Vlqfh wklvlvqrwwkhfdvh/ z hz lookdyhwr rswlp l˝hryhuwkhp dvz hoo/ l1h1lp sohp hqwdqrwkhurxwhup lqlp l˝dwlrq orrs ryhuwkh yhfwruv̂^4>///v^{S ∗ 4}‘1D uhdvrqdeoh lqlwldohvwlp dwh z rxog eh wkh yhfwruri yld0srlqwsdvvdjh wlp hv1Wkh wz r wlp lqj p lqlp l˝dwlrqvfdq eh shuirup hg vlp xowdqhrxvo— 1

fi˘e˘. ¨ i 4 Lh) *ı4 ı— @— ıL?t @?˙ ˙i U@)

Wkh rswlp dop rghori vhqvru— surfhvvlqj kdv vrp h sureohp dwlf lp solfdwlrqv=

⊆ Li vhqvru— ihhgedfn lv z lwkgudz q dqg qr p ryhp hqwv duh p dgh/ wkh suhvhqwhvwlp dwhv ri wkh vwdwh dqg dp rxqwri xqfhuwdlqw— z loouhp dlq xqfkdqj hg iruhyhu_¡1Wkxvlqwurgxflqj d ghod— shulrg diwhu wdujhwvduh suhvhqwhg wudqvlhqwo— vkrxog qrwdffihfwshuirup dqfh1

⊆ I rut xdqwlwlhvwkdwduh dvvxp hg wr eh vwdwlrqdu— +vxfk dvwkh wdujhwvdqg wkh kdqg lq wkh devhqfh ri frqwurovljqdov,/ wkh hvwlp dwhv ri wkh v— vwhp lp suryh z lwk wlp h_{43}1 Wkxv li vxemhfwv duh doorz hg wr ylhz wkh wdujhwv iru d vxȷ flhqwo— orqj shulrg ri wlp h +l1h1 dft xluh yhu— dffxudwh hvwlp dwhv,/ ylvlrq ri wkh wduj hwv gxulqj p ryhp hqwvkrxog qrwdffihfwshuirup dqfh1

Lwlvz hoohvwdeolvkhg wkdwerwk ri wkhvhsuhglfwlrqvduhidovhĜhvp xujhwhwdo1¡8/Udr dqg Edoodug ¡8‘1

Lqvwhdg/ lwdsshduv wkdwp hp ru— ghfd— v z lwk wlp h/ dqg vhqvru— lqsxwv duh vdp sohg z khqhyhu srvvleoh1

Wr dffrxqwiruwkhodwwhufflqglqj/ Êdoodug hwdo1¡: ‘kdyhsursrvhg wkdwvsdwldoz runlqj p hp ru— fdsdflw— lv olp lwhg +wkh— frqvlghu p hp ru— wr eh dq duud— ri srlqwhuv wkdwfdq elqg wr h–whuqdoorfdwlrqv, dqg p rwru vwudwhj lhv duh rswlp l˝hg vxemhfwwr wkdwfrqvwudlqw1 Z kloh wklv h–sodlqv z k— wkh h–whuqdoz ruog z looeh xvhg dvlwvrz q uhsuhvhqwdwlrq z khqhyhusrvvleoh/ lwlvqrwfohduz k— p hp ru— vkrxog ghfd— z khq qr qhz lqsxwlv dydlodeoh 0 fohduo— wkdwfdqqrweh ghulyhg iurp d olp lwhg p hp ru— fdsdflw— / vlqfh wkh ghfd— lqj lqirup dwlrq z dv douhdg— vwruhg vrp hkrz 1

Rqh z d— wr p rghowkhvh skhqrp hqd lq wkh rswlp dofrqwuroiudp hz run z rxog eh wr dgg d frvwwhup lqyhuvho— uhodwhg wr wkh hqwurs— ri wkh suredelolw— glvwulexwlrq ri wkh vwdwh/ dqg duwlfflfldoo— ghjudgh wkh vwdwh hvwlp dwh ~♭ wkdwwkh frqwuroohu lv sursdjdwlqj 1 Krz hyhu wkh frqwuroohu kdv wr eh dz duh ri wkhvh fkdqj hv/ rwkhuz lvh wkh— z looqrweh uhıhfwhg lq wkh frqwuroodz 1 Wkh rqo— z d— wr p dnh wkh frqwuroohu dz duh ri vrp hwklqj lv wr lqfoxgh lwlq wkh v— vwhp ht xdwlrqv1 Wkhuhiruh z h z rxog kdyh wr dxj p hqwwkh vwdwh yhfwruz lwk Ψ/ dqg p rgli— wkh g— qdp lfvwr lqfoxgh wkh Ndop dq fflowhusoxvvrp h glvwxuedqfh1Wklv z loop dnh wkh v— vwhp yhu— frp solfdwhg dqg z rxog uht xluh vxevwdqwldodssur–lp dwlrqv1

Lqvwhdg z h sursrvh wkh iroorz lqj vlp soh p rglfflfdwlrq wkdwfdq lqwxlwlyho— dffrxqwiru erwk hffihfwv1

Lp djlqhwkdwiruvrp huhdvrq wkhfrqwuroohulvxvlqj lqdffxudwhhvwlp dwhvri wkhqrlvhwhup vlq wkhv— vwhp 1

Lq sduwlfxodu lwlv wrr frqfflghqwlq wkh vhqvru— lqsxw+J lv vp doohu wkdq wkh dfwxdodp rxqwri vhqvru— qrlvh, dqg wrr vnhswlfdoderxwwkh vwdelolw— ri wkh z ruog +G lvoduj huwkdq wkh dfwxdodp rxqwri dgglwlyh v— vwhp qrlvh,1 Vxfk d frqwuroohu z looxvh d Ndop dq jdlq N^n odujhu wkdq wkh rswlp doydoxh l1h1 lwz loo ryhufruuhfwedvhg rq vhqvru— lqsxwv¿lq sduwlfxodu/ lq wkh devhqfh ri lqsxwv wkh jdlq z looqrwehfrp h

b6Lh4 @**)c ti— C ’ ↑ c ↼ ’ fc L ’ f ULhhitTL?˙ı?˝ —L ı?�?ı—i*) Λ?hi*ı@M*i ti?tLh) ı?TΛ— c ?L @˙˙ı—ıffli ?Lıti @?˙ ?L

UL?—hL*tı̋ ?@*t˘ 5ΛMt—ı—Λ— ı?˝ ı? AΞiLhi4 �c g

ς ’ fc ~f_{ςn �} ’ Φ ~f_ςc P_{ςn �} ’ Φ P_ςΦ^A˘ 5ı?Ui ˙i— EΦ ø ’ � @?˙ —Ξi ffli*LUı—) UL4 TL?i?— Luf ıt fc— Ξihi ıt ?L UΞ@?˝i˘ �f AΞıt uL**L¯ t uhL4 —Ξi uLh4 Lu— Ξi P_ς ΛT˙@— i ı? AΞiLhi4 �˘ 6;

h–dfwo— 3 dqg wkxv wkh vwdwh hvwlp dwh +p hp ru— , z loojudgxdoo— ghjudgh1 I xuwkhup ruh/ wkh hvwlp dwhg yduldqfh ri wkh vwdwh Ψ^n z looeh odujhu wkdq lwv wuxh ydoxh/ wkxv iurp wkh srlqwri ylhz ri wkh frqwuroohu lwz looeh dgydqwdjhrxv wr vdp soh wkh vhqvru— lqsxwdv riwhq dv srvvleoh/ dqg lq sduwlfxodu orrn dwwkh wduj hwvhyhq li wkh— kdyh ehhq suhvhqwehiruh wkh p ryhp hqw1

Z kdwfrxog eh wkh uhdvrqv iru vxfk eldvhvB G p d— eh vhwwrr oduj h vlp so— ehfdxvh xqghu qrup do flufxp vwdqfhv wkh erg— lv qrwvwdwlrqdu— uhodwlyh wr wkh h–whuqdoz ruog/ l1h1 wkh h–shulp hqwdowdvn lv duwlfflfldolq wkdwuhvshfwdqg wkhvhqvru— 0p rwruv— vwhp lvqrwghvljqhg wr/ rugrhvq*wqhhg wr wdnhwklvlqwr dffrxqw1Wkh lqdelolw— wr vhwN @3 p d— uhvxowiurp d qhxudoghvlj q lq z klfk wkh vhqvru— slsholqh ihhgv lqwr wkh p rwru frqwurov— vwhp dqg vlqfh lwxvxdoo— surylghv xvhixolqirup dwlrq/ wkhuh lv qr p hfkdqlvp wr glvdeoh lwfrp sohwho— 1Dowhuqdwlyho— / lwp d— eh lp srvvleoh wr p dlqwdlq d ffl–hg sdwwhuq ri qhxudofflulqj lq wkh devhqfh ri lqirup dwlyh vhqvru— lqsxw1 Qrwh wkdwqrqh ri wkh wz r eldvhv dorqh fdq h–sodlq erwk skhqrp hqd1 Lqfuhdvlqj G z looqrwuhvxowlq p hp ru— ghjudgdwlrq 0wkh frqwuroohuz looeh frqylqfhg wkdw lwv vwdwh hvwlp dwh lv lqdffxudwh/ exwlwz loolq idfweh dffxudwh +vlqfh lq uhdolw— wkhuh lv olwwoh dgglwlyh qrlvh lq wklv wdvn, dqg vr shuirup dqfh z looqrweh dffihfwhg1 Vlp loduo— / ghfuhdvlqj J z looqrwuhvxowlq klj khu xqfhuwdlqw— +t xlwh wkh rssrvlwh, dqg wkxv wkh frqwuroohu z looqrwdwwhp swwr vdp soh wkh wdujhwv z khqhyhu srvvleoh1

fi˘e˘H 5i ?tLh) ´4 L— Lh @˙@T— @— ıL?

Wkh fflqdop rglfflfdwlrq z h frqvlghu ghdov z lwk wkh srvvlelolw— ri vhqvru— 0p rwru dgdswdwlrq1 Z kloh wkh p rghosuhvhqwhg vr idukdvd olp lwhg fdsdflw— wr %dgdsw%lq wkh vhqvh wkdwlwfdq hvwlp dwh wkh srvlwlrqv ri wkh kdqg dqg yld0srlqwv glffihuhqwo— dv d uhvxowri dq h–shulp hqwdoshuwxuedwlrq/ wklv dgdswdwlrq z loo ydqlvk dvvrrq dvwkh vwdwh hvwlp dwh fkdqj hv+l1h1lwlvydolg z lwklq d vlqj oh p ryhp hqw,_{44}1Vxfk d p rgho z rxog suhglfw/ iru h–dp soh/ wkdwdiwhuhffihfwv lq sulvp dgdswdwlrq fdq rqo— odvwiru rqh wuldo/ z klfk lv fohduo— qrwwkh fdvh Ẑ hofk ; 9‘1Wkxvz h qhhg dq h–wud p hfkdqlvp irup rgholqj dgdswdwlrq1Lqwxlwlyho— / z h qhhg wr hvwlp dwh dqg vwruh dgglwlrqdosdudp hwhuv ghvfulelqj wkh fxuuhqwglvsodfhp hqwri ylvlrq ru sursulrfhswlrq1 Wkhvh sdudp hwhuv duh qhyhu revhuyhg gluhfwo— / exwwkh— dffihfwwkh vhqvru— lqirup dwlrq derxwwkhkdqg dqg wdujhwv1Z hz loorqo— frqvlghuwkhfdvhz lwk d vlqj ohglvsodfhp hqwiruhdfk p rgdolw— / dowkrxjk p ruh frp soh– irup v ri dgdswdwlrq vxfk dv ylvxr0p rwru p dsv frxog dovr eh kdqgohg +dwwkh sulfh ri p dnlqj wkh p rghoqrqolqhdudqg olqhdul˝lqj wkh frqwuroodz ,1

Dvvxp h wkdwylvxdolqsxwv duh rffivhwe— d yhfwru W^Y dqg sursulrfhswlyh lqsxwv derxwkdqg srvlwlrq duh rffivhwe— W^K 1 Uhodwlyh ylvxdolqsxwv z looqrweh dffihfwhg e— wkdwrffivhw/ vr wkh rqo— fkdqjh lv lq wkh vhqvru— lqsxwderxwwkh devroxwh orfdwlrqv ri wkh kdqg dqg ffl–dwlrq wduj hw1 Wkh revhuydwlrq p rgho ehfrp hv=

[♮^n @ [K^{n∗ Ξ} [♭^{n∗ Ξ} . [J^{n∗ Ξ} +[♭^{n∗ Ξ} ,ϖ^n

�Ntı?˝ @˙iu@Λ*— UL?—hL**@¯ u —Ξ@— ULhhiU— t uLh t) t— i4 @— ıUTih— ΛhM@— ıL?t ˙i—iU—i˙ L? ThifflıLΛt —hı@*t U@? Ξ@ffli igiU—t

^Λı—i tı4 ı*@h — L ti?tLh) @˙@T— @—ıL? ´ tii ß Ξ@T—ih D̆

6¡

[K_n [♭_n @

K ∗ W_K bK W^{i +n,} ∗ W_Y K ∗ W^{i +n,} W^4 ∗ W^{i +n,} 1 1 W^S ∗ W^{i +n,}

> [K_n ⪅

L 3 3 ÷÷÷ 3 ÷÷÷ 3 ∗ L 3 3 L 3 ÷÷÷ 3 ÷÷÷ 3 3 3 3 3 3 ÷÷÷ L ÷÷÷ 3 3 ∗ L L 3 3 ÷÷÷ ∗ L ÷÷÷ 3 3 3 3 3 L ÷÷÷ ∗ L ÷÷÷ 3 3 3 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 3 3 ÷÷÷ ∗ L ÷÷÷ L 3 3

dqg wkh v— vwhp g— qdp lfv lvp rglfflhg dffruglqj o— =

[♭_{n. 4} @ [D [♭_n . ) [E . κ_n [F [ X_n . [Gη_n

[♭ @ ♭ W_K W_Y > [D @ D 3 3 3 L 3 3 3 L > [E @ E 3 3 > [F @ F 3 3 > [G @ G 3 3 Djdlq/ wklv p rglfflfdwlrq ohdyhv wkh v— vwhp lq lwv rulj lqdo irup +rqo— fkdqj lqj wkh ydoxhv ri wkh p dwulfhv, vr lwfdq ehdgghg lqghshqghqwo— ri wkhrwkhup rglfflfdwlrqv1Wkhqhz [D hqfrghvwkhdvvxp swlrq wkdwwkh rffivhwv duh frqvwdqwryhu wlp h1 D v— vwhp z lwk xqnqrz q sdudp hwhuv wkdwduh ehlqj hvwlp dwhg rq0olqh lvnqrz q dvd vhoi0wxqlqj uhj xodwru/ dqg dxjp hqwlqj wkh vwdwh z lwk wkh xqnqrz q sdudp hwhuv+dv z h kdyh grqh khuh, lv rqh ri wkh p hwkrgviru vroylqj lw1

fi˘D ȷ T— ı4 @*ß L?— hL*w@¯ # i hıffl@— ıL?

Vxp p dul˝lqj wkh suhfhglqj glvfxvvlrq/ wkh p rgholv=

♭_{n. 4} @ D♭_n . +E . κ_nF, X_n . Gη_n +61: , ♮_n @ K_{n∗ Ξ} ♭_{n∗ Ξ} . J_{n∗ Ξ} +♭_{n∗ Ξ} , ϖ_n

M @ H ]_Q ⋃ n@4 ♭^W_n T_n♭_n . Q⋃ n@4 +X_n ∗ X_{n∗ 4},^WU+X_n ∗ X_{n∗ 4}, ⌊

z lwk vwdwh ♭_n/ p hdvxuhp hqw♮_n/ frqwuroX_n/ frvwixqfwlrq M/ lqghshqghqwqrlvh κ_n Q+3¿4,/ ϖ_n Q+3¿L,/ η_n Q+3¿L,/ ffl–hg D>E>F>G>K_n>J_n +♭_n, >T_n>U>Q>Ξ / dqg X_{3>∗ 4>÷÷÷} ⪅ 31 Rxu j rdolv wr fflqg wkh rswlp dofrqwuroodz / l1h1 wkh vht xhqfh ri ixqfwlrqv X^±_n ) ♮^{n∗ 4}>X^{n∗ 4}>~♭_4>Ψ_4 [ p lqlp l˝lqj M1Dvvxp swlrqvderxwwkhydoxhvri wkhffl–hg p dwulfhvz looehdyrlghg wr p dnhwkhghulydwlrq dssolfdeoh wr dq— frp elqdwlrq ri p rglfflfdwlrqv suhvhqwhg lq wkh suhylrxvvhfwlrq1

fi˘D˘� 5— @— i i t— ı4 @— ıL?

Wkh ffluvwvwhs lvwr ghulyh wkh ht xdwlrqvirusursdj dwlqj wkh hvwlp dwhg p hdq ~♭ dqg fryduldqfh Ψ ri wkh vwdwh♭ iruz dug lq wlp h/ e— wdnlqj lqwr dffrxqwdoofrqwurovlj qdovdqg vhqvru— lqsxwv1Ohw~♭_{s⇕n} dqg Ψ_{s⇕n}

ghqrwh wkh h–shfwhg p hdq dqg fryduldqfh ri ♭^s jlyhq revhuydwlrqv ♮^{4>///>n}/ frqwurov X^{4>///>n}/ dqg lqlwldo hvwlp dwhv ~♭^4 dqg Ψ^41 Ehfdxvh ri wkh vhqvru— ghod— Ξ ∼ 4 lwgrhv qrwp dnh vhqvh wr sursdjdwh ♭^{n⇕n∗ 4} dqg Ψ^{n⇕n∗ 4} +dvlq wkh OTJ fdvh, vlqfh dwwlp h n wkh frqwuroohuuhfhlyhvlqirup dwlrq derxw♭^{n∗ Ξ} udwkhu wkdq ♭^n1 Lqvwhdg z h z loosursdjdwh ~♭^{n∗ Ξ ⇕n∗ 4} dqg Ψ^{n∗ Ξ ⇕n∗ 4}/ dqg wkhq xvh wkh v— vwhp g— qdp lfv dqg wkh Ξ p rvwuhfhqwfrqwurovlj qdovwr hvwlp dwh wkh fxuuhqwvwdwh1

Wkh ghulydwlrq ri wkh Ndop dq fflowhulvedvhg rq wkh iroorz lqj ohp p dv=

Ohp p d 7 Ohw♭ >♮ kdyh d mrlqwqrup doglvwulexwlrq

♭ ♮ Q ~♭ ~♮ ¿ Ψ_{♭ ♭} Ψ_{♭ ♮}

Ψ^{♮ ♭} Ψ^{♮ ♮} ⟨

Wkhq wkh frqglwlrqdop hdq dqg fryduldqfh ri ♭ duh jlyhq e—

H+♭ ⇕♮ , @ ~♭ . Ψ ♭ ♮ Ψ_{∗ 4}^{♮ ♮} ) ♮ ∗ ~♮ [ Ψ^{♭ ⇕♮} @ Ψ^{♭ ♭} ∗ Ψ^{♭ ♮} Ψ_{∗ 4}^{♮ ♮} Ψ^{♮ ♭}

I xuwkhup ruh/ li wkh mrlqwglvwulexwlrq ri ♭ dqg ♮ lv qrwqrup do/ exwwkh ffluvwdqg vhfrqg p rp hqwv duh wkh vdp h dv deryh/ wkhq ~♭ . Ψ^{♭ ♮} Ψ_{∗ 4}^{♮ ♮} ) ♮ ∗ ~♮ [ lv wkh rswlp do+l1h1 xqeldvhg/ p lqlp xp yduldqfh, olqhdu hvwlp dwru ri ♭ jlyhq ♮ 1

Ohp p d 8 Ohw♭ kdyh p hdq ~♭ dqg fryduldqfh Ψ1 Wkhq H ] ♭_WT♭ ⌊ @ ~♭_WT ~♭ . wu+TΨ,

Fry+T♭ >T♭ , @ TΨT_W

Fry+♭ >T♭ , @ ΨT_W

Frp sxwdwlrq ri wkh qhz hvwlp dwhv lqyroyhv wz r vwhsv=frp elqlqj wkh qhz vhqvru— lqsxw♮^n dqg wkh fxuuhqwhvwlp dwhv ~♭^{n∗ Ξ ⇕n∗ 4}/ Ψ^{n∗ Ξ ⇕n∗ 4} wr rewdlq lp suryhg hvwlp dwhv ~♭^{n∗ Ξ ⇕n}/ Ψ^{n∗ Ξ ⇕n} dqg wkhq xvlqj wkh v— vwhp g— qdp lfv +61: , dqg wkh fruuhvsrqglqj frqwurovlj qdoX^{n∗ Ξ} wr rewdlq hvwlp dwhv ~♭^{n. 4∗ Ξ ⇕n}/

Ψ^{n. 4∗ Ξ ⇕n} iru wkh qh–wwlp h vwhs1 I urp +61:, dqg ohp p d 8/ wkh mrlqwglvwulexwlrq ri ♭^{n∗ Ξ} dqg ♮^n kdv p hdq ~♭^{n∗ Ξ ⇕n∗ 4} K^{n∗ Ξ} ~♭^{n∗ Ξ ⇕n∗ 4} dqg fryduldqfh

Ψ_{n∗ Ξ ⇕n∗ 4} Ψ_{n∗ Ξ ⇕n∗ 4}K_{Wn∗ Ξ} K^{n∗ Ξ} Ψ^{n∗ Ξ ⇕n∗ 4} K^{n∗ Ξ} Ψ^{n∗ Ξ ⇕n∗ 4}K_W^{n∗ Ξ} . H ] J^{n∗ Ξ} +♭^{n∗ Ξ} , J_W^{n∗ Ξ} +♭^{n∗ Ξ} , ⌊

Z h z loofkrrvh +vhh ehorz , d vhqvru qrlvh p rghoiru z klfk H+J +♭ ,J_W+♭ ,, fdq eh h–suhvvhg dv d ixqf0 wlrq ri wkh p hdq dqg fryduldqfh ri ♭ z klfk z h z loo dssur–lp dwh z lwk d ixqfwlrq ri wkh p hdq/ l1h1 I^{n∗ Ξ} ) ~♭^{n∗ Ξ ⇕n∗ 4} [ 1Qrwh wkdwwkh uhvxowlqj mrlqwglvwulexwlrq lvqr orqjhup xowlqrup do+z klfk z rxog eh wkh fdvh li J glg qrwghshqg rq ♭ ,/ wkxv ohp p d 7 rqo— — lhogv wkh rswlp doolqhdu hvwlp dwru ri ♭^{n∗ Ξ}

j lyhq wkh qhz revhuydwlrq ♮_n1 Wklv dssur–lp dwlrq lv riwhq p dgh lq sudfwlfh/ dqg z h z looxvh lwkhuh wr rewdlq wkh %p hdvxuhp hqwxsgdwh%ht xdwlrqv= ~♭_{n∗ Ξ ⇕n} @ ~♭_{n∗ Ξ ⇕n∗ 4} . Ψ_{n∗ Ξ ⇕n∗ 4}K^W_{n∗ Ξ} ] K_{n∗ Ξ} Ψ_{n∗ Ξ ⇕n∗ 4}K^W_{n∗ Ξ} . I_{n∗ Ξ}

⌊_{∗ 4} ) ♮_n ∗ K_{n∗ Ξ} ~♭_{n∗ Ξ ⇕n∗ 4} [ Ψ_{n∗ Ξ ⇕n} @ Ψ_{n∗ Ξ ⇕n∗ 4} ∗

Ψ_{n∗ Ξ ⇕n∗ 4}K^W_{n∗ Ξ} ] K_{n∗ Ξ} Ψ_{n∗ Ξ ⇕n∗ 4}K^W_{n∗ Ξ} . I_{n∗ Ξ} ⌊_{∗ 4} K_{n∗ Ξ} Ψ_{n∗ Ξ ⇕n∗ 4} Qrz z h xvh wkh v— vwhp g— qdp lfv +61: , dqg wkh fxuuhqwfrqwurovlj qdoX_{n∗ Ξ} wr %suhglfw%wkh vwdwh rqh vwhs dkhdg= ~♭_{n. 4∗ Ξ ⇕n} @ D ~♭_{n∗ Ξ ⇕n} . EX_{n∗ Ξ} Ψ_{n. 4∗ Ξ ⇕n} @ DΨ_{n∗ Ξ ⇕n}D^W. GG^W. FX_{n∗ Ξ} X^W_{n∗ Ξ} F^W

Frp elqlqj wkh wz r vhwvri ht xdwlrqvderyh/ z h rewdlq wkh ht xlydohqwri wkh Ndop dq fflowhuirurxup rgho1

Wkhr uhp 9 +P r glfflhg Ndop dq I lowhu, Wkh hvwlp dwhv ri wkh p hdq dqg fryduldqfh ri wkh vwdwh duh sursdjdwhg iruz dug lq wlp h dffruglqj wr= ~♭_{n. 4∗ Ξ ⇕n} @ D ~♭_{n∗ Ξ ⇕n∗ 4} . EX_{n∗ Ξ} . N_{n∗ Ξ} ) ♮_n ∗ K_{n∗ Ξ} ~♭_{n∗ Ξ ⇕n∗ 4} [

N_{n∗ Ξ} @ DΨ_{n∗ Ξ ⇕n∗ 4}K^W_{n∗ Ξ} ) K_{n∗ Ξ} Ψ_{n∗ Ξ ⇕n∗ 4}K^W_{n∗ Ξ} . I_{n∗ Ξ} ) ~♭_{n∗ Ξ ⇕n∗ 4} [[_{∗ 4} Ψ_{n. 4∗ Ξ ⇕n} @ DΨ_{n∗ Ξ ⇕n∗ 4}D^W. GG^W. FX_{n∗ Ξ} X^W_{n∗ Ξ} F^W∗ DΨ_{n∗ Ξ ⇕n∗ 4}K^W_{n∗ Ξ} ) K_{n∗ Ξ} Ψ_{n∗ Ξ ⇕n∗ 4}K^W_{n∗ Ξ} . I_{n∗ Ξ} ) ~♭_{n∗ Ξ ⇕n∗ 4} [[_{∗ 4} K_{n∗ Ξ} Ψ_{n∗ Ξ ⇕n∗ 4}D^W

vwduwlqj zlwk Ψ_{4∗ Ξ ⇕3} ⪅ Ψ_4 dqg ~♭_{4∗ Ξ ⇕3} ⪅ ~♭_41

Wkh glffihuhqfhviurp wkh Ndop dq fflowhulq Wkhruhp 4 duh wz r=wkh fryduldqfh xsgdwh ghshqgvrq wkh frqwurovljqdo+gxh wr wkh suhvhqfh ri qrlvh sursruwlrqdowr wkh frqwurovljqdolq wkh v— vwhp ht xdwlrqv,/ dqg wkh jdlq p dwul– dqg fryduldqfh xsgdwh ghshqg rq wkh vwdwh hvwlp dwh +wkurxjk I_{n∗ Ξ} ,1 Wkxv wkh vht xhqfhv Ψ_n>N_n fdq qr orqj hu eh suhfrp sxwhg ehiruh wkh rqvhwri wkh p ryhp hqw1 Krz hyhu lwlv vwloo wkh fdvh wkdwjlyhq wkh frqwurovlj qdov/ wkh vwdwh hvwlp dwlrq lvlqghshqghqwri wkh frvwixqfwlrq1

fi˘D˘2 5^Λ@hi hLL— �*— i h

Wkh qxp hulfdovroxwlrq ri Ulffdwl ht xdwlrqv +qhfhvvdu— wr sursdjdwh Ψ_n, lv nqrz q wr eh xqvwdeoh 0gxh wr wkh vxewudfwlrq lq wkh xsgdwh ht xdwlrq/ Ψ_n p d— qrwdoz d— veh srvlwlyh ghfflqlwh +z klfk lvwkhruhwlfdoo— lp srvvleoh/ exwkdsshqv gxh wr qxp hulfdohuuruv, dqg wkdwp d— fdxvh sureohp v z lwk wkh lqyhuvlrq lq wkh xsgdwh ht xdwlrq iru N_n1 Wkh sureohp lv dyrlghg e— xvlqj d vt xduh urrwfflowhu/ z klfk sursdj dwhv d vt xduh urrwri Ψ_n udwkhu wkdq Ψ_n lwvhoi1 Wklv uhgxfhv e— kdoi wkh g— qdp lf udqjh qhfhvvdu— wr uhsuhvhqw vp dooırdwlqj srlqwqxp ehuv/ dqg dovr jxdudqwhhv wkdwΨ_n uhp dlqv srvlwlyh ghfflqlwh +vlqfh lwlv qrz uhsuhvhqwhg dvwkh vt xduh ri dqrwkhup dwul–,1Uhfdoowkdwirud srvlwlyh ghfflqlwh p dwul– P d vt xduh urrw P^{4∂5} +z klfk lv xqlt xh p rgxor ruwkrqrup dowudqvirup dwlrqv, vdwlvfflhv P^{4∂5}P^{W∂5} @P dqg wkhuhiruh P^{∗ W∂5}P^{∗ 4∂5} @P^{∗ 4}1 Li P lv dovr v— p p hwulf wkhq wkhuh h–lvwv d v— p p hwulf vt xduh urrw+z klfk lv wkh

rqhfrp sxwhg lq P dwode iruh–dp soh,1Z hz loodovr qhhg wr shuirup TU ghfrp srvlwlrq/ z klfk irud jlyhq p dwul– P surgxfhv p dwulfhv T>U vxfk wkdwP @TU z khuh T lv dq ruwkrqrup dop dwul– dqg U lv dq xsshuwuldqj xodup dwul– ri wkh vdp h glp hqvlrq dvP 1Erwk p dwul– vt xduh urrwvdqg TU ghfrp srvlwlrq fdq eh frp sxwhg hȷ flhqwo— 1

J lyhq hvwlp dwhv Ψ_{4∂5}^{n∗ Ξ ⇕n∗ 4}/ ~♭^{n∗ Ξ ⇕n∗ 4} dqg +whp srudulo— , ghfflqlqj P ⪅ GG_W . FX^{n∗ Ξ} X_W^{n∗ Ξ} F_W z h fdq irup wkh p dwul– rq wkh ohiwkdqg vlgh ehorz / dqg xvh TU ghfrp srvlwlrq wr rewdlq wkh p dwulfhv rq wkh uljkw= K_{n∗ Ξ} Ψ 4∂5 n∗ Ξ ⇕n∗ 4 I 4∂5 n∗ Ξ 3 DΨ_{4∂5}^{n∗ Ξ ⇕n∗ 4} 3 P_{4∂5} @ Y 4∂5 n∗ Ξ 3 3

[N^{n∗ Ξ} V_{4∂5}^{n. 4∗ Ξ} 3 T

E— wdnlqj wkh wudqvsrvh ri wkdwht xdwlrq/ dqg p xowlso— lqj iurp wkh ulj kw+dqg xvlqj wkh idfwwkdw

TT_W @L, z h kdyh=

K_{n∗ Ξ} Ψ_{n∗ Ξ ⇕n∗ 4}K_{Wn∗ Ξ} . I_{n∗ Ξ} ÷÷÷ ÷÷÷ DΨ^{n∗ Ξ ⇕n∗ 4}D_W. P @ Y_{n∗ Ξ} ÷÷÷ ÷÷÷ [N^{n∗ Ξ} [N_W^{n∗ Ξ} . V^{n. 4∗ Ξ} z khuh wkh ÷÷÷ hqwulhv duh luuhohydqw1 Ht xdwlqj wkh fruuhvsrqglqj hqwulhv ri wkh p dwul– ht xdwlrq dqg frp sdulqj wr wkh Ndop dq fflowhuderyh/ z h vhh wkdw=

V^{n. 4∗ Ξ} @ Ψ^{n. 4∗ Ξ ⇕n}

[N^{n∗ Ξ} @ DΨ^{n∗ Ξ ⇕n∗ 4}K_W^{n∗ Ξ} ]K^{n∗ Ξ} Ψ^{n∗ Ξ ⇕n∗ 4}K_W^{n∗ Ξ} . I^{n∗ Ξ} ⌊_{∗ W∂5}

N^{n∗ Ξ} @ [N^{n∗ Ξ} Y_{∗ 4∂5}^{n∗ Ξ} > Y^{n∗ Ξ} @K^{n∗ Ξ} Ψ^{n∗ Ξ ⇕n∗ 4}K_W^{n∗ Ξ} . I^{n∗ Ξ} wkhuhiruhwkhTU ghfrp srvlwlrq kdvfrp sxwhg wkhvt xduhurrwri wkhvwdwhfryduldqfh/ dqg e— p xowlso— lqj

[N dqg wkhlqyhuvhri Y4∂5 z hfdq uhfryhuwkhNdop dq j dlq p dwul– N^{n∗ Ξ} 1Lqvwhdg ri uhfryhulqj N^{n∗ Ξ} / lw lvp ruh frqyhqlhqwwr ghfflqh wkh %lqqrydwlrq%ψ^n ⪅ Y_{∗ 4∂5}^{n∗ Ξ} ) ♮^n ∗ K^{n∗ Ξ} ~♭^{n∗ Ξ ⇕n∗ 4} [ z klfk kdv˝hur p hdq dqg xqlwfryduldqfh +vlqfh wkh fryduldqfh ri wkh ♮ ∗ K♭ whup lvh–dfwo— Y,1Qrz wkh xsgdwh ht xdwlrqv iruwkh h–shfwhg p hdq dqg fryduldqfh ehfrp h

~♭^{n. 4∗ Ξ ⇕n} @ D ~♭^{n∗ Ξ ⇕n∗ 4} . EX^{n∗ Ξ} . [N^{n∗ Ξ} ψ^n +61; ,

Ψ^{n. 4∗ Ξ ⇕n} @ DΨ^{n∗ Ξ ⇕n∗ 4}D_W. GG_W. FX^{n∗ Ξ} X_W^{n∗ Ξ} F_W∗ [N^{n∗ Ξ} [N_W^{n∗ Ξ}

fi˘D˘fi W?uLh4 @— ıL? ffli U— Lh @?˙ ı??Lffl@— ıL?t uLh4

Qh–wz h froohfwdoolqirup dwlrq dydlodeoh xs wr wlp h n ∗ 4 lqwr dq %lqirup dwlrq%yhfwru/ dqg uhz ulwh wkh v— vwhp g— qdp lfv dqg frvwixqfwlrq xvlqj wklv lqirup dwlrq yhfwru1 Wkh h–shfwhg p hdq ~♭^{n∗ Ξ ⇕n∗ 4} lqfrusrudwhvdoovhqvru— lqsxwvxs wr n ∗ 4 dqg doofrqwurovljqdoxs wr n ∗ Ξ ∗ 41Wkxvwkh lqirup dwlrq yhfwrulv=

L^n ⪅ ~♭^{n∗ Ξ ⇕n∗ 4} X^{n∗ Ξ} 1 1 X^{n∗ 4}

dqg z h fdq h–wudfwlwv frp srqhqwv yld p xowlsolfdwlrq e— wkh p dwulfhv

~♭_{n∗ Ξ ⇕n∗ 4} @ L_♭ L_n> L_♭ @ ⌋ L 3 ÷÷÷ 3 ⌈

X_{n∗ s} @ L_s L_n> L_s @ ⌋ 3 ÷÷÷ L ÷÷÷ ⌈

Xvlqj wkh lqqrydwlrq ghfflqhg deryh/ z h fdq uhz ulwh wkh v— vwhp g— qdp lfv lq whup v ri wkh lqirup dwlrq yhfwruL= L_{n. 4} @DL_n . EX_n . N_n +L_n, ψ_n +61¡,

z khuh

D @

D E 3 L 111 L 3 3

> E @

3 3 1 1 3 L

> N_n +L_n, @

[N_{n∗ Ξ} +L_♭ L_n, 3 3 1 1 3 Wklvlvfdoohg wkhlqqrydwlrqvirup ri wkhv— vwhp 1Qrwlfhwkdwwkhqhz %vwdwh%L lvfrp sohwho— revhuydeoh/ dqg wkh vhqvru +I_nϖ_n, dqg v— vwhp +κ_nFX_n>Gη_n, qrlvh whup v iurp +61: , kdyh ehhq frp elqhg lqwr rqh qrlvh whup N_nψ_n1

Ehiruh wkh frvwixqfwlrq fdq eh z ulwwhq lq whup v ri L/ z h qhhg wr frp sxwh wkh fryduldqfh dwwlp h n e— lqwhj udwlqj wkh g— qdp lfv iruΞ wlp h vwhsvxvlqj wkh frqwurovljqdovhqfrghg lq L=

Ψ_{n⇕n∗ 4} @D^Ξ Ψ_{n∗ Ξ ⇕n∗ 4}D^{WΞ} . Ξ⋃ s@4 D^{s∗ 4} ] GG^W. F X_{n∗ s} X^W_{n∗ s} F^W ⌊ D^{W+s∗ 4,}

H–sdqglqj wkh eudfnhwvdqg vxevwlwxwlqj L_s L_n iruX_{n∗ s} / wkh fryduldqfh dwwlp h n ehfrp hv=

Ψ_{n⇕n∗ 4} @ D^Ξ Ψ_{n∗ Ξ ⇕n∗ 4}D^{WΞ} . G . Ξ⋃ s@4 F_s L_nL^W_n F^W_s

G ⪅ Ξ⋃ s@4 D^{s∗ 4}GG^WD^{W+s∗ 4,} > F_s ⪅ D^{s∗ 4}F L_s

Z h dovr qhhg wr suhglfw♭_n iurp wkh lqirup dwlrq yhfwru L=

~♭_{n⇕n∗ 4} @P L_n> P @D^Ξ L_♭ .^Ξ ⋃ s@4 D^{s∗ 4}EL_s

I lqdoo— z h duh uhdg— wr uhz ulwh wkh frvwixqfwlrq1OhwM^±_n ] L_n>Ψ_{n∗ Ξ ⇕n∗ 4} ⌊ ghqrwh wkh p lqlp xp frvwwkdw fdq ehdfklhyhg vwduwlqj dwwlp hn +wklvlvnqrz q dvwkh%frvw0wr0j r%ixqfwlrq,1I urp Ehoop dq*vsulqflsoh

ri rswlp dolw— / z h kdyh= M_±^n ] L^n>Ψ^{n∗ Ξ ⇕n∗ 4} ⌊ @ H^{♭ n} ] ♭_W^n T^n♭^n ⌊ . p lq^{Xn} ⟩ +X^n ∗ X^{n∗ 4},_WU+X^n ∗ X^{n∗ 4}, . H^{ψ n} ] M_±^{n. 4} ] L^{n. 4}>Ψ^{n. 4∗ Ξ ⇕n} ⌊⌊/

Fohduo— M@M_±^4 ] L^4>Ψ^{4∗ Ξ ⇕3} ⌊ / z khuh L^4 ⪅ ~♭^4 3 >Ψ^{4∗ Ξ ⇕3} ⪅ Ψ^41 Hydoxdwlqj wkh h–shfwdwlrq ryhu ♭ / j urxslqj whup v ghshqghqwrq L/ dqg xvlqj wu+DEF , @wu+F DE,/ wu+ı_WDı, @ı_WDı/ wkh olqhdulw— ri wkh wurshudwru/ dqg ohp p d 8 ohdgv wr=

M_±^n @ L_W^n ] P_WT^nP . Ξ⋃ s@4 F_W^s T^nF^s ⌊ L^n . wu ] D_{WΞ} T^nD_Ξ Ψ^{n∗ Ξ ⇕n∗ 4} ⌊ . wu+T^nG, +6143,

. p lq^{Xn} ⟩ +X^n ∗ L^4L^n,_WU+X^n ∗ L^4L^n, . H^{ψ n} ] M_±^{n. 4} ] L^{n. 4}>Ψ^{n. 4∗ Ξ ⇕n} ⌊⌊/

Qrwh wkdwwkh odvwh–suhvvlrq qr orqjhu ghshqgv rq ♭ 1

fi˘D˘e ß L?— hL**@¯

Wkh rswlp dofrqwuroodz X_± lv frp sxwhg uhfxuvlyho— / xvlqj p dwkhp dwlfdolqgxfwlrq1 Z h z looghfflqh wkh j hqhudoforvhg irup ri M_±^n / vkrz wkdwiru n @Q wkh frvw0wr0jr ixqfwlrq lv lqghhg lq wkdwirup +z klfk z loosurylgh lqlwldol˝dwlrq ydoxhv iruwkh sdudp hwhuv lq wkh forvhg irup , dqg wkhq frp sxwh M_±^n xqghuwkh dvvxp swlrq wkdwM_±^{n. 4} lvdouhdg— dydlodeoh lq wkh sursrvhg forvhg irup 1

Dvvxp h wkh frvw0wr0jr ixqfwlrq dqg rswlp dofrqwuroodz dwwlp h n duh lq wkh irup M_±^n ] L^n>Ψ^{n∗ Ξ ⇕n∗ 4} ⌊ @L_W^n V^nL^n . wu ] S^nΨ^{n∗ Ξ ⇕n∗ 4} ⌊ . δ^n> X_±^n @O^nL^n

Vlqfh wkh frvw0wr0j r ixqfwlrq diwhu wlp h Q lv e— ghfflqlwlrq 3/ z h fdq shuirup wkh p lqlp l˝dwlrq dw wlp h Q h–solflwo— M_±^Q ] L^Q >Ψ^{Q ∗ Ξ ⇕Q ∗ 4} ⌊ @L_W^Q V^Q L^Q . wu ] S^Q Ψ^{Q ∗ Ξ ⇕Q ∗ 4} ⌊ . δ^Q wkhuhiruh dwwlp h Q wkh frvw0wr0jr ixqfwlrq lvlq wkh sursrvhg irup / wkh lqlwldoydoxhviruwkh sdudp hwhuv duh V^Q ⪅ P_WT^Q P . Ξ⋃ s@4 F_W^s T^Q F^s > S^Q ⪅ D_{WΞ} T^Q D_Ξ > δ^Q ⪅ wu+T^Q G, dqg wkh rswlp dofrqwuroodz lv

X_±^Q @O^Q L^Q > O^Q @L^4

Wkh odvwvwhs lv wr frp sxwh M_±^n h–solflwo— 1 Vlqfh M_±^{n. 4}lv qrz lq forvhg irup +l1h1 grhv qrwlqyroyh d p lqlp l˝dwlrq ryhu M_±^{n. 5},/ z h fdq xvh wkdwh–suhvvlrq wr hydoxdwh M_±^n dqg shuirup wkh p lqlp l˝dwlrq ryhu

X^n1 I luvwz h kdyh wr hydoxdwh wkh h–shfwdwlrq whup H^ψ +M_±, lq +6143,1 E— vxevwlwxwlqj wkh lqirup dwlrq yhfwrudqg fryduldqfh dwwkh qh–wwlp h vwhs dffruglqj wr +61¡, dqg +61;,/ jurxslqj whup vdqg vlp soli— lqj

lq wkh qh–wvxevhfwlrq1Wr frp sohwh wkh ghulydwlrq ri wkh frqwuroodz / dvvxp h z h kdyh= wu )] V_♭^{n. 4} ∗ S^{n. 4} ⌊ [ N^{n∗ Ξ} [N_W^{n∗ Ξ} [ ∖ j^{n∗ Ξ} ] ♭ >Ψ ⌊ . L_W^n O^{♭ n ∗ Ξ} ] ♭ >Ψ ⌊ L^n . wu ] O^{Ψ n ∗ Ξ} ] ♭ >Ψ ⌊ Ψ^{n∗ Ξ ⇕n∗ 4} ⌊

Qrz z h fdq uhdg rffi wkh xsgdwh ht xdwlrqv=

Wkhr uhp : +P r glfflhg fr qwur oodz , Wkh +dssur–lp dwh, rswlp dofrqwuroodz lv

X_±^n @O^nL^n> O^n @ ] U . E_WV^{n. 4}E ⌊^{∗ 4} ]

UL^4 ∗ E_WV^{n. 4}D ⌊ zkhuh wkh frqvwdqwp dwulfhv duh sursdjdwhg edfnz dugv lq wlp h dffruglqj wr

V^n @ D_WV^{n. 4}D . ] P_WT^nP . Ξ⋃ s@4 F_W^s T^nF^s . L_W^Ξ F_WS^{n. 4}F L^Ξ . L_W^4 UL^4 . O^{♭ n ∗ Ξ} ] ♭ >Ψ ⌊ ⌊

∗ ] UL^4 ∗ E_WV^{n. 4}D ⌊^W]

U . E_WV^{n. 4}E ⌊^{∗ 4} ]

UL^4 ∗ E_WV^{n. 4}D ⌊ S^n @ D_WS^{n. 4}D . D_{WΞ} T^nD_Ξ . O^{Ψ n ∗ Ξ} ] ♭ >Ψ ⌊ δ^n @ δ^{n. 4} . wu ] S^{n. 4}GG_W ⌊ . wu+T^nG, . j^{n∗ Ξ} ] ♭ >Ψ ⌊ zlwk V^Q @P_WT^Q P . ⋃^Ξ s@4 F_W^s T^Q F^s / S^Q @D_{WΞ} T^Q D_Ξ / δ^Q @wu+T^Q G,/ O^Q @L^41

Qrwh wkh vlp lodulw— z lwk wkh fruuhvsrqglqj ht xdwlrqvlq wkh OTJ fdvh1V^n lvvwlooxsgdwhg dffruglqj wr d Ulffdwl ht xdwlrq/ exwwkh whup lq wkh eudfnhwv lv p ruh frp solfdwhg dqg lqyroyhv wkh olqhdul˝dwlrq sduwO^{♭ n ∗ Ξ} 1Wkh S^n xsgdwh lvqhz +dvh–sodlqhg deryh,1Wkh UL^4 whup lq wkh ghfflqlwlrq ri O^n dsshduhg ehfdxvh ri wkh p rglfflhg frvwixqfwlrq shqdol˝lqj vt xduhg glffihuhqfh ri frqwurovljqdov1 Uhfdoolqj wkh deryh glvfxvvlrq ri xvlqj d ghidxowfrqwuroodz / uhsodflqj L^4e— dq duelwudu— frqvwdqwp dwul– grhv qrw dffihfwwkh ghulydwlrq1Li z h z huh wr dgg dq dgglwlrqdofrvwwhup ] X^n ∗ O^nL^n ⌊^W U^O ] X^n ∗ O^nL^n ⌊ lq +6143, wkh rqo— glffihuhqfh lv wkdwlq wkh fflqdouhvxow+Wkhruhp : , z h kdyh wr dgg d O^n>U^O whup hyhu— wlp h d

U>L^4 whup dsshduv1O^Q ehfrp hv+U . U^O,_{∗ 4} ] U^OO^Q . UL^4 ⌊ 0vlqfh ehiruh vlp solfflfdwlrq lwz dvU_{∗ 4}UL^4 udwkhu wkdq L^41

Wkh h–shfwhg frvwlv ht xdowr M_±^4 z khuh wkh δ^4 whup kdv dffxp xodwhg doowkh frqvwdqwwhup v iurp M_±^{5///Q} 1 Wkhr uhp ; +P r glfflhg h–s hfwhg fr vw, Wkh +dssur–lp dwh, h–shfwhg frvwri wkh p ryhp hqwlv

M @ L_W^4 V^4L^4 . wu ] S^4Ψ^{4∗ Ξ ⇕3} ⌊ . δ^4

@ ~♭_W^4 V_♭^4 ~♭^4 . wu+S^4Ψ^4, . Q ∗ 4⋃ n@4 ] wu+T^nG, . wu ] S^{n. 4}GG_W ⌊ . j^{n∗ Ξ} ] ♭ >Ψ ⌊⌊ . wu+T^Q G,

Wkhuh duh vhyhudosrvvleoh vwudwhj lhv iru rewdlqlqj wkh hvwlp dwhv ] ♭^n>Ψ^n ⌊ n@4///Q qhfhvvdu— iru wkh

olqhdul˝dwlrq1 Z h frxog mxvwvhwwkhp wr vrp h frqvwdqw/ ru rewdlq wkhp rqfh dwwkh ehjlqqlqj ri wkh p ryhp hqw+h1j1 iurp wkh p lqlp xp 0mhun wudmhfwru— ,/ ru frp sxwh wkh rswlp dofrqwuroodz lwhudwlyho— e— vwduwlqj z lwk vrp h hvwlp dwhv dqg uhsodflqj wkhp dwhdfk vwhs z lwk wkh qhz rswlp dowudmhfwru— 1 Dq— ri wkrvh vwudwhj lhv fdq eh xvhg mxvwrqfh dwwkh ffluvwwlp h vwhs/ ru dwhdfk wlp h vwhs ghshqglqj rq wkh qxp hulf dffxudf— ri wkh dssur–lp dwlrq1

7:

fi˘D˘D Π Lıti ULffl@hı@?Ui @?˙ *ı?i @hı3@— ıL?

Ehiruhsurfhhglqj z lwk wkholqhdul˝dwlrq z hkdyhwr ghfflqhwkhrevhuydwlrq qrlvhfryduldqfhI_{n∗ Ξ} ) ~♭_{n∗ Ξ ⇕n∗ 4} [ 1 Uhfdooiurp +619, wkdwwkh ffluvwwkuhh hqwulhv ri wkh p hdvxuhp hqwyhfwru frqwdlq srvlwlrqv lq devroxwh +erg— 0fhqwhuhg, frruglqdwhv rewdlqhg wkurxj k sursulrfhswlrq dqg ylvxdop ryhp hqwghwhfwlrq/ wkdwz h dvvxp h duh lqghshqghqwri wkh ffl–dwlrq srlqw1 Wkh uhp dlqlqj S hqwulhv frqwdlq glffihuhqfh yhfwruv iurp wkh fxuuhqwffl–dwlrq wduj hwwr wkh kdqg dqg wkh uhp dlqlqj wduj hwv/ dqg wkhlu uholdelolw— ghfuhdvhv z lwk glvwdqfh1 Wkxvwkh p dwul– I z looeh d gldj rqdop dwul– z lwk wkh ffluvwwkuhh hqwulhv ehlqj frqvwdqwv/ dqg wkh uhp dlqlqj sursruwlrqdowr wkh vt xduhg glvwdqfh iurp wkh ffl–dwlrq wduj hwW^i =

I ) ~♭ [ @gldj ⌋ ϕ^5_K ϕ^5_{bK} ϕ^5_i ζ ( ( ~K ∗ ~W^i ( (^5 ζ ( (~W^4 ∗ ~W^i ( (^5 ÷÷÷ ζ ( (~W^S ∗ ~W^i ( (^5 ⌈

l1h1vwdqgdug ghyldwlrq ri ylvxdosrvlwlrq hvwlp dwhvlqfuhdvhvolqhduo— z lwk glvwdqfhiurp wkhiryhd1Lghdoo— I z rxog eh d ixqfwlrq ri ♭ udwkhu wkdq ~♭ exwwkh uhvxowlqj frp solfdwlrqv gr qrwvhhp wr eh mxvwlfflhg +wkh glffihuhqfh lv qrwolnho— wr eh vxevwdqwldo/ dqg xvlqj ♭ lqvwhdg ri ~♭ p dnhv olqhdul˝dwlrq z 1u1wΨ p xfk p ruh glȷ fxow,1Qrwh wkdwdffruglqj wr wklvp rghowkh yduldqfh ri vrp h revhuydwlrqvp d— ehfrp h h–dfwo— 31 Wklv lv qrwd sureohp vlqfh hyhq li z h kdyh h–dfwuhodwlyh p hdvxuhp hqwv/ wudqvirup lqj wkhp lqwr erg— 0fhqwhuhg frruglqdwhv uht xluhv d sursulrfhswlyh hvwlp dwh ri h— h ffl–dwlrq z klfk lv doz d— v qrlv— +ϕ^5_i A 3,1

Vxssuhvvlqj wlp h lqglfhv/ iurp wkh ghfflqlwlrq ri [N +61; dqg Wkhruhp 9, z h kdyh=

j +♭ >Ψ, @ wu )] V^♭ ∗ S ⌊ [ N [N^W [ @wu ) ♯ ΨK^W ] KΨK^W. I +♭ , ⌊_{∗ 4} KΨ [ ♯ ⪅ D^W ] V^♭ ∗ S ⌊ D Vlqfh I ghshqgvrq ~♭ rqo— wkurxjk wkh vt xduhg glvwdqfh whup v/ z h z looh–sdqg j durxqg wkh yhfwru

ri vt xduhg glvwdqfhv= ~Y_l ⪅ ) ~Wl_ı ∗ ~Wi_ı [_5 . ) ~Wl_ȷ ∗ ~Wi_ȷ [_5

@ ~♭^WG^W_{li} G_{li} ~♭ +ghfflqlqj wkh kdqg srvlwlrq dv W^3/ dqg G_{li} dv wkh p dwul– wkdwh–wudfwv wkh glffihuhqfh ehwz hhq wduj hwv l dqg i dv ehiruh,= I +Y, @ gldj ⌋ ϕ^5_K ϕ^5_{bK} ϕ^5_i ζY_4 ÷÷÷ ζY_S ⌈ 1Wr holp lqdwh wkh p dwul– lqyhuvh lq j z h xvh wkh iroorz lqj

Ohp p d ¡ Li D lv d qrqvlqjxodu p dwul–/ wkhq Cwu ] ED^{∗ 4}F ⌊ CD @∗ ] D^{∗ 4}F ED^{∗ 4} ⌊_W 1 Dsso— lqj wkhohp p d wr wkhghfflqlwlrq ri j / dqg xvlqj wkhidfwwkdwrqo— gldjrqdohohp hqwvri I ghshqg rq ♭ / z h rewdlq wkh ffluvwrughuwhup lq wkh h–sdqvlrq ri j z 1u1wY dqg h–suhvvlwdvd ixqfwlrq ri ♭ = ) ~Y ∗ Y [_W Cj CY \ \ Y@Y @ ~♭^W ⋃ l∃@i ζZ_lG^W_{li} G_{li} ⟨ ~♭ ∗ ♭^W ⋃ l∃@i ζZ_lG^W_{li} G_{li} ⟨ ♭

Z ] ♭ >Ψ ⌊ ⪅ gldj ) ∗ ] KΨK^W. I ] ♭ ⌊⌊_{∗ 4} KΨ♯ ΨK^W ] KΨK^W. I ] ♭ ⌊⌊_{∗ 4}[ 7÷÷÷S . 6 Olqhdul˝lqj j z 1u1wΨ fdq eh dffrp solvkhg xvlqj wkh

7;

Ohp p d 43 +P dwul– lqyhuvlr q ohp p d, I ru d qrq0vlqjxodu p dwul– D dqg yhfwruv e>f ] D . ef_W ⌊^{∗ 4} @D_{∗ 4} ∗ D_{∗ 4}ef_WD_{∗ 4}

4. f_WD_{∗ 4}e

Z h uhsuhvhqwΨ @ ⋃ lmv^{lm}h^lh_W^m+z khuh h^l lv wkh xqlwyhfwru z lwk 4 lq srvlwlrq l,/ dqg vlp soli— wkh h–suhvvlrq iru_{Cj}^{Cvl m} \ \^{Ψ @Ψ} e— lghqwli— lqj D ↓ KΨK_W. I ] ♭ ⌊ / e ↓ ∫ v^{lm}Kh^l/ f ↓ ∫ v^{lm}Kh^m dqg xvlqj wkh deryh ohp p d1Vnlsslqj vrp h whglrxvdojheud/ wkh ffluvwrughu whup lq wkh h–sdqvlrq ri j z 1u1wΨ lv= wu ]] Ψ ∗ Ψ ⌊] WΨ♯ . ♯ ΨW∗ WΨ♯ ΨW ⌊⌊ > W ] ♭ >Ψ ⌊ ⪅ K_W ] KΨK_W. I ] ♭ ⌊⌊^{∗ 4} K Wkh olqhdul˝dwlrq lvvxp p dul˝hg lq wkh iroorz lqj

Wkhr uhp 44 +Olqhdul˝dwlr q, Wkh ixqfwlrq j +♭ >Ψ, ⪅ wu ) ♯ ΨK_W ] KΨK_W. I +♭ , ⌊^{∗ 4} KΨ [ lv ds0 sur–lp dwhg xs wr ffluvwrughu e— j +♭ >Ψ, ∖ j ] ♭ >Ψ ⌊ . ♭_WO^♭ ] ♭ >Ψ ⌊ ♭ . wu ] O^Ψ ] ♭ >Ψ ⌊ Ψ ⌊ j ] ♭ >Ψ ⌊ @ j ] ♭ >Ψ ⌊ ∗ ♭_WO^♭ ] ♭ >Ψ ⌊ ♭ ∗ wu ] O^Ψ ] ♭ >Ψ ⌊ Ψ ⌊ O^♭ ] ♭ >Ψ ⌊ @ ⋃ l∃@i ζZ^l ] ♭ >Ψ ⌊ G_W^{li} G^{li} O^Ψ ] ♭ >Ψ ⌊ @ W ] ♭ >Ψ ⌊ Ψ♯ . ♯ ΨW ] ♭ >Ψ ⌊ ∗ W ] ♭ >Ψ ⌊ Ψ♯ ΨW ] ♭ >Ψ ⌊

Wkh irup ri O^♭ doorz vdq lqwxlwlyh lqwhusuhwdwlrq ri wkh hffihfwvri rxuvsdwldoylvxdodfxlw— p rgho_{45}1

Wkh ζZ^3 ] ♭ >Ψ ⌊ G_W^{3i} G^{3i} whup +z klfk lvwkh rqo— rqh wkdwghshqgvrq frqwuroodeoh t xdqwlwlhv0l1h1kdqg srvlwlrq, lv ht xlydohqwwr wkh ghfflqlwlrq ri wkh T^{nl} p dwulfhv shqdol˝lqj ghyldwlrqv iurp wduj hwv +wkh uht xluhg dffxudf— z^l lv uhsodfhg e— ζZ^3 ] ♭ >Ψ ⌊ ,1 O^♭ dsshduv lq Wkhruhp : dv dq h–wud frvwehlqj dgghg wr V^n1Wkxvwdnlqj lqwr dffrxqwwkh vwdwh ghshqghqfh ri revhuydwlrq qrlvh lvvlp loduwr lqfoxglqj h–wud shqdow— iru glvwdqfh ehwz hhq wkh kdqg dqg fxuuhqwffl–dwlrq wdujhw1 Wklv lv wr eh h–shfwhg vlqfh nhhslqj wkh kdqg forvh wr wkh wdujhwuhvxowv lq ehwwhu ylvxdohvwlp dwhv ri kdqg orfdwlrq/ z klfk ohdgv wr ehwwhuh–shfwhg shuirup dqfh1

fi˘S 5Λ4 4 @h) @?˙ W4 T*i 4 i ?— @— ıL?

Wklvvhfwlrqvvxp p dul˝hvwkhp rghodqg rxwolqhvwkhvwhsvlqyroyhg lq lwvlp sohp hqwdwlrq1Z hehj lq z lwk wkh sdudp hwhuvwkdwkdyh wr eh vshflfflhg lq rughuwr frqvwuxfwwkh rswlp dofrqwuroohu1Wkh ffluvwjurxs ri sdudp hwhuv duh ghulyhg gluhfwo— iurp wkh wdvn ghvfulswlrq +dqg wkxvgr qrwuhsuhvhqwiuhh sdudp hwhuv,=

�2W? — Ξi ThiUi˙ı?˝ ˙ıtUΛttıL? \^f 4 Λ*— ıT*ıit P h@— Ξih — Ξ@? ~f ctL ¯ i Λti \^f ¶ ⌋ \^f f f f ⌈ ˘

7¡

Sdudp hwhu Ghvfuls wlr q Q Qxp ehuri wlp h vwhsvlq wkh vlp xodwlrq S Qxp ehuri wdujhwv/ h–foxglqj vwduwlqj srvlwlrq gw Gxudwlrq ri rqh wlp h vwhs/ lq vhfrqgv Gvdf Dyhudjh vdffdgh gxudwlrq/ lq wlp h vwhsv +p hdvxuhg gluhfwo— , z_{4///S} Z hljkwv iruhdfk wdujhw+ghvluhg vsdwldodffxudf— , y Z hljkwri whup lqdoyhorflw— +ghvluhg wlp lqj dffxudf— , ~♭_4 Lqlwldovwdwh hvwlp dwh +kdqg srvlwlrq/ yhorflw— / wduj hwsrvlwlrqv, Ψ_4 Yduldqfh ri wkh lqlwldovwdwh hvwlp dwh

Wkh qh–wjurxs ri sdudp hwhuvghvfuleh wkh lqwhuqdosurshuwlhvri wkh vhqvru— 0p rwruv— vwhp dqg kdyh wr eh hvwlp dwhg lq rughuwr lqvwdqwldwh wkh p rgho1Lqghshqghqwhvwlp dwhvirup rvwri wkhp fdq eh irxqg lq wkh olwhudwxuh=

Sdudp hwhu Ghvfuls wlr q ϕ^5_K >ϕ^5_{bK} >ϕ^5_i Yduldqfhv ri devroxwh p hdvxuhp hqwv ζ Yduldqfh ri uhodwlyh p hdvxuhp hqwv@ζ \wdujhw0ffl–dwlrq\^5 ϕ^5_X Yduldqfh ri frqwuroqrlvh ϕ^5_G Yduldqfh ri srvlwlrqdodgglwlyh qrlvh +yhorflw— qrlvh @3, n>e Vwlffiqhvvdqg gdp slqj frhȷ flhqwv u Z hljkwri glffihuhqfhv ehwz hhq frqvhfxwlyh frqwurov Ξ Vhqvru— ghod— / lq qxp ehuri wlp h vwhsv

Wkhfrqwuroohufdq ehorjlfdoo— vhsdudwhg lq wz r sduwv/ rqhghulyhg iurp wkhvwrfkdvwlf rswlp dofrqwuro iudp hz run dqg wkh rwkhu ehlqj uhvsrqvleoh iru vhwwlqj dgglwlrqdoyduldeohv e— xvlqj wkh ffluvwsduwdv dq lqqhup lqlp l˝dwlrq orrs1Wkhvh dgglwlrqdoyduldeohvduh=

Yduldeoh Ghvfuls wlr q n_4>///>n_{S ∗ 4} Yld0srlqwsdvvdj h wlp hv v_4>///>v_{S ∗ 4} Vdffdgh wlp hv+shdn h— h yhorflw— , ] ♭ >Ψ ⌊ 4///Q H–shfwhg wudmhfwru— dqg fryduldqfh iruolqhdul˝dwlrq

O_{4///Q} Ghidxowfrqwuroodz +lqlwldoo— ht xdowr L_4 0p lq1mhun,

Doowkhvh t xdqwlwlhvfdq eh lqlwldol˝hg iurp wkh p lqlp xp 0mhun wudmhfwru— +vhh Fkdswhu9,1Wkh wlp lqj yduldeohvfdq ehrswlp l˝hg e— frp sxwlqj wkhh–shfwhg frvwiruglffihuhqwvhwwlqjv1Z hdvvxp hg deryhwkdw

h— h0p ryhp hqwdqg sdvvdj h wlp hv duh glvfuhwh +uhsuhvhqwhg lq qxp ehu ri vlp xodwlrq wlp h vwhsv,1 Wklv lv d sureohp li wkhlu rswlp doydoxhv duh wr eh frp sxwhg e— vrp h p lqlp l˝dwlrq surfhgxuh/ vlqfh p rvw qxp hulfdop lqlp l˝dwlrq surfhgxuhv z loovwrs z khq wkh— hqfrxqwhu d shuihfwo— ıdwuhj lrq lq sdudp hwhu vsdfh1Lqwhusrodwlrq ri wkh frvwixqfwlrq ehwz hhq lqwhj husdudp hwhuydoxhvlvqrwd yhu— j rrg lghd vlqfh ixqfwlrq hydoxdwlrqv duh t xlwh h–shqvlyh/ dqg wkh sdudp hwhu vsdfh lv oduj h1 Lqvwhdg z h z loop dnh wkh frvwixqfwlrq frqwlqxrxv lq wkh wlp lqj sdudp hwhuv e— dvvxp lqj wkdwylvxdolqsxwlv uhp ryhg judgxdoo— durxqg vdffdgh rqvhw2rffivhwwlp h/ dqg wkdwwkh wduj hwfrvwlvglvwulexwhg dp rqj T^n dqg T^{n. 4} z khq wkh sdvvdjh wlp h lvehwz hhq n dqg n . 41

♭ >Ψ>O fdqqrweh rswlp l˝hg vlqfh wkh— dffihfwwkh ghfflqlwlrq ri wkh frvwixqfwlrq¿lqvwhdg wkh— duh p rglfflhg dv glvfxvvhg lq wkh suhylrxv vhfwlrqv1 Wkhvh dgglwlrqdoyduldeohv fdq eh frp sxwhg hlwkhu rqfh dwwkh ehjlqqlqj ri wkh p ryhp hqw/ ru fflqh0wxqhg dwhdfk wlp h vwhs1 Li wkh— duh ffl–hg dwwkh ehj lqqlqj ri wkh p ryhp hqw/ wkh rswlp dofrqwuroodz fdq dovr eh frp sxwhg lq dgydqfh1 Z khqhyhu wkh dgglwlrqdo yduldeohvfkdqjh/ wkhffl–hg t xdqwlwlhvT>K>O^♭ >O^Ψ xvhg lq wkhrswlp dofrqwuroohukdyhwr ehuhfrp sxwhg1

I lqdoo— / wkh rswlp dofrqwuroohufrp sxwhv+dffruglqj wr wkh deryh wkhruhp v, dqg sursdj dwhvwkurxj k wlp h +n, wkh iroorz lqj yduldeohv=

Yduldeoh Ghvfuls wlr q

~♭^{n∗ Ξ ⇕n∗ 4} Hvwlp dwh ri wkh v— vwhp vwdwh

Ψ_{4∂5}^{n∗ Ξ ⇕n∗ 4} Vt xduh urrwfryduldqfh ri wkh vwdwh hvwlp dwh

[N^{n∗ Ξ} P rglfflhg ndop dq jdlq

V^n Frvw0wr0j r whup p xowlso— lqj L

S^n Frvw0wr0j r whup p xowlso— lqj Ψ δ^n Frqvwdqwfrvw0wr0jr whup

O^n Rswlp dofrqwuroodz

X_±^n Rswlp dofrqwurovlj qdo

Dvvxp lqj wkdw♭ >Ψ duh ehlqj p rglfflhg gxulqj wkh p ryhp hqw/ wkh dojrulwkp lqyroyhv wkh iroorz lqj vwhsvdwhdfk wlp h n=

41 Vwduwz lwk hvwlp dwhv ~♭^{n∗ Ξ ⇕n∗ 4} dqg Ψ_{4∂5}^{n∗ Ξ ⇕n∗ 4}1

51 Sursdjdwh V^n dqg S^n edfnz dugv vwduwlqj iurp wlp h Q/ wr rewdlq O^n dqg X_±^n @O^nL^n1 Srvvleo— lwhudwhwklvvwhs wr lp suryh♭ >Ψ1Frp sxwhfrvw0wr0j r δ^n li lwlvqhhghg wr rswlp l˝hwlp lqj yduldeohv1

61 Xvlqj wkhqhz p hdvxuhp hqw♮^n/ frqwuroX_±^n dqg [N^{n∗ Ξ} / frp sxwh ~♭^{n. 4∗ Ξ ⇕n} dqg Ψ_{4∂5}^{n. 4∗ Ξ ⇕n} dqg irup

L^{n. 4}1

Uhfdoowkdwz h kdg wr p dnh vrp h dssur–lp dwlrqv lq ghulylqj wkh rswlp dofrqwuroodz 1 Lq sduwlf0 xodu/ z h xvhg wkh rswlp do olqhdu hvwlp dwru ri ♭^n j lyhq ♮^n lqvwhdg ri wkh rswlp do hvwlp dwru +z klfk lv qrqolqhdu gxh wr rxu p rgho ri vsdwldo ylvlrq,1 Dovr/ z h xvhg d olqhdu dssur–lp dwlrq wr wkh whup wu )] V_♭^{n. 4} ∗ S^{n. 4} ⌊ [ N^{n∗ Ξ} [N_W^{n∗ Ξ} [ durxqg dq h–shfwhg wudmhfwru— 1Wr dvvhvvwkh dffxudf— ri wkhvh dssur–0 lp dwlrqv/ z h udq wkh p rghorq 8 glffihuhqwsdudp hwhuvhwwlqj v+forvh wr wkh rqhvxvhg lq wkh qh–wfkdswhu, wr rewdlq wkh rswlp dofrqwuroodz dqg h–shfwhg frvw/ dqg wkhq vlp xodwhg 83 wuldovxvlqj wkh fruuhvsrqg0 lqj rswlp dofrqwuroodz wr j hqhudwh frqwurovljqdov1 Wkh rswlp dofrqwuroodz z dv frp sxwhg rqfh ehiruh

1 1.5 2 2.5 3 3.5 4 4.5 5 x 10^4 1

1.5

2

2.5

3

3.5

4

4.5

5 x 10^4

Expected Cost

E m pi ric al C os t

I lj xuh 604= H–shfwhg yv1 hp slulfdofrvw/ frp sxwhg iru 8 vlp xodwlrq uxqv ri 83 wuldov hdfk +vkrz q duh vwdqgdug huurueduv,1

p ryhp hqwrqvhwdqg uhp dlqhg frqvwdqwgxulqj wkh p ryhp hqw1Wduj hwsdvvdj h wlp hvdqg h— h p ryhp hqw wlp hv z huh vhwht xdowr wkh wduj hwsdvvdjh wlp hv rewdlqhg iurp wkh p lqlp xp mhun p rgho+Fkdswhu 9,1 Wkh h–shfwhg wudmhfwru— ♭_n z dvlqlwldol˝hg wr wkh p lqlp xp mhun wudmhfwru— / dqg wkh h–shfwhg fryduldqfh Ψ_n z dvfrp sxwhg iurp wkh p lqlp xp mhun wudmhfwru— e— uxqqlqj wkh Ndop dq fflowhu1 I luvwz h dvvhvvhg krz forvh wkh h–shfwhg frvwlvwr wkh hp slulfdofrvwrewdlqhg e— hydoxdwlqj wkh frvw ixqfwlrq +618, gluhfwo— rq wkh vlp xodwhg wudmhfwrulhv1Wkh glffihuhqfh z dvz lwklq 5( ri wkh frvwydoxh/ dv vkrz q lq I lj 6041

Z hdovr vlp xodwhg wkhp rghorq wkhvdp hsdudp hwhuvhwvdvehiruhz lwkrxwwkholqhdul˝dwlrq +wklvfdq eh grqh e— vlp so— vhwwlqj O_♭ @3>O_Ψ @3,1Wkh huuru+glffihuhqfh ehwz hhq h–shfwhg dqg hp slulfdofrvw, lqfuhdvhg e— derxw83( dqg wkh hp slulfdofrvwlqfuhdvhg e— 43( / ghp rqvwudwlqj wkdwwkh olqhdul˝dwlrq d, uhvxowv lq d ehwwhu frqwuroodz dqg e, wkh frqwuroohu kdv d ehwwhu hvwlp dwh ri krz j rrg wkdwfrqwuro odz lv1

Wkh olqhdul˝dwlrq sdudp hwhuv +dqg wkxv wkh frqwuroodz , w— slfdoo— frqyhujhg diwhu 4 xsgdwh1 Wklv lv vkrz q lq I lj 6051

Z hdovr frp sxwhg wkhglffihuhqfhehwz hhq wkhdfwxdoydoxhri wkhwu )] V^♭_{n. 4} ∗ S_{n. 4} ⌊ [ N_{n∗ Ξ} [N^W_{n∗ Ξ} [ dqg wkh rqh frp sxwhg iurp wkh olqhdul˝dwlrq/ dwhyhu— wlp h vwhs1Lwlvqrwvxusulvlqj wkdwwkh huuruydqlvkhv diwhu♭_n kdvfrqyhujhg wr wkh h–shfwhg wudmhfwru— rewdlqhg iurp wkh fruuhvsrqglqj rswlp dofrqwuroodz +l1h1 z h duh frp sxwlqj wkh frvwdwwkh olqhdul˝dwlrq srlqw,1 Qrwh krz hyhu wkdwwkh huuru lv udwkhu vp doo hyhq ehiruh wkh ffluvwlwhudwlrq/ z khq ♭_n lv ht xdowr wkh p lqlp xp mhun wudmhfwru— 1 W— slfdouhvxowv duh vkrz q lq I lj 6061

-20 -15 -10 -5 0 5 10 15 20 -15

-10

-5

0

5

10

15

X Axis of workspace (Cm)

Y A xi s of w or ks pa ce ( C m )

I lj xuh 605=P lqlp xp mhun wudmhfwru— +00,/ h–shfwhg wudmhfwru— ghiruh +gldp rqg, dqg diwhu +vrolg, ffluvw lwhudwlrq1Flufohvfruuhvsrqg wr wdujhworfdwlrqv1

0 10 20 30 40 50 -400 -350 -300 -250 -200 -150 -100 -50 0 50 100

Time

C os t

Min Jerk

0 10 20 30 40 50 -400 -350 -300 -250 -200 -150 -100 -50 0 50 100

Time

C os t

Loop 1

I lj xuh 606=Olqhdul˝hg +gldp rqg, yvdfwxdo+vrolg, ydoxh ri wkh wu+1, whup dwhyhu— wlp h vwhs/ ehiruh dqg diwhuwkh ffluvwlwhudwlrq1

ß Ξ@T— i h e

, fflı̇ i ?Ui uLh L?*ı?i ˝L@*´˙ıhi U— i˙

UL?— hL*ı? fflı@´TLı?— — @t! t

e˘� ȷ ffli hfflıi¯

Lq wklv fkdswhu z h ghvfuleh d qxp ehu ri h–shulp hqwdouhvxowv lqglfdwlqj wkdwhyhq lq vlp soh wdvnv vxfk dv uhdfklqj ru p rylqj wkurxjk d vp doovhwri vht xhqwldowduj hwv/ wkh vhqvru— 0p rwru v— vwhp frqvwdqwo— xsgdwhvlwvlqwhuqdohvwlp dwh ri wkh hqylurqp hqw+lqfoxglqj wkh p rylqj kdqg, dqg p rglfflhvwkh rqj rlqj p ryhp hqwdffruglqj o— 1Suhvhqwo— z hfdqqrwuxohrxwwkhsrvvlelolw— wkdwwkhskhqrp hqd ghvfulehg ehorz uhvxowiurp wkh h–hfxwlrq ri suhh–lvwlqj p rwru surj udp v1 Wklv z h wklqn lv p rvwo— gxh wr wkh odfn ri dq h–shulp hqwdoo— idovlffldeoh ghfflqlwlrq ri %p rwru surjudp %1 Lq wkh devhqfh ri vxfk d ghfflqlwlrq/ dooz h fdq vkrz lvwkdwd qxp ehu ri lqwhuhvwlqj hffihfwv duh ehwwhuh–sodlqhg lq wkh iudp hz run ghyhorshg lq wkh suhylrxvfkdswhuv/ dqg xvlqj d suhuhfrughg p rwruwhp sodwh lq dgglwlrq wr wkh surfhvvlqj srvwxodwhg khuh z rxog qrwdffrxqwiru dq— dgglwlrqdofflqglqjv1

Dvz looehfrp h fohduvkruwo— / p rvwri wkh h–shulp hqwdouhvxowvglvfxvvhg lq wklvfkdswhuduh uhsolfdwhg e— rxu p rghoiru udwkhu reylrxv uhdvrqv1 Wkxv z h gr qrw%h–sodlq%dq— wklqj z lwk hp hujhqwsurshuwlhv ri wkh p rghowkdwfdqqrwehghgxfhg hdvlo— iurp Fkdswhu61Z kloh wklvw— sh ri h–sodqdwlrq lvvrp hwlp hv suhihuuhg lq p rghoolqj z run +vlqfh lwfohduo— ghp rqvwudwhvwkdwwkh ghvluhg rxwfrp hvz huh qrwexlowlqwr wkh p rgho, lwlvqrwrxuj rdokhuh1Rq wkh frqwudu— / wkh p rghoz dvgluhfwo— lqvsluhg e— vrp h ri wkh gdwd suhvhqwhg ehorz 1

Wkh h–shulp hqwvz huh shuirup hg xvlqj d sur mhfwlrq v— vwhp wkdwhqdeohg xvwr glvsod— yluwxdowdujhwv rq wkh vxuidfh ri d krul˝rqwdowdeoh rq z klfk vxemhfwvz huh dvnhg wr p ryh wkhlukdqg1Lq dooh–shulp hqwv wkh urrp z dv gdun/ l1h1 wkh rqo— ylvxdoihhgedfn vxemhfwv uhfhlyhg derxwwkhlu kdqg srvlwlrq z dv wkh rqh z h fkrvh wr glvsod— 1 Kdqg srvlwlrq z dv glvsod— hg e— xvlqj dq OHG dwwdfkhg wr d vp doosrlqwhu khog e— wkh vxemhfw+lq h–shulp hqwv wkdwglg qrwuht xluh ylvxdoshuwxuedwlrq ri kdqg orfdwlrq,/ ru e— d frp sxwhu0j hqhudwhg fxuvru fdoleudwhg wr p dwfk wkh sk— vlfdoorfdwlrq ri wkh dup +lq h–shulp hqwv z khuh kdqg orfdwlrq z dv glvsodfhg xqnqrz q wr wkh vxemhfw,1 Kdqg srvlwlrq z dv uhfrughg z lwk dq Rswrwudfn 6353 uxqqlqj dw453K˝1Lq vrp h h–shulp hqwvh— h p ryhp hqwvz huh dovr uhfrughg xvlqj dq Lvfdq lqiuduhg wudfnhu/ uxqqlqj dw453K˝1 Z h hvwlp dwhg wkh ghod— ri wkh h— hwudfnhu uhodwlyh wr wkh Rswrwudfn +e— dwwdfklqj d srvlwlrqdovhqvrurq wkh h— h fdp hud/ wdsslqj rq wkh khdgp rxqwz kloh d vxemhfwz dvffl–dwlqj /

dqg frp sdulqj wkh uhdglqjv ri wkh wz r vhqvruv, dqg frp shqvdwhg irulw0lwz dvrqh ylghr iudp h1

e˘2 + i @UΞı?˝ 4 Lffli 4 i ?— t

e˘2˘� , Ti hı4 i ?— e˘� ´ 5T@— ı@*@UUΛh@U) LuTi hıTΞi h@*fflıtıL?

Wkh j rdori wklv h–shulp hqwz dv wr hvwlp dwh wkh vsdwldodffxudf— ri shulskhudoylvlrq/ l1h1 wkh dffxudf— z lwk z klfk vxemhfwv fdq orfdol˝h wdujhwv suhvhqwhg wudqvlhqwo— lq wkh shulskhudo ylvxdo fflhog1 Wklv lv fohduo— lp sruwdqwiruydolgdwlrq ri wkhp rghoz klfk p dnhvvshflfflf dvvxp swlrqvderxwwkhghfd— ri ylvxdo dffxudf— z lwk glvwdqfh iurp wkh ffl–dwlrq srlqw1Qrwh wkdwrxuhvwlp dwhvduh d ixqfwlrq ri glvwdqfh dorqj wkh krul˝rqwdowdeoh udwkhuwkdq ylvxdodqj oh1

P hwkr gv

Vl– vxemhfwvsduwlflsdwhg lq wkh h–shulp hqw/ z klfk odvwhg derxw48 p lqxwhv1Vxemhfwvp dgh 633 srlqwlqj p ryhp hqwv dffruglqj wr wkh iroorz lqj surwrfro= z kloh wkh kdqg z dv vwdwlrqdu— dqg wkh vxemhfwz dv ffl–dwlqj dwwkh OHG dwwdfkhg wr wkh kdqg/ d frp sxwhu jhqhudwhg wdujhwdsshduhg iru :33 p v dqg wkhq glvdsshduhg1Wkh vxemhfwz dv lqvwuxfwhg wr p dlqwdlq ffl–dwlrq dwwkh OHG z kloh wkh wduj hwz dv suhvhqw/ dqg wr p dnh d srlqwlqj p ryhp hqwwr lwv +uhp hp ehuhg, orfdwlrq z khq lwglvdsshduhg1 Vxemhfwv z huh qrwuht xluhg wr uhvsrqg dv idvwdvsrvvleoh/ dqg wkh gxudwlrq ri wkh srlqwlqj p ryhp hqwz dv qrwolp lwhg

0 l1h1 z h z dqwhg wr doorz wkh ehvwsrvvleoh orfdol˝dwlrq ri wkh uhp hp ehuhg wdujhworfdwlrq1 Rqfh wkh srlqwlqj p ryhp hqwwhup lqdwhg +ghwhfwhg dxwrp dwlfdoo— xvlqj d vp dooyhorflw— wkuhvkrog,/ wkhqh–wwduj hw dsshduhg z lwk d ghod— ri : 33 p v1Wduj hworfdwlrqv z huh vhohfwhg udqgrp o— / vxfk wkdwwkh glvwdqfh iurp wkhfxuuhqwkdqg srvlwlrq z dvxqlirup o— glvwulexwhg ehwz hhq 63 dqg 5; 3 p p / lq udqgrp gluhfwlrqv+z lwk wkh uhvwulfwlrq wkdwwdujhwv kdg wr uhp dlq z lwklq wkh olp lwvri wkh z runvsdfh,1

Uhvxowv

Hqgsrlqwhuuruv iurp d w— slfdovxemhfwduh vkrz q lq I lj 704 0qrwh wkdwwkh huuru dorqj wkh p ryhp hqw gluhfwlrq lv vxssuhvvhg rq wklv j udsk1 Lwlv fohdu wkdwwkh vsuhdg ri wkh huuruv lqfuhdvhv olqhduo— z lwk glvwdqfh1 Wklv lv frqfflup hg lq wkh vxp p du— sorwlq I lj 7051 Ryhudoohqgsrlqwyduldeoh huuru +vwdqgdug ghyldwlrq, lqfuhdvhvuhp dundeo— olqhduo— z lwk glvwdqfh1Wkhuh z dvdovr d vp dooeldv0p ryhp hqwvwhqghg wr xqghuvkrrwe— 9 p p rq wkh dyhudjh +ryhu doovxemhfwv, 0fruuhvsrqglqj wr d udqjh hffihfw1 Wkdweldv kdv ri frxuvh ehhq vxewudfwhg lq frp sxwlqj wkh yduldqfh1 Wkh yduldeoh huuruv dorqj wkh gluhfwlrq ri p ryhp hqwz huh volj kwo— eljj huwkdq wkh rqhvlq wkh ruwkrj rqdogluhfwlrq +46p p yv14318p p , vxj jhvwlqj wkdwvrp h ri wkh orfdol˝dwlrq huuru p d— eh gxh wr wkh idfwwkdwwkh kdqg lv xvhg dv d srlqwhu/ dqg kdqg uhdfklqj p ryhp hqwv duh nqrz q wr kdyh odujhu hqgsrlqwhuuruv dorqj wkh gluhfwlrq ri p ryhp hqw

Ĵ rugrq hwdo1¡7‘1

Z h xvhg wklv gdwd wr fflwwkh sdudp hwhuv ri wkh p rghofruuhvsrqglqj wr ylvxdoshufhswlrq/ dqg ffl–hg wkhvh ydoxhv wkurxjkrxwdoovlp xodwlrqv1 Wkh p rghodovr frqwdlqv vhqvru— qrlvh whup v +srvlwlrq dqg yhorflw— qrlvh, fruuhvsrqglqj wr sursulrfhswlrq1 Lqfuhdvlqj wkrvh whup v kdv yhu— vlp lodu hffihfwv wr gh0 fuhdvlqj wkh dp rxqwri v— vwhp qrlvh1Vlqfh lwlvglȷ fxowwr ghvlj q h–shulp hqwvwkdwlvrodwh wkh dffxudf— ri sursulrfhswlrq +wkdwz rxog lqyroyh whp srudulo— ghdffihuhqwlqj wkh vxemhfwv,/ z h ffl–hg wkrvh sdudp h0 whuv vr wkdwsursulrfhswlrq z dv vlj qlfflfdqwo— ohvv uholdeoh wkdq ylvlrq +lq wkh ylflqlw— ri wkh wdujhw,/ — hw uhvxowhg lq lp suryhg shuirup dqfh1

0483 0433 083 3

0433

0;3

093

073

053

3

53 Oduj hu hqgsrlqwhuuruv dorqj p ryhp hqwgluhfwlrq

I lj xuh 706=Vlp xodwlrq=uhdfklqj p ryhp hqwv ri ht xdogxudwlrq wr wduj hwv dwglffihuhqwglvwdqfhv z lwkrxw ylvxdoihhgedfn ri kdqg orfdwlrq1Hqgsrlqwhuuru lqfuhdvhv z lwk glvwdqfh1

Dqxp ehuri skhqrp hqdfdoohg vshhg2dffxudf— wudgh0rffivkdyhehhq revhuyhg +vhhŜodp rqgrq dqg Dolp l¡: ‘ iru d uhfhqwuhylhz , wkdwlqglfdwh d vwurqj uhodwlrqvkls ehwz hhq p ryhp hqwvshhg +ru gxudwlrq, dqg wkh dffxudf— wkdwfdq eh dfklhyhg1 Vxfk wudgh0rffiv duh revhuyhg e— hlwkhu vshfli— lqj ghvluhg dffxudf— dqg dvnlqj vxemhfwvwr p ryhdvt xlfno— dvsrvvleoh+dvlq I lwwv*odz , ruvshfli— lqj p ryhp hqwgxudwlrq dqg dvn0 lqj vxemhfwvwr ehdvdffxudwhdvsrvvleoh+dvlq Vfkp lgw*vodz , 0M̂hdqqhurg ; ;/ Vfkp lgwhwdo1:¡‘1Z kloh d qxp ehuri h–sodqdwlrqviruwkhvh skhqrp hqd kdyhehhq frqvlghuhg Ŝodp rqgrq dqg Dolp l¡:‘ wkhp rvw sduvlp rqlrxv h–sodqdwlrq vr idu vhhp v wr eh wkh vwrfkdvwlf rswlp dofrqwurop rghori P̂ h— huhwdo1;5‘/ dqg p ruh uhfhqwo— ri K̂rffi ¡7/ Krffi ¡4‘1 Wkhuh duh wkuhh p dlq glffihuhqfhv ehwz hhq wkhvh sulru p rghov dqg wkh rqh ghyhorshg khuh=

⊆ z h frqvlghuwz r0glp hqvlrqdodvrssrvhg wr rqh0glp hqvlrqdop ryhp hqwv+z klfk ohdgvwr vrp h qhz uhvxowv suhvhqwhg lq wkh qh–wvhfwlrq,¿

⊆ z h kdyh frp elqhg d p rghori vhqvru— hvwlp dwlrq z lwk wkh rswlp dofrqwuroohu/ z kloh sulru p rghov dvvxp hg shuihfwvwdwh revhuydwlrqv¿

⊆ wkh v— vwhp qrlvh lq rxu p rgholv sursruwlrqdowr dffhohudwlrq2irufh udwkhu wkdq yhorflw— 0 z klfk vhhp vsk— vlrorj lfdoo— p ruhuhdolvwlf/ dqg lvdovr vxssruwhg e— sv— fkrsk— vlfdogdwdV̂fkp lgwhwdo1: ¡‘1

Ehorz z h vkrz h–dp sohvri wkh wz r fodvvhvri vshhg2dffxudf— wudgh0rffiv1I lj BBvkrz vkrz hqgsrlqw huuruvlqfuhdvh z lwk glvwdqfh +nhhslqj p ryhp hqwgxudwlrq frqvwdqw,/ frqvlvwhqwz lwk wkh revhuydwlrqvri Ĵ rugrq hwdo1¡7‘dqg uhodwhg wr Vfkp lgw*vodz 1Wkhuhdvrq iruwklvhffihfwlvwkhv— vwhp qrlvhsursruwlrqdo wr dffhohudwlrq 0wr surgxfh d wz r wlp hvodujhup ryhp hqwz lwk wkh vdp h gxudwlrq/ wkh p rghokdvwr xvh wz r wlp hv kljkhu dffhohudwlrq z klfk uhvxowvlq p ruh qrlvh1

Wkhqh–wfflj xuh707 ghp rqvwudwhvwkhedvlf skhqrp hqrq xqghuo— lqj I lwwv*odz =z khq ghvluhg dffxudf— lvlqfuhdvhg/ wkh ghffhohudwlrq skdvh ri wkh p ryhp hqwlqfuhdvhv+z klfk dffrxqwvirulqfuhdvhg p ryhp hqw 8:

Normalized time

T an ge nt ia ls pe ed

Velocity skewing with desired accuracy

I lj xuh 707= Vlp xodwlrq= z khq ghvluhg dffxudf— lv lqfuhdvhg +e— lqfuhdvlqj wkh z hljkwri wkh vsdwldo huuru,/ wkh vshhg surfflohvehfrp h p ruh vnhz hg1 gxudwlrq z khq gxudwlrq lv qrwfrqwuroohg, 0 P̂ dfNhq˝lh hwdo1; :/ P loqhu dqg Lmd˝ ¡3‘1 Wklv rffxuv lq wkh p rghoiru wz r uhdvrqv= vorz lqj grz q dwwkh hqg ri wkh p ryhp hqwuhvxowv lq ohvv v— vwhp qrlvh +dv wkh suhylrxv rswlp dofrqwurop rghov kdyh vkrz q,/ exwdovr doorz v wkh kdqg wr uhp dlq lq wkh uhjlrq ri klj khvwylvxdovhqvlwlylw— irud orqjhushulrg ri wlp h1

I lj 708 looxvwudwhv wkh rswlp dohvwlp dwlrq surfhgxuh z klfk lv d sduwri wkh p rgho1 Wkh hvwlp dwlrq surfhgxuh vwduwv z lwk d sulru suredelolw— +ghwhup lqhg e— wkh udqjh ri srvvleoh wduj hworfdwlrqv 0 lq wklv fdvh rqo— wz r,¿wklv sulru uhp dlqv xqdffihfwhg iru Ξ wlp h vwhsv +z klfk lv wkh ghod— ri wkh vhqvru— slsholqh,/ dqg wkhq ehjlqvwr vkliwwrz dugvwkh fruuhfwwduj hw1Qrwh wkdwvxfk d vhqvru— p rghodffrxqwv t xlwhqdwxudoo— iruwkhrevhuydwlrqvri K̂hqlqj hwdo1; ;/ J kh˝ hwdo1¡:‘z kr irxqg wkdwuhvsrqvhvirufhg wr rffxuehiruh wkh UWkdyh d glvwulexwlrq wkdwlv ht xdowr wkh sulruiru ohvvwkdq ;3 p v/ dqg judgxdoo— vkliwvwrz dugv wkh fruuhfwwduj hwdqg ehfrp hvp ruh shdnhg_41

e˘fi ¨ Λ*— ıT*i fflı@´TLı?— — @t! t

e˘fi˘� , Ti hı4 i ?— e˘2 ´ , ) i ´Ξ@?˙ ULLh˙ı?@— ıL? ı? T@ttı?˝ — ΞhLΛ˝Ξ 4 Λ*— ıT*i

— @h˝i — t

Wkh remhfwlyh ri wklv h–shulp hqwz dv wr ghvfuleh wkh sdwwhuqv ri h— h p ryhp hqwv wkdwdffrp sdq— kdqg p ryhp hqwvwkurxjk p xowlsoh wduj hwv/ dqg wkh z d— wklv sdwwhuq lvdffihfwhg e— wdvn sdudp hwhuv1Z h z huh

�‘ i U@??L— hΛ*i LΛ— —Ξi TLttıMı*ı—) ´ tΛ˝˝it—i˙ M) —Ξi @Λ— ΞLht ´ — Ξ@— —Ξi igiU— ıt ˙Λi — L @˝h@˙Λ@*tTiUı�U@— ıL? Lu—Ξi

4 L— Lh hitTL?tich@— Ξih — Ξ@? @˝h@˙Λ@*ı4 ThLffli4 i?— Lu—Ξi ti?tLh) it— ı4 @— i˘ 8;

Sensory Pipeline

Possible Targets

Current Target

Klaman filter - model of sensory estimation

I lj xuh 708=Vlp xodwlrq=D vfkhp dwlf ghvfulswlrq ri wkh vhqvru— surfhvvlqj p rgho1 Lqsxwv duh j hqhudwhg frqwlqxrxvo— z lwk d suredelolw— glvwulexwlrq ghwhup lqhg e— wkh wduj hw+Wrs,1 Wkh lqsxwv uhdfk wkh hvwlp dwru z lwk d ffl–hg ghod— 1 Z lwk wlp h wkh rswlp dohvwlp dwh vkliwv wrz dugv wkh fruuhfwydoxh/ dqg lwv yduldqfh ghfuhdvhv+Erwwrp ,1

8¡

dovr lqwhuhvwhg lq wkhhffihfwvri glffihuhqwihhgedfn frqglwlrqvdqg dffxudf— uht xluhp hqwvrq wkhnlqhp dwlfv ri wkh kdqg wudmhfwru— 1

P hwkr gv

Vhyhq vxemhfwv sduwlflsdwhg lq wklv h–shulp hqw/ z klfk odvwhg derxw53 p lq1 Wkh— z huh dvnhg wr p ryh d srlqwhu wkurxjk vht xhqfhv ri frqvhfxwlyho— qxp ehuhg wdujhwv/ z lwk d wlp h olp lw1 Hdfk wdujhwkdg d udglxv/ dqg vxemhfwvz huh lqirup hg wkdwwkh frp sxwhuz rxog vljqdodq huuruli wkh— idlohg wr sdvvlqvlgh wkdwudglxv1 Dwwkh ehjlqqlqj ri hdfk wuldod vwduwlqj er– dsshduhg dqg wkh vxemhfwkdg wr p ryh lqvlgh lwdqg vwrs1 Dwwkdwsrlqwwkh vwduwlqj er– glvdsshduhg dqg wkh vht xhqfh ri wdujhwv dsshduhg1 Wkh vxemhfwz dviuhh wr p ryh z khq uhdg— 1Krz hyhu/ rqfh wkh p ryhp hqwvwduwhg +ghwhfwhg dxwrp dwlfdoo— dqg vljqdoohg z lwk d ehhs, wkhuh z dvd wlp h olp lwz lwklq z klfk wkhp ryhp hqwkdg wr eh frp sohwhg1Wklvz dv hqirufhg e— vrxqglqj d vhfrqg ehhs 633 p vehiruh wkh hqg ri wkh doorz hg shulrg/ dqg vlj qdoolqj dq huuru li wkh vxemhfwz dv vwloop rylqj1 Huuruv z huh vlj qdoohg e— furvvlqj rxwwkh p lvvhg wduj hwv/ dqg vkrz lqj dq duurz lq wkh odvwwduj hwli p ryhp hqwvshhg z dvderyh wkh dffhswdeoh wkuhvkrog dwwkh hqg ri wkh wuldo shulrg1 Wkh huuru glvsod— uhp dlqhg rq wkh vfuhhq iru 4 vhf1 Wdujhwfrqfflj xudwlrqv z huh suhvhqwhg lq eorfnv ri 48/ z lwk d z duqlqj p hvvdj h sulqwhg dwwkh ehjlqqlqj ri hdfk eorfn1 Z lwklq d eorfn wkh rqo— fkdqj h iurp wuldowr wuldoz dv d vp dooudqgrp glvsodfhp hqwri wkh wdujhwvhw/ xqlirup o— vdp sohg dorqj wkh [ dqg “ d–lvehwz hhq 068 dqg 68 p p +wklvz dvgrqh wr uhgxfh ryhuwudlqlqj,1Dovr/ dwwkh ehj lqqlqj ri hdfk wuldowkh wduj hwvdsshduhg lq h–dfwo— wkh vdp h srvlwlrq uhodwlyh wr wkh kdqg orfdwlrq/ l1h1hyhq li wkh vxemhfwp dgh d uhsrvlwlrqlqj huurulwz dvholp lqdwhg e— wkh surj udp 1

Wkhglffihuhqwfrqglwlrqvlqfoxghg 5 glffihuhqwwdujhwfrqfflj xudwlrqv/ suhvhqwhg z lwk dqg z lwkrxwylvxdo ihhgedfn derxwkdqg orfdwlrq +lq wkh qr ihhgedfn frqglwlrqv wkh OHG z dv wxuqhg rffi z khq wkh wdujhwv dsshduhg/ dqg wxuqhg rq djdlq dwwkh hqg ri wkh p ryhp hqw,1 Z h dovr ydulhg wkh wdujhwvl˝hv1 Wkh ghidxowudglxv z dv ; p p / z klfk lq vrp h frqglwlrqv +dqg vrp h wdujhwv, z dv uhgxfhg wr 7 p p 1 Wkh doorz hg gxudwlrq ri wkh p ryhp hqwvz dv 4533 p v1Vxemhfwvj hqhudoo— frp solhg z lwk wklv wlp h olp lw1

Uhvxowv

Wkh sdwwhuq ri h— h p ryhp hqwv xvhg e— doovxemhfwv rq wkh odujh p dmrulw— ri wuldov +deryh ¡3( , z dv wkh iroorz lqj =wkh h— hv ffl–dwhg rq d wdujhwwkdwwkh kdqg kdg qrw— hwuhdfkhg/ dqg z khq wkh kdqg z dv lq wkh ylflqlw— ri wkh wdujhw/ d vdffdgh z dv p dgh wr wkh iroorz lqj wdujhw1 Ehiruh wkh ehjlqqlqj ri wkh kdqg p ryhp hqwp rvwvxemhfwvp dgh vdffdghvehwz hhq wkh wdujhwv1Wz r ri wkh vxemhfwvdfwxdoo— whqghg wr lqlwldwh wkh kdqg p ryhp hqwz kloh vwloovfdqqlqj/ exwwkh h— hv uhwxuqhg wr wdujhw4 ehiruh wkh kdqg uhdfkhg lw/ dqg iurp wkdwsrlqwrq wkhh— hp ryhp hqwsdwwhuq z dvwkhvdp hdvghvfulehg deryh1Wkxvwkh lp sruwdqwyduldeoh wr dqdo— ˝h lv wkh wlp lqj ri wkh h— h p ryhp hqwv/ uhodwlyh wr wkh wlp h z khq wkh kdqg sdvvhv wkh fxuuhqwffl–dwlrq wdujhw+ghfflqhg dv wkh srlqwri qhduhvwdssurdfk, ru wkh wlp h hodsvhg iurp wkh ehj lqqlqj ri wkh p ryhp hqw1 Lq wklv dqdo— vlv wkh h— h p ryhp hqwwlp h lv ghfflqhg dv wkh wlp h ri shdn h— h yhorflw— +vlqfh lwfdq eh hvwlp dwhg p ruh uholdeo— / dqg lvdovr wkh sdudp hwhuxvhg lq wkh p rgho,1Wkh rqvhwri wkh h— h p ryhp hqwlv rq wkh dyhudjh 58 p vhduolhu1

Z h revhuyhg wkdwlq wkh suhvhqfh ri ylvxdoihhgedfn derxwkdqg srvlwlrq/ ffl–dwlrq z dv p dlqwdlqhg rq wkh dyhudj h 433 p v diwhu wkh kdqg sdvvhg wkh fxuuhqwffl–dwlrq wdujhw1 D klvwrj udp ri wklv h— h0kdqg ghod— iru5333 vdffdghviurp doovxemhfwvdqg wdujhwfrqffljxudwlrqvlvvkrz q lq I lj 709 0Wrs1Wklvghod— z rxog eh xqqhfhvvdu— li wkh uroh ri ylvlrq lq wklvwdvn z dvwr fruuhfwghyldwlrqvehwz hhq wkh kdqg dwwkh wduj hwwkdwlvfxuuhqwo— ehlqj dssurdfkhg1

Wklvghod— z dvqrwffl–hg/ exwlqvwhdg z dvhdvlo— p rglffldeoh e— dowhulqj wkh wdvn 0vhh I lj 709 Erwwrp 1

Wkh oduj hvwhffihfwz dv revhuyhg z khq z h uhp ryhg ihhgedfn derxwkdqg srvlwlrq gxulqj wkh p ryhp hqw

-200 -150 -100 -50 0 50 100 150 200 250 0 100 200 300 400 500 600 700

Saccade time relative to passage time (ms)

N um be r of o bs er va tio ns Eye-hand delay with visual feedback

-200 -150 -100 -50 0 50 100 150 200 250 0 5 10 15 20 25 30 35 40

Saccade time relative to passage time (ms)

N um be r of o bs er va tio ns Eye-hand delay without visual feedback

I lj xuh 709=Klvwrjudp v ri wlp h ri shdn h— h yhorflw— uhodwlyh wr wduj hwsdvvdj h wlp h1 Gdvkhg olqh p dunv 3/ vrolg olqh lv wkh p hgldq ydoxh1 Vdffdgh rqvhwrffxuv durxqg 58p v hduolhu1 Wrs=vdffdghv z lwk ylvxdo ihhedfn ri kdqg orfdwlrq1Erwwrp =ylvxdoihhgedfn uhp ryhg1

-150 -100 -50 0 50 100 150 200 250

N or m al iz ed e xp ec te d co st

Eye-hand delay (ms)

Vision

No Vision

I lj xuh 70: = Vlp xodwlrq= I ru d p ryhp hqwz lwk d vlqj oh lqwhup hgldwh wdujhwdqg ffl–hg sdvvdj h wlp h/ z h ydulhg wkh h— h p ryhp hqwwlp h dqg frp sxwhg wkh h–shfwhg frvwiru wkh uhvxowlqj rswlp dofrqwuroodz 1

Z khq ylvlrq lvuhp ryhg +e— juhdwo— lqfuhdvlqj ylvxdoqrlvh lq wkh p rgho,/ wkh rwlp doh— h p ryhp hqwwlp h p ryhvforvhu wr wkh sdvvdjh wlp h1

+wkh wdujhwv z huh doz d— v glvsod— hg,1 Lq wklv fdvh wkh h— h0kdqg ghod— z dv uhgxfhg e— derxw:3 p v/ l1h1 li z h frp sxwhg wkh vdffdgh rqvhwwlp h lqvwhdg ri wkh wlp h ri shdn h— h yhorflw— / wkdwghod— z rxog eh lqglvwlqj xlvkdeoh iurp ˝hur1 Z h revhuyhg rwkhu v— vwhp dwlf glffihuhqfhv lq h— h0kdqg ghod— 0ehwz hhq glffihuhqwwdujhwv dorqj d p ryhp hqw/ ru dwwkh vdp h wdujhwdv vrp h ri wkh uhp dlqlqj wduj hwv fkdqj hg1

Wkhvh glffihuhqfhv z huh vp doohu +rq wkh rughu ri 63 p v, exwvljqlfflfdqw1 Lwlv suhvhqwo— qrwfohdu krz wr ghvfuleh vxfk hffihfwv +rwkhu wkdq suhvhqwlqj wkh vshflfflf wdujhwfrqffljxudwlrqv z khuh wkh— rffxu, vr z h z looqrwglvfxvvwkhp dq— ixuwkhu1Krz hyhu/ wkhluh–lvwhqfh vxjj hvwvwkdwh— h0kdqg ghod— lvdq lp sruwdqw yduldeoh wkdwlvwljkwo— frqwuroohg/ dqg vwxg— lqj lwlq p ruh ghwdlop d— ohdg wr rwkhulqwhuhvwlqj fflqglqjv1

Wkh vdp h hffihfw+holp lqdwlqj wkh h— h0kdqg ghod— lq wkh devhqfh ri ylvxdoihhgedfn, z dv revhuyhg lq wkh vlp xodwlrqv 0 I lj 70:1 Lq wkh p rgholwlv dgydqwdj hrxv wr p dlqwdlq ffl–dwlrq dwwkh fxuuhqwwduj hw diwhu wkh kdqg sdvvhv wkurxj k lw/ ehfdxvh wklv lv wkh rqo— wlp h z khq wkh kdqg lv forvh wr wkh fhqwhu ri ffl–dwlrq dqg wkxv lwv srvlwlrq2yhorflw— fdq eh hvwlp dwhg p ruh dffxudwho— 1 Uhp rylqj ylvxdoihhgedfn ri kdqg orfdwlrq holp lqdwhvwkdwdgydqwdj h/ dqg wkhrswlp doh— hp ryhp hqwwlp hp ryhvforvhuwr wkhsdvvdjh wlp h +lq idfw/ lq wklvp rghowkhuh lvqr uhdvrq wr p dnh wkh h— h p ryhp hqwdiwhuwkh sdvvdjh wlp h z lwkrxw ylvxdoihhgedfn,1 Dovr/ wkh p lqlp xp lq wkh frvwixqfwlrq lq wkh suhvhqfh ri ylvxdoihhgedfn lv p xfk p ruh surqrxqfhg +qrwylvleoh rq wkh judsk vlqfh z h kdyh vkliwhg dqg uhvfdohg wkh fxuyhv wr idflolwdwh frp sdulvrq,1 Wklv p d— h–sodlq z k— wkh h— h p ryhp hqwklvwrj udp z lwk ylvxdoihhgedfn +I lj 709, vkrz v vljqlfflfdqwo— ohvv vsuhdg1

Z h dovr dvnhg z khwkhu lwlv p ruh dssursuldwh wr dqdo— ˝h h— h p ryhp hqwwlp hv uhodwlyh wr wkh kdqg sdvvdjh wlp h/ ru wkh ehj lqqlqj ri wkh p ryhp hqw+z klfk z rxog eh suhihuuhg li z h eholhyhg wkdwh— h p ryhp hqwwlp hv duh surj udp p hg ehiruh kdqg p ryhp hqwrqvhw,1 Wr wklv hqg z h frp sxwhg wkh z lwklq vxemhfwyduldelolw— ri devroxwh vdffdgh wlp hv/ devroxwh sdvvdj h wlp hv/ dqg vdffdgh wlp hv uhodwlyh wr wkh

1 2 1 2 20

30

40

50

60

70

Via point number

S ta nd ar d de vi at io n (m s)

Within subject timing variability

Vision No Vision

Saccade time Passage time Eye-hand delay

I lj xuh 70;= Yduldelolw— ri devroxwh vdffdgh dqg sdvvdj h wlp hv/ dqg uhodwlyh vdffdgh wlp hv iru glffihuhqw yld srlqwv dqg ihhgedfn frqglwlrqv1

fruuhvsrqglqj sdvvdj h wlp hv1Wklvfrp sxwdwlrq z dv shuirup hg lq eorfnvri 48 lghqwlfdowuldov iru vlqjoh vxemhfwv/ dqg wkh uhvxowv z huh dyhudjhg ryhu vxemhfwv1 Dv I lj 70; vkrz v uhodwlyh h— h0kdqg ghod— z dv vljqlfflfdqwo— ohvv yduldeoh wkdq vdffdgh ru sdvvdjh wlp hv p hdvxuhg iurp p ryhp hqwrqvhw1 Dovr/ lwz dv derxwwkh vdp h iru wkh ffluvwdqg vhfrqg lqwhup hgldwh srlqwv/ z kloh wkh yduldelolw— ri devroxwh wlp hv lqfuhdvhg vxevwdqwldoo— iru wkh vhfrqg lqwhup hgldwh srlqw1 Wklv h–foxghv wkh srvvlelolw— wkdwsdvvdjh wlp hv dqg vdffdgh wlp hv duh suhsurj udp p hg ehiruh p ryhp hqwrqvhw0 li wkdwz huh wkh fdvh dqg z h vxewudfwhg wkh wz r/ z h z rxog h–shfwwkh yduldelolw— ri wkhluglffihuhqfh +l1h1h— h0kdqg ghod— , wr eh eljj hu wkdq wkh yduldelolw— lq dq— ri wkh devroxwh wlp hv1 Wkxv wkh h— h dqg kdqg p ryhp hqwv duh v— qfkurql˝hg rqolqh1Krz hyhu/ wklvlv qrwgrqh +hqwluho— , wkurxjk ylvxdoihhgedfn 0qrwh wkdwlq wkh devhqfh ri ylvxdo ihhgedfn derxwkdqg orfdwlrq wkh uhvxowlv wkh vdp h/ dqg lq idfwh— h0kdqg yduldelolw— hyhq ghfuhdvhv dwwkh ffluvwlqwhup hgldwh srlqw1 Wkhuhiruh wkh h— h p ryhp hqwlv v— qfkurql˝hg rqolqh z lwk wkh hvwlp dwhg orfdwlrq ri wkh kdqg +wkdwhvwlp dwh fdq eh rewdlqhg wkurxjk sursulrfhswlrq/ ru lqwhjudwlrq ri p rwru frp p dqgv/ rup rvwolnho— erwk,1

Qh–wz h wxuq wr wkh dqdo— vlv ri kdqg nlqhp dwlfv1 I lj 70¡ vkrz v wkh kdqg sdwkv iru doovxemhfwv lq wkh edvholqh frqglwlrqv +doowdujhwvl˝hv ht xdowr ; p p udglxv,1 P rvwri wkhvh p hgldq wudmhfwrulhv ryhuods dqg wxuq dwwkh yld srlqwv/ exwwkhuh duh d frxsoh ri h–fhswlrqv z khuh wkh sdwkv wxuq hlwkhu ehiruh rudiwhuwkh yld srlqw1Wkh erwwrp sduwri wkh fflj xuh vkrz vwkh hffihfwvri lqfuhdvhg dffxudf— 0wkh vhjp hqwv ri wkh p ryhp hqwehfrp h vwudljkwhu/ dqg wkh fxuydwxuh dwwkh yld srlqwlqfuhdvhv1 Wklv hffihfw ri lqfuhdvhg dffxudf— kdv qrwehhq grfxp hqwhg ehiruh vlqfh suhylrxv vwxglhv kdyh irfxvhg rq vlqjoh uhdfklqj p ryhp hqwvP̂ dfNhq˝lh hwdo1;: / P loqhudqg Lmd˝ ¡3‘1

Fkdqj hvlq dffxudf— dovr kdyh d vljqlfflfdqwhffihfwrq wkh vshhg surfflohv1I lj 7043 vkrz vwkdwwkhuh lv d vlj qlfflfdqwghfuhdvh lq +qrup dol˝hg, vshhg z khq vxemhfwv duh p rylqj wrz dugv d srlqwz lwk d vp doohu

Configuration 1 All Configuration 2 All

Accuracy T1 Accuracy at T1, T2

I lj xuh 70¡=P hgldq kdqg sdwkv iru doovxemhfwv +wrs, dqg dyhudjh +ryhu doovxemhfwv, sdwkv iru edvholqh dqg lqfuhdvhg dffxudf— frqglwlrqv1 udglxv1 Wklv fruuhvsrqgv forvho— wr wkh fflqglqj iurp wkh olwhudwxuh rq vshhg0dffxudf— wudgh0rffiv wkdw vshhg surfflohv ehfrp h p ruh vnhz hg z khq dffxudf— lqfuhdvhv P̂ h— huhwdo1;5/ P loqhu dqg Lmd˝ ¡3‘1 Lq rxufdvh p ryhp hqwgxudwlrq lv vshflfflhg/ vr z h revhuyh d uhglvwulexwlrq ri vshhg1

Vlp loduhffihfwv duh revhuyhg lq wkh p rghoz khq z h ydu— wkh uhodwlyh z hljkwv ri wkh mhun frvwdqg wkh vsdwldodffxudf— frvw1 Lqfuhdvlqj uht xluhg dffxudf— +ht xlydohqwwr ghfuhdvlqj mhun frvw, uhvxowv lq ohvv vp rrwk wudmhfwrulhv/ hvvhqwldoo— frqqhfwlqj wkhwduj hwvz lwk vwudlj kwolqhv0I lj 70441Lwlvlqwhuhvwlqj wkdw wkh p dlq vrxufh ri ehwz hhq vxemhfwyduldelolw— lq wkh h–shulp hqwdogdwd lvdovr wkh dp rxqwri fxuydwxuh dwwkh wdujhwv1Wkxvlwlvsrvvleoh wkdwglffihuhqwvxemhfwvlqwhusuhwglffihuhqwo— wkh dffxudf— uht xluhp hqwv ri wkh wdvn +wkhlqvwuxfwlrqvz huhwr sdvvwkurxjk wkhfhqwhuvri wkhwduj hwvli srvvleoh/ dqg dyrlg p lvvlqj wkh wduj hwvdowrjhwkhu,1

Wkh uhp dlqlqj sduwri wklv dqdo— vlv irfxvhv rq wkh z lwklq vxemhfwwuldo0wr0wuldokdqg wudmhfwru— ydul0 delolw— ryhu d eorfn ri 48 lghqwlfdowuldov/ z khuh p ryhp hqwwlp h kdv ehhq qrup dol˝hg1 I lj 7046 frqyh— v vhyhudolqwhuhvwlqj fflqglqjv1 Wkh srvlwlrqdoyduldqfh +Wrs, lv horqjdwhg dorqj wkh p ryhp hqwgluhfwlrq ehwz hhq wdujhwv/ exwvkulqnvwr dop rvwd flufohz khq sdvvlqj wkurxj k wkhwdujhw1Wkhduhd ri wkhsrvlwlrq yduldqfh hoolsvh +P lggoh, fruuhodwhv z lwk p ryhp hqwvshhg1 Dovr/ wkh yduldelolw— ri lqvwdqwdqhrxv vshhg fruuhodwhv z lwk wkh devroxwh ydoxh ri dffhohudwlrq +Erwwrp ,1

Wklv yduldelolw— sdwwhuq lv qrwffl–hg/ exwfkdqjhv z lwk wkh dffxudf— frqvwudlqwv dqg ylvxdoihhgedfn frqglwlrqv0I lj 70451Wkh hffihfwri uhp rylqj ylvxdoihhgedfn lvwr lqfuhdvh +e— d idfwruri 5, wkh edvholqh yduldelolw— z lwk ylvxdoihhgedfn1P ruh lqwhuhvwlqj lvwkh hffihfwri lqfuhdvhg dffxudf— uht xluhp hqwv1Z kdw z hvhhlvedvlfdoo— wkdwvxemhfwvduhfdsdeohri wudglqj 0rffi yduldelolw— =z khq wkhyduldelolw— dwwkhvshflfflhg yld srlqwghfuhdvhv/ wkh yduldelolw— dwwkh rwkhu yld srlqwlqfuhdvhv1 Qrwh wkdwwkh wudgh0rffi p rvwolnho— uhvxowviurp wkholp lwrq p ryhp hqwgxudwlrq=li vxemhfwvz huhdoorz hg wr lqfuhdvhp ryhp hqwgxudwlrq iru wduj hwfrqfflj xudwlrqvz lwk lqfuhdvhg dffxudf— uht xluhp hqwv/ suhvxp deo— wkh— z rxog +dvlq I lwwv*odz ,1

0

20

40

60

80

100

120

140

160

180 Changes in position std

Normalized time

m m_2

1st point

2nd point no vision

I lj xuh 7045=Srvlwlrqdoyduldqfh lqfuhdvhv lq wkh devhqvh ri ylvxdoihhgedfn/ dqg ghfuhdvhv z lwk ghvluhg dffxudf— 1

e˘e ¨ Lffli 4 i ?— ti ˝4 i ?— @— ıL?

Khuh z h h–dp lqh lq p ruh ghwdlowkh rswlp dofrqwuroodz frp sxwhg e— wkh p rgho/ dqg krz lwfdq j lyh ulvh wr revhuydwlrqvwkdwvhhp wr vxjj hvwp ryhp hqwvhjp hqwdwlrq1

Lq I lj 7047 z h kdyh sorwwhg vrp h ri wkh frhȷ flhqwv ri wkh p dwulfhv O ghfflqlqj wkh rswlp dofrqwuro odz ryhu wlp h +z h kdyh fkrvhq d olqhdu duudqj hp hqwri wduj hwv wr vlp soli— wkh sorw,1 Wkh rswlp do frqwuroodz lv vp rrwko— lqwhusrodwlqj ehwz hhq wkh p lqlp xp mhun sulqflsoh +erwwrp sorw0li wkh j udsk uhdfkhv 4 wkdwfruuhvsrqgv wr vhwwlqj mhun wr ˝hur, dqg sursruwlrqdofrqwuro+wrs sorw0 wkh v— p p hwu— fruuhvsrqgv wr sxvklqj wkh kdqg wrz dugvwkh hvwlp dwhg wduj hwsrvlwlrq,1Qrwh wkdwlp p hgldwho— ehiruh wkh kdqg uhdfkhv d wdujhwwkh dffxudf— frqvwudlqwwdnhv suhfhghqfh dqg wkh p rghoxvhv suhgrp lqdqwo— srvlwlrqdofrqwuro/ z kloh dwwkh ehjlqqlqj ri hdfk %vhj p hqw%z khq fruuhfwlrqvduh qrwwkdwlp sruwdqwlw lv dgydqwdjhrxv wr rshudwh forvhu wr wkh p lqlp xp mhun sulqflsoh1 Dowkrxj k lwdsshduv wkdwwkh frqwuro odz lv d frqfdwhqdwlrq ri yhu— vlp lodu slhfhv +fruuhvsrqglqj wr hdfk sdlu ri frqvhfxwlyh wduj hwv,/ uhfdoo wkdwlwlv ehlqj frp sxwhg dv d vroxwlrq wr wkh rswlp dofrqwurosureohp +61:, wkdwp dnhv qr h–solflw uhihuhqfh wr p ryhp hqwvhj p hqwdwlrq1 Wkh dssduhqwvhj p hqwdwlrq dulvhv rqo— ehfdxvh ri wkh sduwlfxodu irup ri wkh frvwixqfwlrq +wkh T p dwulfhv hqfrgh wkh h–lvwhqfh ri p xowlsoh wdujhwv,1 H–dfwo— wkh vdp h frp sxwdwlrqdop hfkdqlvp krz hyhu z rxog surgxfh frqwuroodz vz lwkrxwdq— klqwri vhjp hqwdwlrq li wkh frvwixqfwlrq lv glffihuhqw+h1j1wudflqj d frqwlqxrxv fxuyh/ ruuhdfklqj irud vlqj oh wdujhw,1

Lwkdvehhq nqrz q irud z kloh Ẑ rrgz ruwk 4; ¡¡‘wkdwuhdfklqj wr vp doowdujhwvuhvxowvlq d surorqj hg ghffhohudwlrq skdvh ri wkh p ryhp hqw1 P ruh fduhixonlqhp dwlf dqdo— vlv kdv uhyhdohg wkdwrq vrp h +exw qrwdoo, wuldov wkh vshhg surfflohv h–klelwp xowlsoh shdnv wrz dugv wkh hqg ri wkh uhdfklqj p ryhp hqw

P̂ loqhu dqg Lmd˝ ¡3‘/ z klfk kdv ehhq lqwhusuhwhg dv hylghqfh wkdwhqgsrlqwylvxdoo— 0j xlghg fruuhfwlrqv frqvlvwri glvfuhwh vwhuhrw— slfdop ryhp hqwv +z lwk d vwudljkwsdwk dqg d v— p p hwulf ehoo0vkdshg vshhg surffloh, vxshulp srvhg rq hdfk rwkhu1Wklvlqwhusuhwdwlrq ohdyhvvrp h rshq t xhvwlrqv=d, p xowlsoh shdnv

99

-300 -200 -100 0 100

-150

-100 -50 0 50

mm

Covariance ellipses

0 20 40 60 80 100 Position std

Normalized time m m^2

Scaled speed

0 20 40 60 80 100 120 Speed std

Normalized time m m /s ec

Scaled acceleration

-300 -200 -100 0 100

-150

-100 -50 0 50

mm

Covariance ellipses

0 20 40 60 80 100 Position std

Normalized time m m^2

Scaled speed

0 20 40 60 80 100 120 Speed std

Normalized time m m /s ec

Scaled acceleration

I lj xuh7046=Srvlwlrqdoyduldqfhshuvsdwldoorfdwlrq +Wrs,/ Srvlwlrqdoyduldqfh+duhd ri wkhfruuhvsrqglqj hoolsvh, ryhuwlp h 0frp sduhg wr wkh +duelwudulo— vfdohg, vshhg surffloh +P lggoh,/ Vshhg yduldqfhfrp sduhg wr vfdohg devroxwh dffhohudwlrq +Erwwrp ,1 9:

Normalized time P os iti on fe ed ba ck Optimal control law coefficients

0 0.2 0.4 0.6 0.8 1

Normalized time La st C on tr ol

I lj xuh 7047=Vlp xodwlrq=Frhȷ flhqwv ri wkh rswlp dofrqwuroodz ryhu wlp h1 Yhuwlfdoolqhv fruuhvsrqg wr wduj hwsdvvdj h wlp hv1Gdvkhg olqhvlq wkh wrs sorwuhsuhvhqwwkh frhȷ flhqwvp xowlso— lqj wduj hworfdwlrq/ vrolg olqh0hvwlp dwhg kdqg orfdwlrq1Wkhwhp srudohyroxwlrq ri wkhgdp slqj whup v+qrwvkrz q, lvvlp lodu wr wkdwri wkh srvlwlrqdofrqwurowhup v1 lq wkh vshhg surffloh dovr rffxu lq wkh devhqfh ri ylvxdoihhgedfn M̂hdqqhurg ;; ‘/ e, rq p dq— wuldov wkh ghffhohudwlrq skdvh kdv d udwkhu vp rrwk dqg frqwlqxrxv vshhg surffloh dqg dowkrxjk lwfdq eh fflwz lwk d vhwri edvlv ixqfwlrqv/ lwlv d p dwwhu ri vshfxodwlrq z khwkhu wkdwfflwuhıhfwv wkh xqghuo— lqj vwuxfwxuh ri wkh p ryhp hqw1 Vwloo/ wkh h–lvwhqfh ri d yduldeoh qxp ehu ri vhfrqgdu— shdnv lq wkh vshhg surffloh lv d vhulrxvsureohp iruh–lvwlqj rswlp dofrqwurop rghovri I lwwv*odz / z klfk hlwkhusuhglfwd ffl–hg qxp ehuri shdnvP̂ h— huhwdo1; 5‘ ru d frqwlqxrxvvnhz lqj ri wkh vshhg surffloh K̂rffi ¡4‘1

Rxu p rgholv p rvwvlp lodu wr wkh frqwlqxrxv0wlp h p rghori K̂rffi ¡4‘/ krz hyhu lwdyrlgv wkh deryh sureohp ehfdxvh khuh p ryhp hqwv duh wz r0glp hqvlrqdo1 Lq I lj 7048 z h kdyh sorwwhg wkh h–shfwhg vshhg surfflohfruuhvsrqglqj wr wkhrswlp dofrqwuroodz iruduhdfklqj p ryhp hqwz lwk kljk dffxudf— uht xluhp hqwv

+uhodwlyh wr wkh mhun frvw,1Wkh h–shfwhg vshhg surffloh lvvnhz hg dqg wkh h–shfwhg sdwk shuihfwo— vwudlj kw

+qrwvkrz q,/ dvlq wkh p rghori K̂rffi ¡4‘1Krz hyhu/ wkh vlp xodwhg wudmhfwrulhvduh qrwshuihfwo— vwudlj kw

+gxh wr wkh qrlvh whup v lq wkh p rgho,/ lqvwhdg wkh— duh p ruh fxuyhg wrz dugv wkh hqg ri wkh p ryhp hqw dqg iuht xhqwo— h–klelwp xowlsoh shdnv lq wkh vshhg surffloh1 Lq wkh p rgho wklv skhqrp hqrq grhv qrw dulvh iurp frqfdwhqdwlrq ri glvfuhwh suhghfflqhg p ryhp hqwwhp sodwhv/ exwlv d frqvht xhqfhv ri wkh klj k srvlwlrqdohuuru jdlq dwwkh hqg ri wkh p ryhp hqw1 Vlp lodu ehkdylru kdv uhfhqwo— ehhq revhuyhg lq d wz r0glp hqvlrqdoSG frqwurop rghoz lwk p ruh uhdolvwlf dup g— qdp lfvÊkxvkdq dqg Vkdgp hku¡; ‘1

P ryhp hqwvhjp hqwdwlrq p d— dovr eh lqihuuhg iurp wkh iroorz lqj dqdo— vlv= frp sxwh wkh sdluz lvh fruuhodwlrqv ehwz hhq ihdwxuhv ri wkh wudmhfwru— dwglffihuhqwsrlqwv lq wlp h/ dqg orrn iru wlp h lqwhuydov z lwklq z klfk wkh srlqwvdorqj wkh wudmhfwru— duh vwurqjo— fruuhodwhg z lwk hdfk rwkhudqg wkh fruuhodwlrq gursvvlj qlfflfdqwo— dwwkherxqgdu— ri wkhwhp srudolqwhuydo1Z hkdyhirxqg vxfk hylghqfhlq d qxp ehuri h–shulp hqwv1Z h frp sxwhg wkh sdluz lvh fruuhodwlrqv ehwz hhq kdqg srvlwlrqv lq glffihuhqwsrlqwvlq wlp h

+dyhudjh ri u_5^ı dqg u_5^ȷ / wkuhvkroghg dw318,/ diwhu wkh gxudwlrq ri wkh wudmhfwrulhv z dv qrup dol˝hg1 Wkh eorfn0gldjrqdovwuxfwxuh ri wkh fruuhodwlrq p dwul– lq I lj 7049 fdq eh vhhq dvhylghqfh iruvhjp hqwdwlrq=

9;

0 100 200 300 400 -10

0

10

20

30

40

50

60

Time (ms)

S pe ed ( cm /s ec )

Secondary speed peaks

I lj xuh 7048= Vlp xowlrq +uhdflqj p ryhp hqwwr d vlqj oh wdujhw,= Wklfn olqh 0 vshhg surffloh ri h–shfwhg wudmhfwru— 1Wklq olqhv 0vlqj oh wuldovshhg surfflohv/ dffihfwhg e— qrlvh1

srlqwv lq wkh vdp h vhj p hqwduh fruuhodwhg z lwk hdfk rwkhu/ exwqrwz lwk srlqwv lq rwkhuvhjp hqwv1 Lwlv lqwhuhvwlqj wkdwz h kdyh rewdlqhg d yhu— vlp lodu fruuhodwlrq p dwul– e— dqdo— ˝lqj wkh 6G kdqg sdwkv ri vxemhfwv klwwlqj d wdeoh whqqlv edoo+wkh h–shulp hqwlv ghvfulehg Fkdswhu 8,1 Wkh uhvxowlqj p dwul– 0I lj 704: 0kdvd yhu— vlp loduvwuxfwxuh/ dowkrxjk lq wklvh–shulp hqwwkhuhz huhqr h–solflwvsdwldowdujhwv1Wkh dssduhqwvhjp hqwdwlrq srlqwv fruuhvsrqg wr d, wkh wudqvlwlrq ehwz hhq wkh suhsdudwru— skdvh dqg wkh idvwiruz dug vz lqj ri wkhsdggoh/ dqg e, wkhsrlqwri lp sdfwz lwk wkhedoo1Wkxvwkhvhfrqg vhjp hqwdwlrq srlqwlvlq wkh p lggoh ri d uhodwlyho— vwudlj kwp ryhp hqwvz lwk d ehoo0vkdshg vshhg surffloh1 Z klohwkhvhfflqglqjv+hvshfldoo— lq wkhfdvhri wdeohwhqqlv, fdq ehlqwhusuhwhg dvudwkhuvwurqj hylghqfh irup ryhp hqwvhjp hqwdwlrq/ wkhvdp hskhqrp hqrq rffxuvlq wkhp rghoz klfk grhvqrwh–solflwo— vhj p hqw wkh p ryhp hqw0I lj 704;1Lq jhqhudo/ ihhgedfn uhjxodwlrq kdvd ghfruuhodwlqj hffihfw=li wkh frqwuroohuz dv dwwhp swlqj wr p dlqwdlq d fhuwdlq srvwxuh/ ru rwkhuz lvh kdg d %j rdo%ghfflqhg dwhdfk srlqwlq wlp h z h z rxog h–shfwwr vhh dq dop rvwgldjrqdofruuhodwlrq p dwul–1 Lq rxu fdvh krz hyhu srvlwlrqdofrqvwudlqwv duh rqo— ghfflqhg dwwkh sdvvdjh wlp hv1 Z kloh z h fdq frp sxwh dq h–shfwhg wudmhfwru— iurp wkh frqwuro odz / lwlv qrwd %ghvluhg%wudmhfwru— / l1h1 wkh frqwuroohu grhv qrwsuhihu wkdwsduwlfxodu wudmhfwru— ryhu rwkhu wudmhfwrulhv wkdwkdyh vlp lodu frvwv1 Dv d uhvxow/ lwrqo— p dnhv fruuhfwlrqv z khq uht xluhg e— wkh j rdofrqvwudlqwv +l1h1 qhdu wkh wduj hwv 0dv vhhq lq I lj 7047, vr qrlvh hffihfwv duh doorz hg wr dffxp xodwh lqvlgh hdfk vhj p hqw/ uhvxowlqj lq eorfn0gldjrqdofruuhodwlrq p dwulfhv1 Dj dlq/ wklv lv dq h–dp soh z khuh d vhhp lqj o— vhjp hqwhg p ryhp hqwlv j hqhudwhg e— d frp sxwdwlrqdo p hfkdqlvp wkdwkdv qr h–solflw vhjp hqwdwlrq exlowlqwr lw/ exwlvwu— lqj wr dffrp solvk d wdvn z klfk glfwdwhvd vhjp hqwhg irup ri frqwuro1

9¡

I lj xuh 704; =Vlp xodwlrq=fruuhodwlrq p dwul– ri kdqg srvlwlrq lq wkh p rghoirud vlqjoh yld0srlqw+sdvvdjh wlp h p dnhuz lwk vrolg olqhv,1

e˘D VıtΛ@*Ti h— ΛhM@— ıL?t

Wkh h–shulp hqwvlq wklvvhfwlrq h–soruh wkh hffihfwvri ylvxdoshuwxuedwlrqvgxulqj wkh p ryhp hqw1Lq wkh ffluvwwz r h–shulp hqwvz h glvsodfhg rqh ri wkh wdujhwv/ z kloh lq wkh wklug rqh z h lqwurgxfhg d sulvp vkliw +l1h1 glvsodfhg wkh kdqg orfdwlrq, lq d olp lwhg uhjlrq ri wkh z runvsdfh1 Erwk shuwxuedwlrqv uhvxowlq udslg/ dssursuldwh frp shqvdwlrqv/ hyhq wkrxj k vxemhfwv duh xqdz duh ri wkh h–lvwhqfh ri wkh shuwxued0 wlrqv1Ri sduwlfxodulqwhuhvwlvwkh fflqglqj wkdwvxemhfwv fruuhfwhg iruixwxuh %huuruv%wkdwfrxog rqo— eh lqihuuhg iurp wkh ylvxdoglvsod— / vxjj hvwlqj wkdwwkh p rwru v— vwhp lv dfwlyho— p rqlwrulqj wkh vwdwh ri wkh hqylurqp hqwdqg p dnlqj dssursuldwh dgmxvwp hqwv rqolqh/ dv rssrvhg wr iroorz lqj d suhghwhup lqhg p ryhp hqwsodq1

e˘D˘� , Ti hı4 i ?— e˘fi ´ 5@UU@˙i ´— hı̋ ˝i hi ˙ — @h˝i — ˙ıtT*@Ui 4 i ?— t

P hwkr gv

Vl– vxemhfwvz huh dvnhg wr p ryh wkurxjk d vht xhqfh ri 7 wduj hwv+soxvd vwduwlqj srvlwlrq/ qxp ehuhg 4, 0vhh I lj 704¡1H— h p ryhp hqwvz huh p rqlwruhg/ dqg wduj hwvz huh glvsodfhg durxqg wkh wlp h ri shdn h— h yhorflw— wr dyrlg wkh srvvlelolw— ri vxemhfwvehlqj dz duh ri wkh shuwxuedwlrqv1Uhfdoowkdwh— hp ryhp hqwv rffxuurxj ko— z khq wkh kdqg sdvvhvwkh ffl–dwlrq wdujhw1Hdfk glvsodfhp hqwz dv5 fp hlwkhuxs rugrz q +fkrvhq udqgrp o— ,1Wuldoviurp wkhwkuhhfrqglwlrqvvkrz q lq wkhffljxuhz huhp l–hg udqgrp o— ¿rq 83( ri wkh wuldovqr shuwxuedwlrq z dvlqwurgxfhg1Vxemhfwvz huh dvnhg wr sdvvwkurxjk wkh wduj hwv lq vht xhqfh dqg vwrs dwwkh fflqdowdujhw1Kdqg orfdwlrq z dvdoz d— v glvsod— hg wkurxjk d frp sxwhu0j hqhudwhg fxuvru1 Lq wklv dqg doouhp dlqlqj h–shulp hqwv z h glg qrwglvsod— vsdwldohuuru lqirup dwlrq¿p ryhp hqwgxudwlrq

z dv hqirufhg e— sulqwlqj d z duqlqj p hvvdjh z khqhyhu wkh wuldogxudwlrq h–fhhghg wkh doorfdwhg wlp h

+4733 p v,1 Dv ehiruh/ vxemhfwv z huh iuhh wr vwduwwkh p ryhp hqwz khq uhdg— / dqg p ryhp hqwrqvhwz dv ghwhfwhg dxwrp dwlfdoo— 1

Uhvxowv

Z h vkrz wkh hffihfwv ri wduj hwglvsodfhp hqwv rq wkh dyhudj h p ryhp hqwsdwk lq hdfk frqglwlrq/ iru glv0 sodfhp hqwdwdq lqwhup hgldwhwdujhw0I lj 7053 dqg wkhfflqdowdujhw0I lj 70541Wkhp rvwlp sruwdqwuhvxow lv wkh vlj qlfflfdqwglffihuhqfh ehwz hhq xs0dqg grz q0shuwxuehg wuldov lq frqglwlrq 4 +Wrs,1 Lq wklv fdvh wduj hw7 +lq I lj 7053, uhp dlqhg glvsodfhg z kloh wkh kdqg z dv wudyhuvlqj wkh vhjp hqwehwz hhq wdujhwv 5 dqg 6/ dqg wkh h— hv z huh ffl–dwhg rq wdujhw61 Li lwz huh wkh fdvh wkdwd p ryhp hqwsodq z dv dydlodeoh dqg wkh v— vwhp z dv rqo— p rqlwrulqj ghyldwlrqv dz d— iurp wkdwsodq/ wkhuh lv qr uhdvrq z k— wudqvlhqw xqghwhfwhg glvsodfhp hqwvri wduj hwvwkdwwkh kdqg kdvqrw— hwuhdfkhg vkrxog dffihfwwkh p ryhp hqw/ dqg

— hwwkh— gr1 Wkh hffihfwlv fohduo— frqvlvwhqwz lwk d p rghowkdwfrqwlqxrxvo— vdp sohv wkh ylvxdolqsxw/ irup v qhz hvwlp dwhv ri wdujhworfdwlrqv/ dqg dgmxvwv wkh kdqg p ryhp hqwdffruglqjo— 1 Wkh uhvxowv iurp wkh rwkhu wz r frqglwlrqv fruuhvsrqg wr z kdwrqh p lj kwh–shfw/ l1h1 li wkh shuwxuedwlrq lv lqwurgxfhg hduolhuwkh fruuhfwlrq lvoduj hu+P lggoh,/ exwwkhuh lvdovr d vxevwdqwldofruuhfwlrq z khq wkh shuwxuedwlrq lvlqwurgxfhg diwhuwkh kdqg ehj lqvwkh p ryhp hqwwr wkdwwduj hw+Erwwrp ,1Wklv p dnhvwkh uhvxowiurp frqglwlrq 4 hyhq p ruh lqwhuhvwlqj / ehfdxvhfohduo— wkh ylvxr0p rwruv— vwhp kdvwlp hwr p dnh dgmxvwp hqwv gxulqj vhj p hqw607/ — hwwkh hffihfwri wkh wdujhwshuwxuedwlrq z kloh wudflqj vhjp hqw506 p xvwkdyh ehhq elj hqrxjk vr wkdwlwfdqqrweh fdqfhohg gxulqj vhj p hqw607 +wkh v— vwhp vkrxog dwwhp swwr fdqfholw vlqfh lq frqglwlrq 4 wkh wduj hwlvedfn dwlwvrulj lqdoorfdwlrq gxulqj wudflqj ri vhjp hqw607,1

e˘D˘2 , Ti hı4 i ?— e˘e ´ + @?˙L4 ı3i ˙ — @h˝i — ˙ıtT*@Ui 4 i ?— t

Wkh gudz edfn ri wkh h–shulp hqwdosdudgljp deryh lv wkdwvdffdghv rffxu dwuhodwlyho— frqvwdqwwlp hv/ wkxv v— qfkurql˝lqj wdujhwglvsodfhp hqwv z lwk vdffdgh wlp hv grhv qrwdoorz xv wr h–soruh wkh hffihfwv ri lqwurgxflqj shuwxuedwlrqv dwglffihuhqwwlp hv1 Wr rewdlq wkdwp hdvxuhp hqw/ z h lqirup hg vxemhfwv wkdwshuwxuedwlrqv z loorffxu dqg dvnhg wkhp wr fruuhfwdv p xfk dv srvvleoh z kloh vwloofrp sohwlqj wkh p ryhp hqwlq wlp h1

P hwkr gv

I lyh vxemhfwv z huh dvnhg wr p ryh wkhlukdqg wkurxj k frqvhfxwlyho— qxp ehuhg wdujhwv1 Khuh wkh frqfflj0 xudwlrqvz huh fkrvhq vr wkdwwkh vwdulqj dqg hqglqj wduj hwryhuodsshg 0wr dyrlg wkh wlp h qhfhvvdu— iru uhsrvlwlrqlqj dqg wkxv vshhg xs wkh h–shulp hqw1 Wkhuh z huh 7 lqwhup hgldwh wduj hwv/ soxv wkh vwduw2hqg wduj hw1 Wkh odvwwkuhh lqwhup hgldwh wduj hwv z huh glvsodfhg +udqgrp o— , wr rqh ri wz r srvvleoh orfdwlrqv/ urxj ko— 5 fp dz d— iurp wkh dyhudjh p ryhp hqwsdwkv lq d gluhfwlrq ruwkrjrqdowr wkh sdwk1 Glvsodfh0 p hqwv rffxuuhg dwudqgrp wlp hv ehiruh wkh wdujhwz dv uhdfkhg/ dqg wkh wduj hwuhwxuqhg wr lwv ruljlqdo orfdwlrq dwdqrwkhuudqgrp wlp h ehiruh lwz dvuhdfkhg +wkhsurj udp froohfwhg d edvholqhiruhdfk vxemhfw wr hvwlp dwh z khq +v,kh z dv olnho— wr sdvv wkurxj k wkh wduj hwv/ dqg xvhg wkdwwr glvwulexwh wkh shuwxu0 edwlrq wlp hv xqlirup o— lq d 0833=0433 p v z lqgrz ehiruh sdvvdj h wlp h,1 Wkh shuwxuedwlrq z dv suhvhqw iru dwohdvw83 p v1 Vxemhfwv z huh lqvwuxfwhg wkdwglvsodfhp hqwv z loorffxu/ dqg dvnhg wr sdvv wkurxj k wkh p rvwuhfhqwwdujhworfdwlrq z kloh vwloofrp sohwlqj wkh p ryhp hqwlq wkh doorfdwhg wlp h +hqirufhg dv ehiruh,1 Rq hdfk wuldod wduj hwdqg d gluhfwlrq ri shuwxuedwlrq z huh fkrvhq udqgrp o— 1 Rq 83( ri wkh wuldov wkhuh z dv qr shuwxuedwlrq1

Condition 1: transient displacement 2 targets ahead:

Condition 2: permanent displacement 2 targets ahead:

Condition 3: permanent displacement 1 target ahead:

� � � � �

� VDFFDGH�!� VDFFDGH�!�

� � � � �

� VDFFDGH�!�

� � � � �

� VDFFDGH�!�

I lj xuh 704¡= Vfkhp dwlf uhsuhvhqdwlrq ri wkh 6 frqglwlrqv1 Wrs= wdujhwlv glvsodfhg z khq wkh kdqg lv wz r wdujhwv dkhdg/ dqg glvsodfhg edfn z khq wkh kdqg lv rqh wdujhwdkhdg1 P lggoh=wdujhwlv glvsodfhg z khq wkhkdqg lvwz r wdujhwvdkhdg dqg uhp dlqvlq wkhqhz srvlwlrq wkurxjkrxwwkhp ryhp hqw1Erwwrp = wduj hwlv glvsodfhg z khq wkh kdqg lv rqh wduj hwdkhdg dqg uhp dlqv lq wkh qhz srvlwlrq wkurxjkrxwwkh p ryhp hqw1

-25 -20 -15 -10 -5 0 5 10 15 20 -15 -10 -5 0

Tr an sie nt at Ta rg ets 2- 3 Intermediate target displacement

400 ms

315 ms 275 ms 380 ms

-25 -20 -15 -10 -5 0 5 10 15 20 -15 -10 -5 0

Pe rm an en ta tT ar ge t2

-25 -20 -15 -10 -5 0 5 10 15 20 -15 -10 -5 0

Cm Pe rm an en ta tT ar ge t3

I lj xuh7053=I ruhdfk vxemhfwz hfrp sxwhg wkhp hgldq sdwk/ dqg wkhq dyhudj hg wkhuhvxowvryhuvxemhfwv

+j uh— uhjlrqv fruuhvsrqg wr huuru eduv,1 Wkh yhuwlfdop dun lv wz lfh wkh p djqlwxgh ri wkh glvsodfhp hqw

+5 fp ,1Vkrz q dovr duh wkh dyhudjh gxudwlrqv iru wudyhuvlqj hdfk vhj p hqw1

: 7

-25 -20 -15 -10 -5 0 5 10 15 20 -15 -10 -5 0 5

Tr an sie nt at Ta rg ets 3- 4 Final target displacement

400 ms

315 ms 275 ms 380 ms

-25 -20 -15 -10 -5 0 5 10 15 20 -15 -10 -5 0 5

Pe rm an en ta tT ar ge t3

-25 -20 -15 -10 -5 0 5 10 15 20 -15 -10 -5 0 5

Cm Pe rm an en ta tT ar ge t4

I lj xuh7054=Wkhfflj xuhirup dwlvwkhvdp hdvlq I lj 7045/ h–fhswz hduhvkrz lqj hffihfwviruglvsodfhp hqwv ri wkh fflqdowduj hw1

Uhvxowv

I lj 7055 vkrz v wkh whp sodwhv dqg wkh odujhvwsdwk ghirup dwlrqv uhvxowlqj iurp wkh shuwxuedwlrqv1 Wkh

SFD frqvwudlqhg wr wkh vxevsdfh ruwkrjrqdowr wkh dyhudj h sdwk +wr dyrlg p l–lqj ri yhorflw— dqg sdwk ıxfwxdwlrqv, p d— eh d xvhixop hwkrg iru vwxg— lqj wudmhfwru— ghirup dwlrqv/ exwz h rqo— xvh lwkhuh wr looxvwudwh wkh p dlq hffihfw1

Wkh vxuidfh lq I lj 7056 vxp p dul˝hv wkh p dj qlwxgh ri wdujhwuhodwhg fruuhfwlrqv wkdwrffxuuhg iru glffihuhqwrqvhwdqg rffivhwwlp hvri wkh shuwxuedwlrq1I ruhdfk wuldoz h irxqg wkh lqwhuvhfwlrq ri wkh sdwk z lwk wkh olqh dorqj z klfk wkh wdujhwri lqwhuhvwz dv glvsodfhg/ dqg wudqvirup hg wkdwlq ( / z khuh 433( fruuhvsrqghg wr sdvvlqj wkurxj k wkh glvsodfhg orfdwlrq/ dqg 3( wr sdvvlqj wkurxjk wkh ruljlqdoorfdwlrq

+qrwh wkdwdwwkh wlp h ri sdvvdjh wkh wdujhwkdg douhdg— uhwxuqhg wr lwv ruljlqdoorfdwlrq,1 Z h srrohg wkh shuwxuedwlrq wuldov +derxw4333, iurp doovxemhfwv/ dqg sorwwhg wkh dp rxqwri fruuhfwlrq iru hdfk wuldodv d ixqfwlrq ri wkh rqvhwdqg rffivhwwlp hv1 Z h wkhq xvhg elfxelf lqwhusrodwlrq wr d uhj xodu julg/ iroorz hg e— elfxelf vsolqh vp rrwklqj wr rewdlq wkh vxuidfh lq wkh fflj xuh1

Wkh uhvxowlv h–dfwo— z kdwz h z rxog h–shfwiurp d v— vwhp xvlqj doo dydlodeoh lqirup dwlrq derxw ixwxuh wdujhwvwr dgmxvwwkh p ryhp hqw1Li wkh shuwxuedwlrq rffxuvhduo— / dqg lvuhp ryhg hduo— +h1j 1rqvhw

0783 p v/ rffivhw0683 p v, wkhuh lvyhu— olwwoh hffihfw=suhvxp deo— wkh wduj hworfdwlrq lvxsgdwhg gxulqj wkh glvsodfhp hqw/ exwwkhq wkhuh lv hqrxj k wlp h wr xsgdwh lwdjdlq wr wkh rulj lqdoorfdwlrq 0wkxv z h grq*w vhh dq— hffihfwdwwkh wlp h ri sdvvdjh wkurxj k wkh wduj hw1 Rq wkh rwkhu h–wuhp h/ li wkh rqvhwlv wrr odwh

+h1j 10433 p v, wkhuh lvlqvxȷ flhqwwlp h wr xsgdwh wkh lqwhuqdohvwlp dwhri wdujhworfdwlrq dqg fruuhfwwkh p ryhp hqw1Krz hyhu/ li wkh rqvhwlvderxw0683 p vdqg wkh rffivhwderxw0583 p v+p lggoh ri wkh vxuidfh,/ z h vhh d vxevwdqwldohffihfwri derxw83( 0l1h1 wkh 433 p v gxulqj z klfk wkh wduj hwz dv glvsodfhg z huh vxȷ flhqwwr xsgdwh wkh hvwlp dwh ri lwv orfdwlrq dqg fruuhfwwkh kdqg p ryhp hqw1 Sduwri wkdwhffihfwlv suredeo— fdqfhohg gxulqj wkh uhp dlqlqj 583 p v/ vr wkh ydoxhv vkrz q lq wkh ffljxuh duh dfwxdoo— orz hu erxqgv rq krz p xfk wkh lqwhuqdohvwlp dwhv ri wduj hworfdwlrq fkdqj h1

Lwlv fohdu z k— wkh p rghoehkdyhv lq wkh vdp h z d— 0 I lj 70571 Z kloh ffl–dwlqj dwwduj hw5/ lwvwloo surfhvvhv doo dydlodeoh ylvxdo lqirup dwlrq/ dqg lq sduwlfxodu wkh glvsodfhg orfdwlrq ri wdujhw61 Wklv shuwxuehg ihhgedfn vkliwvwkh lqwhuqdohvwlp dwh ri wdujhw6/ dqg vlqfh wkh p ryhp hqwlv%sodqqhg%rqolqh_5 lwlp p hgldwho— dffihfwvwkh kdqg sdwk1Diwhuwkh wdujhwlvp ryhg edfn wr lwvruljlqdoorfdwlrq wkh lqwhuqdo hvwlp dwh dovr vwduwv p rylqj lq wkh rssrvlwh gluhfwlrq¿krz hyhu wkdwsurfhvv wdnhv vrp h wlp h dqg wkxv wkh kdqg sdwk lv qrwuhvwruhg frp sohwho— wr z kdwlwz rxog kdyh ehhq li wkh wdujhwz huh qrwglvsodfhg1

e˘D˘fi , Ti hı4 i ?— e˘D´ wLU@*Thıt4 tΞıu— t

Lq wklv h–shulp hqwz h h–soruh wkh hffihfwv ri ylvxdoglvsodfhp hqwri kdqg orfdwlrq +l1h1 sulvp vkliw, rq wkh kdqg sdwk1 Qrwh wkdwrxu shuwxuedwlrqv duh udqgrp l˝hg +l1h1 wkh gluhfwlrq ri wkh glvsodfhp hqw lv xqsuhglfwdeoh/ dqg rq 83( ri wkh wuldov wkhuh lv qr shuwxuedwlrq,/ wkxv wklv lv qrwdq dgdswdwlrq h–shulp hqw+z h vwxg— dgdswdwlrq lq wkh qh–wfkdswhu,1 Wkh fruuhfwlrqv revhuyhg khuh +dv lq wkh deryh h–shulp hqwv, duh doovlqj oh wuldofruuhfwlrqv/ fdxvhg e— vhqvru— lqsxwuhfhlyhg lq wkdwwuldo1

P hwkr gv

Dvehiruh/ vxemhfwv+; , z huh dvnhg wr p ryh wkhlukdqg wkurxj k frqvhfxwlyho— qxp ehuhg wduj hwv1Gxulqj wkhp ryhp hqw/ kdqg srvlwlrq z dvglvsod— hg rqo— lq d uhj lrq lq wkhp lggohri wkhz runvsdfh0wkhshulskhu—

2Σ *— ΞLΛ˝Ξ — Ξi LT—ı4 @*UL?—hL**@¯ E@?˙ —ΞΛt —Ξi i TiU— i˙ — h@˚iU—Lh) øi ıt— MiuLhi 4 Lffli4 i?— L?ti— c—Ξi @U— Λ@*— h@˚iU—Lh) hitΛ*—t uhL4 @TT*) ı?˝ — Ξi UL?— hL**@¯ — L — Ξi L?*ı?i it—ı4 @—it Lu— Ξi t—@—i Lu— Ξi *ı4 M@?˙ —Ξi i?fflıhL?4 i?—˘ Σ t ˙ıtUΛtti˙

@MLfflicı? 4 Lhi UL4 T*i —@t! t ı— 4 @) ?L— Mi ui@tıM*i — L UL4 TΛ— i iffli? — Ξi LT— ı4 @*UL?—hL**@¯ MiuLhi 4 Lffli4 i?— L?ti—˘ : 9

Largest path corrections

I lj xuh 7055=Wdujhwfrqfflj xudwlrqv/ dyhudjhp ryhp hqwsdwkv+ryhudoovxemhfwv,/ dqg wkhglvsodfhg wduj hw duh vkrz q1 Wkh p xowlsoh fxuyhv fruuhvsrqg wr wkh odujhvwvkdsh ghirup dwlrq uhvxowlqj iurp wkh shuwxu0 edwlrq/ frp sxwhg z lwk SFD frqvwudlqhg wr wkh gluhfwlrq ruwkrjrqdowr wkh dyhudjh sdwk 0l1h1 wkh ffluvw SFD/ dgghg wr wkh p hdq z lwk glffihuhqwz hlj kwv1

: :

-450

-400

-350

-300

-250

-200

-150

-100

-400 -350 -300 -250 -200 -150 -100 -50 0 20 40 60 80 100

Onset (ms) Offset (ms)

Co re cti on (% )

I lj xuh 7056= Shufhqwfruuhfwlrq +lq wkh gluhfwlrq ri wkh glvsodfhp hqw, dv d ixqfwlrq ri +rqvhw/ rffivhw, wlp h1

-250 -200 -150 -100 -50 0 50 100 -120

-100 -80 -60 -40 -20 0 Transient target displacement affects path

I lj xuh 7057= Vlp xodwlrq= Wudqvlhqwglvsodfhp hqwv ri wdujhw6 z kloh ffl–dwlrq lv p dlqwdlqhg dwwduj hwv 5 dqg wkh kdqg lvp rylqj iurp 4 wr 5 dffihfwwkh sdwk vlj qlfflfdqwo— 1 : ;

+xqghuvkrrw, lq uhdfklqj wr wkh fflqdowduj hw/ z klfk lvwr eh h–shfwhg lq wkh devhqfh ri ylvxdoihhgedfn lq wkdwuhj lrq +iurp d udqj h hffihfw,1

Z h kdyh shuirup hg dq hduolhu h–shulp hqwz khuh vxemhfwv z huh lqirup hg wkdwkdqg orfdwlrq z looeh glvsodfhg/ dqg dvnhg diwhu hyhu— p ryhp hqw+krul˝rqwdo, wr lqglfdwh wkh gluhfwlrq ri wkh glvsodfhp hqw

+lq d irufhg fkrlfh sdudglj p 0hlwkhu xs0grz q ru ohiw0ulj kw,1 Wkh wkuhvkrog iru uholdeoh ghwhfwlrq ri wkh glvsodfhp hqwdorqj wkh p ryhp hqwz dv derxwwz r wlp hv kljkhu wkdq wkh wkuhvkrog dorqj wkh ruwkrj rqdo gluhfwlrq/ vxjj hvwlqj djdlq wkdwwkh xqfhuwdlqw— ri wkh vhqvru— 0p rwruv— vwhp derxwlwvlqwhuqdohvwlp dwh ri kdqg orfdwlrq dorqj wkh p ryhp hqwlv vlj qlfflfdqwo— oduj hu1

Z h dovr ydulhg wkh lqvwuxfwhg p ryhp hqwwlp h/ z klfk frqvht xhqwo— lqfuhdvhg wkh wlp h vshqwlq wkh sulvp vkliwuhjlrq1Wkh hffihfwri p ryhp hqwgxudwlrq lv vkrz q lq I lj 705: 1

-200 -150 -100 -50 0 50 100 150 200

-100 -80 -60 -40 -20 0 20 40 Effects of unpredictable perturbations

300 ms 200 ms

430 ms

-200 -150 -100 -50 0 50 100 150 200

-100 -80 -60 -40 -20 0 20 40

-200 -150 -100 -50 0 50 100 150 200

-100 -80 -60 -40 -20 0 20 40

-200 -150 -100 -50 0 50 100 150 200

-100 -80 -60 -40 -20 0 20 40

Mm I lj xuh 7059=Dyhudjh sdwkv+ryhudoovxemhfwv, z lwk fruuhvsrqglqj huurueduv/ irushuwxuedwlrqvlq rssr0 vlwh gluhfwlrqv +shuwxuedwlrq gluhfwlrq dqg p dj qlwxgh duh vkrz q,1

; 4

-25 -20 -15 -10 -5 0 5 10 15 20 -8 -6 -4 -2 0 2 4

15 50 m s

-25 -20 -15 -10 -5 0 5 10 15 20 -8 -6 -4 -2 0 2 4

13 0 m s

-25 -20 -15 -10 -5 0 5 10 15 20 -8 -6 -4 -2 0 2 4

16 70 m s Effect of movement duration

250 300 350 400 450 500 10 20 30 40 50 60

Time from perturbation (ms) C or re ct io n (% )

I lj xuh705:=Hffihfwvri orfdosulvp vkliwviruglffihuhqwp ryhp hqwgxudwlrqv1Erwwrp 0dp rxqwri fruuhfwlrq dwwdujhw61

; 5

ß Ξ@T— i h D

¨ L˙i *ı?@UUΛh@Uıi t @?˙ ULhhi U— ıL?

t— h@— i ˝ıi t

Z khq z h lqwurgxfhg rxu p rgholq Fkdswhu 6/ lwz dv dvvxp hg wkdwwkh vwrfkdvwlf rswlp dofrqwuroohu frp sxwhvwkh vljqdovgulylqj d vhwri %yluwxdorxwsxwv%0I lj 507 0wkdwsurylgh %vlp soh%frqwurolq hqg0 hffihfwru vsdfh1 Lq sduwlfxodu/ z h dvvxp hg wkdwwkh frqwurovljqdov duh wkh [ 0dqg “ 0 qhwp xvfoh irufhv dssolhg dwwkhkdqg/ frqvlghuhg dvd srlqwp dvvp rylqj rq d sodqduvxuidfh1Wkhsrvvleohlqdffxudflhvlq lp sohp hqwlqj hqg0hffihfwrufrqwuro+l1h1p dnlqj wkh kdqg ehkdyh dvd srlqwp dvv, z huh p rghohg dvqrlvh z krvh p dj qlwxgh p dwfkhg wkh p dj qlwxgh ri wkrvh lqdffxudflhv1Krz hyhu/ lq uhdolw— wkh huuruvuhvxowlqj iurp lp shuihfwlp sohp hqwdwlrq ri hqg0hffihfwru frqwuroz rxog eh vwdwh ghshqghqw1 Wkh vhqvru— sduwri wkh p rghop d— dovr eh lp shuihfw1 Hyhq li wkh p rghoz dv h–dfwo— dffxudwh/ lwp d— qrweh ihdvleoh +lq p ruh frp soh– wdvnv, wr frp sxwh d frqwuroodz lq uhdowlp h1 Lq doowkhvh fdvhv/ lwz rxog eh srvvleoh wr lp suryh wkh shuirup dqfh ri wkh rswlp dofrqwuroohue— dxj p hqwlqj lwz lwk vrp h fruuhfwlrq vwudwhjlhv1 Lq wkh ffluvwvhfwlrq z h uhylhz h–shulp hqwdohylghqfh wkdwwkh FQVlqghhg vhhp v wr xvh d vlp solfflhg p rgho ri hqg0hffihfwru frqwuro/ dqg vkrz wkdwrxu p rgho +lq sduwlfxodu wkh frp shqvdwlrq iru p xvfoh ylvfrvlw— lqfoxghg lq wkh frqwuro vljqdo, surylghv d yhu— sduvlp rqlrxv h–sodqdwlrq iru vrp h w— shv ri dxwrp dwlf fruuhfwlrq wkdwkxp dq vxemhfwv h–klelw1 Lq wkh qh–wvhfwlrq z h frqvlghu d qxp ehu ri +udwkhu rgg, qhxursk— vlrorjlfdouhvxowv wkdwfdq eh h–sodlqhg e— rxu p rgho1 Wkh iroorz lqj vhfwlrq lqwhusuhwv vrp h dgdswdwlrq uhvxowv dv hylghqfh ri fruuhfwlrq vwudwhjlhv p hdqwwr lp suryh wkh shuirup dqfh ri wkh frqwuroohu+udwkhuwkdq gluhfwo— frp shqvdwh iruwkh h–shulp hqwdoo— lqwurgxfhg shuwxuedwlrq,1I lqdoo— z h suhvhqwgdwd iurp wz r ohduqlqj h–shulp hqwv wkdwduh qrwforvho— uhodwhg wr wkh uhvwri wkh fkdswhu/ exw surylgh d jrrg looxvwudwlrq ri vrp h srlqwvp dgh lq Fkdswhu5 derxwwkh glvwlqfwlrqvehwz hhq qrylfh dqg h–shuwshuirup dqfh1

D˘� , fflı̇ i ?Ui uLh tı4 T*ı�U@— ıL?t Lut) t— i 4 ˙) ?@4 ıUt

Wklvvhfwlrq lvedvhg rq wkh fflqglqj vri Ĵ rugrq hwdo1¡7e‘1Wkhvh dxwkruvdvnhg vxemhfwvwr p dnh udslg uhdfklqj p ryhp hqwvlq 57 glffihuhqwgluhfwlrqv/ z lwkrxwylvlrq ri wkh kdqg1Wkh— irxqg d qxp ehuri v— v0 whp dwlf hffihfwvri p ryhp hqwgluhfwlrq/ qrqhri z klfk vkrxog h–lvwli shuihfwhqg0hffihfwrufrqwuro2nlqhp dwlf lqyduldqfh z dv suhvhqw1 Wkh gdwd z dv frqvlvwhqwz lwk wkh k— srwkhvlv wkdwwkh FQVidlov wr wdnh lqwr

Inertia ellipsoid Expected acceleration

Movement direction

I lj xuh 804= Ohiw= Vfkhp dwlf 50olqn dup +er–@vkrxoghu,/ z lwk lqhuwld hoolsvrlg dwwkh kdqg1 Ulj kw= dffhohudwlrq uhvxowlqj iurp dsso— lqj wkh vdp h hqg0srlqwirufh lq doogluhfwlrqv1 dffrxqwwkh dqlvrwurslf lqhuwld dwwkh kdqg/ l1h1 lwdssolhv wkh vdp h qhwp xvfoh irufh lq doogluhfwlrqv

0 wkh suhglfwlrq ri wklv k— srwkhvlv lv vkrz q lq I lj 8041 Wkh gdwd lv lq I lj 805 Wrs 0 wkh dffhohudwlrq hoolsvrlg lvrulhqwhg ruwkrj rqdowr wkhlqhuwld hoolsvrlg_41Li wkhFQVz huhwr ljqruhwkhdqlvrwurslf lqhuwld wkurxjkrxwwkh p ryhp hqw+l1h1 rxwsxwd ihhgiruz dug irufh surffloh,/ z h z rxog h–shfwp ryhp hqwv z lwk oduj hu h–whqwlq gluhfwlrqvz lwk vp doohulqhuwld/ dqg ht xdop ryhp hqwgxudwlrq lq doogluhfwlrqv1

Lqvwhdg/ vxemhfwv dfklhyhg dop rvwfrqvwdqwp ryhp hqwh–whqw+Wklug urz , e— uhgxflqj p ryhp hqw gxudwlrq lq gluhfwlrqv z khuh wkh lqlwldodffhohudwlrq z dv juhdwhu +Erwwrp ,1 Wkh dxwkruv dujxhg wkdwlw lv glȷ fxowwr h–sodlq wklv frp shqvdwlrq z lwk ihhgedfn p hfkdqlvp v1 I luvwri doo/ p ryhp hqwv z huh t xlwh udslg dqg shuirup hg lq wkh devhqfh ri ylvxdoihhgedfn1 P ruh lp sruwdqwo— / hylghqfh ri frp shqvdwlrq z dv suhvhqwiurp wkh yhu— ehjlqqlqj ri wkh p ryhp hqw0 I lj 8061 Hyhq dv hduo— dv wkh wlp h ri shdn dffhohudwlrq/ p ryhp hqwv lq gluhfwlrqv z lwk odujhu lqlwldodffhohudwlrq z huh douhdg— dgydqfhg lq wlp h1

Wkxv lwdsshduv wkdw= d, wkh FQV lv xqdz duh ri wkh lqhuwldodqlvrwurs— z khq lwlqlwldwhv d uhdfklqj p ryhp hqw/ e, wkhglffihuhqfhvlq lqlwldodffhohudwlrq duhfrp shqvdwhg e— glffihuhqfhvlq p ryhp hqwgxudwlrq vr wkdwwkh h–whqwri wkh p ryhp hqw+z klfk lvz kdwwkh vxemhfwvduh dvnhg wr frqwuro, uhp dlqvfrqvwdqw/ dqg f, wkdwfrp shqvdwlrq lvsuhvhqwiurp wkh yhu— ehjlqqlqj ri wkh p ryhp hqw/ dvli wkh FQVz huh dz duh ri lwv%p lvwdnh%z kloh lwlv p dnlqj lw_51

Khuh z h z loovkrz krz wkhvh revhuydwlrqv p d— uhvxowiurp wkh w— sh ri frqwurovlj qdoxvhg wr gulyh

�AΞi �˝Λhit tΞL¯ tı4 Λ*@— ıL? hitΛ*—t uhL4 — Ξi 4 L˙i*c¯ ΞıUΞ @hi fflih) tı4 ı*@h — L —Ξi Lhı̋ ı?@*�˝Λhit˘

2AΞi @Λ— ΞLht @*tL UL?tı̇ ih — Ξi TLttıMı*ı—) —Ξ@— —Ξiti hitΛ*—t @hıti uhL4 i^Λı*ıMhıΛ4 TLı?— UL?— hL*c@?˙ hi˚iU— ı— —ΞhLΛ˝Ξ tı4 Λ*@— ıL?t ´ MhıiÆ)c i^Λı*ıMhıΛ4 TLı?— UL?—hL* U@??L— @UULΛ?— uLh — Ξiti hitΛ*—t MiU@Λti — Ξi t—ıg?itt i**ıTti ıt Lhıi?—i˙

˙ıgihi?— *)˘

; 7

P ea k ac ce l

P ea k ve l

E xt en t

D ur at io n

Movement direction

I lj xuh 805= Vlp xodwlrq= Shdn dffhohudwlrq +wrs,/ shdn yhorflw— +vhfrqg urz ,/ p ryhp hqwh–whqw+wklug urz ,/ dqg p ryhp hqwgxudwlrq +erwwrp , dvd ixqfwlrq ri p ryhp hqwgluhfwlrq +ohiw,/ dovr vkrz q dvd udgldo sorw+uljkw,1

0

100

200

300

400

500

600

700

800

Movement direction

T im e (m s)

Movement End

Time to Peak Velocity

Time to Peak Acceleration

I lj xuh 806= Vlp xodwlrq= wlp h ri rffxuhqfh ri glffihuhqwp ryhp hqwodqgp dunv +hqg/ shdn yhorflw— / shdn dffhohudwlrq, dvd ixqfwlrq ri p ryhp hqwgluhfwlrq1 wkh kdqg lq rxup rgho1Lq sduwlfxodu/ wkh frp shqvdwlrq irup xvfoh ylvfrvlw— exlowlqwr wkh frqwurovljqdo surgxfhv h–dfwo— wkh ehkdylru revhuyhg e— Ĵ rugrq hwdo1¡7e‘1 Wr vlp soli— wkh glvfxvvlrq lq wklv dqg wkh iroorz lqj vhfwlrq z h z loorqo— frqvlghud ihhgiruz dug frqwurovlj qdofruuhvsrqglqj wr d p lqlp xp 0mhun wudmhfwru—_61 Z h p rghowkh kdqg dv d srlqwp dvv p rylqj lq d ylvfrxv hqylurqp hqw/ dqg frp sxwh wkh

+ihhgiruz dug, irufh surffloh wkdwz rxog surgxfh d p lqlp xp 0mhun wudmhfwru— lq wkh devhqfh ri qrlvh ru p rghohuuruv1Z hdyhudjhg wkhp hdvxuhp hqwvri Ŵvxml hwdo1¡8‘ irudoovxemhfwvdqg gluhfwlrqvwr rewdlq hvwlp dwhv ri lqhuwld dqg ylvfrvlw— dwwkh kdqg 0 p @4nj dqg e @ 43Qv∂p uhvshfwlyho—_71 Wkhq wkh frqwurovlj qdoqhfhvvdu— wr gulyh wkh kdqg z dv frp sxwhg dv i +w, @p d+w, . ey +w,/ z khuh wkh yhfwruv d+w, >y +w, ghqrwh wkh dffhohudwlrq dqg yhorflw— fruuhvsrqglqj wr d p lqlp xp 0mhun wudmhfwru— – +w, lq wkh dssursuldwhgluhfwlrq1Li z hz huhwr dsso— wklvfrqwurovlj qdo+irufh, wr d srlqwz lwk p dvvp dqg ylvfrvlw— e z h z rxog uhfryhu– +w, h–dfwo— 1

Z kdwli wkhp dvvlvqrwp lq doogluhfwlrqv/ exwlqvwhdg ydulhvdffruglqj wr wkh lqhuwld hoolsvrlg dwwkh kdqg 0I lj 804B Lq vrp h gluhfwlrqv+ruwkrj rqdowr wkh iruhdup , wkh p dvvz looeh vp doohuwkdq p / dqg vr wkh lqlwldodffhohudwlrq dqg yhorflw— z looh–fhhg wkrvh xvhg wr frp sxwh wkh frqwuroirufh1Dvd uhvxowwkh ylvfrxv irufh z loodovr h–fhhg ey +w, dqg p ryhp hqwgxudwlrq z loofrqvht xhqwo— ghfuhdvh1 Wklv lv vkrz q lq I lj 8051 Z kloh wkh fkdqjhv lq lqlwldodffhohudwlrq dqg p ryhp hqwgxudwlrq lq wklv p rghoduh doz d— v uhflsurfdo+uhj dugohvv ri sdudp hwhu vhwwlqj v,/ wkh wz r hffihfwv gr qrwfdqfhorxwwr surgxfh d uhodwlyho— frqvwdqwp ryhp hqwvh–whqwirudq— sdudp hwhuvhwwlqjv1Wkxvlwlvhqfrxudj lqj wkdwsdudp hwhuvyhu— forvh wr h–shulp hqwdop hdvxuhp hqwv ri kdqg lp shgdqfh surgxfh wklv fdqfhodwlrq1 Vlqfh wkh %frp shqvdwlrq% iru glffihuhqwdffhohudwlrqv lv gxh wr fruuhvsrqglqj fkdqjhv lq wkh ylvfrxv irufhv +dqg grhv qrwuht xluh

fiAΞıt ıt @U*Lti @TThL ı4 @—ıL? — L — Ξi MiΞ@fflıLΛh Lu LΛh 4 L˙i*uLh h@Tı̇ 4 Lffli4 i?—t i iUΛ— i˙ ¯ ı— ΞLΛ— fflıtıL? @?˙ *L¯

@UUΛh@U) UL?t—h@ı?—t˘ e Σ t4 @**t—ıg?itt —ih4 E2f Π %4 ø ¯ @t @*tL Λti˙ ı? —Ξi tı4 Λ*@—ıL?tc MΛ— ı— ˙Lit ?L— @giU— —Ξi hitΛ*—t ı? —Ξıt UΞ@T—ih tı̋ ?ı�U@?—*)˘ ; 9

ihhgedfn p hfkdqlvp v,/ wkh hffihfwlv hylghqwiurp wkh yhu— ehj lqqlqj ri wkh p ryhp hqw0I lj 8061 Wkxv z h kdyh dq h–dp soh z khuh wkh lqwhuqdop rghori olp e g— qdp lfv xvhg e— wkh FQVdsshduv wr eh vlp solfflhg/ exwwkh lp shgdqfh ri wkh kdqg frp elqhg z lwk dssursuldwh frqwurovljqdov lv vxȷ flhqwwr holp lqdwh uhdfklqj huuruv1Ri frxuvh vxfk orz 0ohyhop hfkdqlvp vp d— qrweh vxȷ flhqwlq h–hfxwlqj p ruh frp soh– p ryhp hqwv z lwk klj khu dffxudf— frqvwudlqwv1 Lwkdv ehhq k— srwkhvl˝hg suhylrxvo— wkdwvxfk d frp elqdwlrq ri gluhfwdqg frp shqvdwru— frqwurovljqdov p d— doorz wkh FQV wdnh dgydqwdjh ri wkh ylvfr0hodvwlf surshuwlhvri wkh olp e dqg uhgxfh p ryhp hqwhuuruvK̂lqwrq ;7‘1Frp shqvdwlrq irugdp slqj lq frp elqdwlrq z lwk sursruwlrqdofrqwuroudwkhuwkdq gluhfwirufh frqwurokdvdovr ehhq frqvlghuhg lq wkh ht xloleulxp srlqwiudp hz run P̂ fLqw— uh dqg El˝˝l ¡6‘1

D˘2 , fflı̇ i ?Ui uLh ˙ıhi U— uLhUi UL?— hL* UL4 Mı?i ˙ ¯ ı— Ξ ˙@4 Tı?˝

UL4 Ti ?t@— ıL?

Lq wklv vhfwlrq z h frqvlghu d qxp ehuri hohfwursk— vlrorjlfdorevhuydwlrqv ri sulp du— p rwrufruwh– +P 4, dfwlylw— dvvrfldwhg z lwk sodqdu kdqg p ryhp hqwv/ dqg dujxh wkdwwkh— kdyh d qdwxudoh–sodqdwlrq rqfh z h dvvxp h wkdwwkh rxwsxwri P 4 lvd frqwurovljqdoz lwk wkh surshuwlhvghvfulehg deryh1 Lwkdv ehhq nqrz q iru d z kloh wkdwP 4 lv d fuxfldofrp srqhqwri wkh fruwlfdoqhwz run uhvsrqvleoh iru wkh frqwurori p ryhp hqw+vhh M̂rkqvrq ¡5‘ iru d uhylhz ,1 Ghvslwh — hduv ri lqwhqvh vwxg— / lwlv vwloo qrwfohdu z kdwwkh ghvfhqglqj vlj qdo^8 p hdqv dqg krz h–dfwo— lwfrqwurov wkh rqjrlqj p ryhp hqw1 Wkh lghd wkdwP 4 lvd %fflqdofrp p rq sdwkz d— %z klfk froohfwvdoop ryhp hqw0uhodwhg vlj qdov iurp fruwh– dqg wudqvp lwv wkhp wr wkh vslqdofrug Ĥyduwv; 4‘ kdv orvwfuhglelolw— gxh wr wkh fflqglqj wkdwsuhp rwru dqg vxssohp hqwdu— p rwruduhdvfrqwdlq derxwwkh vdp h qxp ehuvri SWQvĜxp dqg Vwulfn ¡4‘¿vwloo/ ohvlrqv lq P 4 uhvxowlq sdudo— vlv/ z kloh ohvlrqv lq rwkhup ryhp hqw0uhodwhg fruwlfdoduhdv kdyh p xfk p ruh vxewoh hffihfwv M̂rkqvrq ¡5‘ vxjj hvwlqj d ixqgdp hqwdo uroh ri P 4 dfwlylw— lq wkh surgxfwlrq ri doo yroxqwdu— p ryhp hqwv1 Z h fdq vhsdudwh wkh frqwuryhuvlhv vxuurxqglqj wkh uhsuhvhqwdwlrq lq P 4 lwwz r fdwhjrulhv= z kdwlv wkh irup dw+frruglqdwh v— vwhp , ehlqj xvhg/ dqg z kdwlv wkh t xdqwlw— ehlqj hqfrghg lq wkdw irup dw1

Vxssruwirudq h–wulqvlf +srvvleo— Fduwhvldq, frruglqdwhv— vwhp kdvfrp hiurp vwxglhvĴ hruj rsrxorvhwdo1;5/ Vfkz duw̋ ¡7‘ vkrz lqj wkdwwkh srsxodwlrq dfwlylw— lq P 4 fdq eh xvhg wr uhfrqvwuxfwuhdvrqdeo— z hoowkh kdqg nlqhp dwlfv lq Fduwhvldq vsdfh/ dqg wkdwwkh fflulqj ri lqglylgxdoqhxurqv kdv d eurdg frvlqh wxq0 lqj z lwk uhvshfwwr p ryhp hqwgluhfwlrq1 Krz hyhu/ lwlv nqrz q wkdwxqghu p log dvvxp swlrqv wkh vdp h uhvxowv duh wr eh h–shfwhg hyhq li P 4 qhxurqv hqfrghg t xdqwlwlhv lq mrlqwfrruglqdwhv/ ru dfwlydwlrq ohyhov ri p xvfoh jurxsv P̂ xvvd0Lydogl ;; / Vdqjhu¡7‘1 Rq wkh rwkhu kdqg/ lwkdv ehhq vkrz q wkdwwkh srsxodwlrq yhfwru^9 urwdwhv durxqg wkh vkrxoghu z khq p ryhp hqwv z lwk wkh vdp h h–wulqvlf gluhfwlrq duh shuirup hg lq glffihuhqwduhdv ri wkh z runvsdfh F̂dp lqlwl hwdo1¡3‘1 I xuwkhup ruh/ fkdqjlqj wkh srvwxuh ri wkh dup z kloh d p rqnh— lvp dnlqj uhdfklqj p ryhp hqwvlghqwlfdodwwkh ohyhori kdqg nlqhp dwlfvohdgv wr vljqlfflfdqwfkdqj hv lq wkh fflulqj udwhv2suhihuuhg gluhfwlrqv lq wkh p dmrulw— ri uhfrughg P 4 qhxurqv V̂frwwdqg Ndodvnd ¡:‘1 Wkxv lwvhhp v wkdwz kdwhyhu wkh irup dwri wkh uhsuhvhqwdwlrq lv/ lwlv forvho— uhodwhg wr mrlqwfrruglqdwhv^: 1 Lwkdv dovr ehhq dujxhg wkdwwkhuh p d— qrwh–lvwd xqlt xh %irup dw%lq

DAΞi ˙itUi?˙ı?˝ tı̋ ?@*ıt —h@?t4 ı— —i˙ fflı@—Ξi *L?˝ @ L?t LuT) h@4 ı̇ @*— h@U— ?iΛhL?t ´ ¸ AΠ t˘ ‘ Ξı*i i@h*) i Tihı4 i?—iht ¯ ihi U@hiuΛ*—Lı̇ i?— ıu) ¸ AΠ t — ΞhLΛ˝Ξ @?— ı̇ hL4 ıUt— ı4 Λ*@— ıL?c—Ξıt ıt ?L— ˙L?i hLΛ—ı?i*) @?) 4 Lhi˘ AΞıt UL4 T*ıU@— it 4 @— —iht iffli? uΛh—Ξih tı?Ui ı— ıt ?L— U*i@h ¯ Ξ@— Ui**—) Tit ˙ıgihi?— ˝hLΛTt hiULh˙ uhL4˘

SAΞi TLTΛ*@—ıL? ffliU— Lh ıt — Ξi Ξ@?˙ ffli*LUı—) Thi˙ıU—i˙ uhL4 ?iΛhL?@*4 i@? �hı?˝ h@—it Λ?˙ih @*ı?i@h i?UL˙ı?˝ 4 L˙i*´ d5@*ı?@t @?˙ Σ MML— beŏ

. W?—ihit— ı?˝*)c— Ξi Lfflih¯ Ξi*4 ı?˝ 4 @˚Lhı—) Luhiti@hUΞiht Etii 4 Lt— hiUi?— Π iΛhLtUıi?Ui Σ Mt—h@U— tø @hi t— ı**uLUΛtı?˝ L?

; :

P 4/ l1h1 rqh fdq fflqg hylghqfh iru uhsuhvhqwdwlrqv lq dq— frruglqdwh v— vwhp rqh fkrrvhv wr orrn iru

Ŵkdfk ; 8/ I hw̋ ¡5‘1 D p dwkhp dwlfdop rghoxvlqj frruglqdwh0iuhh uhsuhvhqwdwlrqv +edvlv ixqfwlrqv, kdv ehhq sursrvhg Ŝrxj hwdqg Vhmqrz vnl ¡:‘1

Wkhqdwxuhri wkht xdqwlwlhvhqfrghg lq P 4 +z klfk lvz kdwz hduhlqwhuhvwhg lq khuh, lvhyhq ohvvfohdu wkdq wkh frruglqdwh v— vwhp xvhg wr hqfrgh wkhp_; 1Klvwrulfdoo— P 4 z dvwkrxj kwwr eh lqyroyhg lq kljkhu p rwru ixqfwlrqv +vlqfh lwlv d sduwri qhrfruwh–, dqg Shqfflhog*v vwlp xodwlrq vwxglhv vhhp hg wr frqfflup wkdw1 Hyduwv duj xhg wkdwlwlv d orwforvhu wr wkh shulskhu— +wkxv wkh %fflqdofrp p rq sdwkz d— %lghd, e— vkrz lqj vwurqj fruuhodwlrqvehwz hhq fflulqj udwhvdqg irufhvudwkhuwkdq glvsodfhp hqwĤyduwv 9; ‘1Dorqj wkh vdp h olqhv/ vslnh0wulj jhuhg dyhudj lqj dqg p lfurvwlp xodwlrq vwxglhvfrqfflup hg wkdwSWQvkdyh udwkhu gluhfwhffihfwv rq HP J dfwlylw— +krz hyhu P 4 fdq eh dfwlyh lq wkh devhqfh ri HP J fkdqjhv, Î hw̋ ¡5‘1

Rq wkh rwkhu h–wuhp h/ J hruj rsrxorv dqg frooderudwruv kdyh duj xhg wkdwP 4 h–huwv kljkhu0ohyhofrqwuro wkdq vlp so— vshfli— lqj irufh ru p xvfoh frqwudfwlrqv 0lwz dv vkrz q wkdwp ryhp hqwgluhfwlrq dv z hoodv p ruh devwudfwt xdqwlwlhv +h1j1 p hqwdourwdwlrqv/ p rylqj remhfwv wkdwkdyh wr eh lqwhufhswhg z lwk wkh kdqg/ fkdqjhv lq irufh udwkhuwkdq qhwirufh, duh z hoouhsuhvhqwhg rq wkh srsxodwlrq ohyho1

Z kloh vrp h ri wkh dssduhqwfrqwudglfwlrqv p d— eh h–sodlqhg e— wkh idfwwkdwglffihuhqwuhvhdufkhuv p d— eh uhfruglqj iurp glffihuhqwfhoow— shv/ lwkdv ehhq vkrz q wkdwwkh wz r edvlf fflqglqjv 0 hqfrglqj ri irufh xqghu lvrp hwulf frqglwlrqv dqg yhorflw— gxulqj p ryhp hqw0frh–lvwlq wkh vdp h srsxodwlrq ri fhoov1 N̂dodvnd hwdo1;¡‘ vwxglhg dup p ryhp hqwv p dgh xqghu h–whuqdoordgv lq wkh vdp h qhxurqv dqg wkh vdp h wdvn/ dqg ghp rqvwudwhg wkdwerwk ordg0dqg yhorflw— 0uhodwhg vlj qdov duh suhvhqwlq wkh fflulqj udwhv/ dqg wkhluhffihfwvduhdop rvwshuihfwo— dgglwlyh_¡1I xuwkhup ruh/ lwz dvvkrz q wkdwwkhlvrp hwulf irufh srsxodwlrq yhfwru kdv yhu— vlp lodu surshuwlhv wr wkh yhorflw— srsxodwlrq yhfwru/ lqfoxglqj wkh urwdwlrq z lwk wkh vkrxoghuV̂huj lr dqg Ndodvnd ¡:‘1

Z k— z rxog wkhfflulqj sdwwhuq lq P 4 hqfrghdgglwlyho— erwk lqvwdqwdqhrxvirufhdqg yhorflw— / dqg krz frxog orz huohyhovlq wkh FQVvhsdudwh wkrvh t xdqwlwlhvdqg xvh wkhp wr frqwurowkh rqj rlqj p ryhp hqwB

Ghfrglqj lvqrww— slfdoo— vhhq dvd sureohp / p d— ehehfdxvhh–shulp hqwhuvfdq dffirug wr froohfwgdwd ryhu orqj shulrgvri wlp h dqg duudqjh vr wkdwrqo— rqh sdudp hwhuydulhvdqg wkh rwkhuvduh holp lqdwhg vlp so— e— vxewudfwlqj d edvholqh1Wkhvslqdoflufxlwu— krz hyhufdqqrwgr wkdwvlqfhlwkdvwr rshudwhlq uhdowlp h1

I ruh–dp soh/ z khq wz r yduldeohv+ordg gluhfwlrq dqg p ryhp hqwgluhfwlrq, fkdqj hlq wkhvdp hh–shulp hqw dqg wkhsrsxodwlrq yhfwrulvdssolhg z lwkrxwdwwhp swlqj wr dyhudj hrxwrqhri wkhp / lwqr orqj husrlqwvlq wkh gluhfwlrq ri hlwkhuwkh p ryhp hqwyhorflw— ruwkh h–whuqdoordg N̂dodvnd hwdo1; ¡‘1Hyhq li vhsdudwlrq ri wkhvh wz r vljqdov lq uhdowlp h z dv vrp hkrz srvvleoh/ z h duh vwlooohiwz lwk d ixqgdp hqwdosureohp 1

Vlqfh wkh sk— vlfdodup lv dq lqhuwldop hfkdqlvp wkdwfrqyhuwv hffiruw+irufh/ wrut xh, lqwr ırz +yhorflw— / p rp hqwxp , K̂rj dq dqg I odvk ;: ‘/ wkhvh yduldeohv fdqqrweh frqwuroohg lqghshqghqwo— 1 Wr j r durxqg wkdwsureohp / glffihuhqwdssurdfkhv kdyh ehhq wulhg lq urerwlfv/ vxfk dv k— eulg irufh2srvlwlrq frqwuro/ lp shgdqfh frqwuro/ hwf1 Rqh fdq hlwkhu dwwhp swwr frqwuroirufh dorqj vrp h d–hv dqg p ryhp hqwdorqj rwkhuv N̂kdwle ;: ‘/ ru frqwuroerwk lqgluhfwo— e— vshfli— lqj dq ht xloleulxp vwdwh dqg dup lp shgdqfh

K̂rjdq dqg I odvk ; :‘1Lq hlwkhufdvh/ wkh rxwsxwri vxfk frqwuroohuvqhyhuuhsuhvhqwvwkh ghvluhg yhorflw— dqg irufh+dqg srvlwlrq, vlp xowdqhrxvo— dorqj wkhvdp hd–lv1Lwlvwkhq qrwfohduz k— erwk vlj qdovvkrxog eh hp ehgghg lq wkh ghvfhqglqj fruwlfdofrp p dqg1

Qrwh wkdwwkh P 4 rxwsxwvhhp vwr fruuhvsrqg wr wkh sv— fkrorjlfdohffiruwlqyroyhg1Lq lvrp hwulf irufh surgxfwlrq/ ru ordg frp shqvdwlrq/ wkh shufhswlrq ri hffiruwp dwfkhv wkh irufh h–huwhg dwwkh kdqg1 Wklv

Ξ@?˙ ! ı?i4 @—ıUt @?˙ ?L— iffli? hiULh˙ı?˝ ˚Lı?— @?˝*itc˙itTı—i —Ξi ¯ ı̇ i @ffl@ı*@Mı*ı—) Lufi# 4 L—ıL? @?@*) tıt t) t— i4 t˘

H‘ i ¯ ı**@ttΛ4 i —Ξ@— ¯ Ξ@—ifflih —Ξi uLh4 @— Lu— Ξi hitThiti?—@—ıL? ıtc—Ξi TLTΛ*@—ıL? ffliU—Lh ıt @ΛtiuΛ*˙itUhıT— ıL? Lu¨ �

@U—ıfflı—) Eı? @T@h— ıUΛ*@h ULLh˙ı?@—i t) t—i4 ø ´ M@ti˙ L? —Ξi @?@*) tıt Lud̈ Λtt@´Wffl@*˙ıHHŏ bΣ TLtı—ıL?@*˝h@˙ıi?— Ξ@t @*tL Mii? LMtihffli˙ hiTi@— i˙*) dBiLh˝LTLΛ*Lt i— @*˘ Heoc@?˙ ı—t igiU— @TTi@ht — L Mi @˙˙ı— ıffli

@t ¯ i**˘ AΞ@— igiU— ıt t4 @**ih@?˙ ¯ i ¯ ı**?L— UL?tı̇ ihı— Ξihi( ı— 4 @) Mi ı?—ihThi— i˙ @t tTiUıu) ı?˝ —Ξi hiuihi?Ui Ei^Λı*ıMhıΛ4 ø

TLı?— uLh @ThLTLh—ıL?@*UL?—hL*— ih4˘

; ;

Movement time

C on tr ol = m a+ bv

Force control with damping compensation

I lj xuh 807=Vlp xodwlrq=Wklfn olqh 0wkh frqwurovlj qdoirurxup rghowu— lqj wr surgxfh d p lqlp xp 0mhun wudmhfwru— 1 Wklq olqhv 0 fkdqjhv lq wkh frqwurovljqdoiru 58( yduldwlrqv lq p dvv1 Gdvkhg 0 yhorflw— surffloh/ Gdvk0grw0dffhohudwlrq surffloh ri p lqlp xp 0mhun wudmhfwru— 1

-10 -8 -6 -4 -2 0 2 4 6 8 10 -6

-4

-2

0

2

4

6

8

Cm

Direction of control signal

I lj xuh808=Vlp xowlrq=wkhfrqwurovlj qdo+yhfwru, sorwwhg iruwkhfruuhvsrqglqj srlqwvdorqj d p lqlp xp 0 mhun wudmhfwru— wkurxjk d vlqj oh yld srlqw1 ¡3

Inertia and damping

Control signal

I lj xuh 809=Vlp xodwlrq=Ohiw0lqhuwld dqg ylvfrvlw— hoolsvrlgv +vfdohg wr fflwrq wkh vdp h sorw, irudyhujh kxp dq vxemhfwv1 Ulj kw0 wkh frqwurovljqdov fruuhvsrqglqj wr d p lqlp xp 0mhun wudmhfwru— lq wkh wz r gluhfwlrqv1

gluhfwlrq z khuh wkh— z rxog eh ohdvwh–shfwhg li rqh rqo— wdnhvlqwr frqvlghudwlrq wkh lqhuwld hoolsvrlg1Lq rxup rghokrz hyhuwkh suhvhqfh ri uhyhuvdovlq wkh frqwurovlj qdolvghwhup lqhg qrwe— lqhuwld dorqh/ exw e— wkhlqhuwld2ylvfrvlw— udwlr1Wkhrulhqwdwlrq ri wkhwz r hoolsvrlgvlq d fdqrqlfdodup srvwxuhlvvkrz q lq I lj 809 Ohiw1Wkhylvfrvlw— hoolsvhlvnqrz q wr srlqwdz d— iurp wkhvkrxoghu/ l1h1wkhoduj hvwylvfrvlw— z loo eh h–shulhqfhg gxulqj iruz dug0edfnz dug p ryhp hqwv1 Wklv lv vxȷ flhqwwr surgxfh vljqlfflfdqwo— eljj hu uhyhuvdovri wkhfrqwurovlj qdoiruvlgh0wr0vlghp ryhp hqwv0I lj 809 Ulj kw1Z klohwklvhffihfwghshqgvrq wkh h–dfwsdudp hwhuydoxhv/ wkh ylvfrvlw— hoolsvhvlq kxp dqvdqg p rqnh— vsuredeo— kdyh vlp lodurulhqwdwlrqv +dqg wkh lqhuwld hoolsvhvduh doz d— vrulhqwhg dorqj wkh iruhdup ,1

I lqdoo— / lq wkh vwxg— ri uhdfklqj p ryhp hqwv z lwk vlp lodu kdqg nlqhp dwlfv dqg glffihuhqwsrvwxuhv V̂frwwdqg Ndodvnd ¡:‘ wkh dxwkruv dwwhp swhg wr lghqwli— wkh qdwxuh ri wkh frqwurovlj qdov hqfrghg lq P 4 e— exloglqj glffihuhqwp rghov dqg frp sdulqj wkh suhglfwhg dp rxqwri srvwxudoghshqghqfh wr wkhlu hp slulfdorevhuydwlrqv1Wkhrxwfrp hri wkhludqdo— vlvz dvwkdwqhxurqvhqfrglqj mrlqwyhorflwlhvz rxog eh ohvvvhqvlwlyh/ z klohqhxurqvhqfrglqj mrlqwwrut xhz rxog ehp ruhvhqvlwlyhwr fkdqjhvlq dup frqfflj xudwlrq frp sduhg wr P 4 fflulqj udwhv1Wklvvxjj hvwvd frqwurovlj qdovrp hz khuh %lq ehwz hhq%yhorflw— dqg wrut xh 0z klfk lvz kdwrxup rghodvvxp hv1

D˘fi 5i ?tLh) ´4 L— Lh @˙@T— @— ıL?

Dgdswdwlrq 0d v— vwhp dwlf fkdqjh lq p rwru ehkdylru uhvxowlqj iurp uhshdwhg vhqvru— ru p rwru shuwxu0 edwlrqv 0kdv ehhq vwxglhg h–whqvlyho— lq kxp dq p rwru sv— fkrsk— vlfv V̂kdgp hkudqg P xvvd0Lydogl ¡7/ Z hofk ;9/ Z roshuw¡: ‘1 Wkh vlp sohvwdqg p rvwhȷ flhqwuhflsh irudgdswdwlrq z rxog vhhp wr eh wkh iro0

¡4

orz lqj =ghwhfwdq— v— vwhp dwlf ghyldwlrqviurp wkh h–shfwhg vhqvru— lqsxwgxulqj p ryhp hqw/ lghqwli— wkh vrxufhri wkhghyldwlrqvdvdffxudwho— dvsrvvleoh/ dqg lqwurgxfhd fruuhvsrqglqj fruuhfwlrq +lq hlwkhuwkh vhqvru— ru p rwru sduwri wkh vhqvru— 0p rwru orrs, wkdwfdqfhov wkh shuwxuedwlrq1 Wklv vhfwlrq glvfxvvhv d qxp ehuri h–dp sohvz khuh wklvvlp soh dgdswdwlrq vfkhp h grhvqrwvhhp wr eh xvhg1Wkh p rvwz lgho— vwxglhg h–dp soh lv sulvp dgdswdwlrq 0uhdfklqj wr ylvxdowduj hwv z kloh z hdulqj sulvp j odvvhv wkdwvkliw wkh ylvxdoz ruog1Li wkh v— vwhp z huh wr glvfryhuwkh vrxufh ri shuwxuedwlrqv+l1h1d ylvxdovkliw, z h z rxog h–shfwwr vhh d frp shqvdwlrq z khuhe— dooylvxdoo— shufhlyhg orfdwlrqv duh rffivhwlq wkh rssrvlwh gluhf0 wlrq1 I xuwkhup ruh wklv lv derxwwkh vlp sohvwshuwxuedwlrq rqh frxog lp djlqh/ dqg lq dgglwlrq vxemhfwv duh dz duh wkdwwkhlu p rwru huuruv duh fdxvhg e— wkh sulvp jodvvhv1 Wkxv li wkh vhqvru— 0p rwru v— vwhp z dvghvlj qhg wr glvfryhuwkh wuxh vrxufhvri shuwxuedwlrq dqg fdqfhowkhp rxw/ sulvp dgdswdwlrq lvrqh vfhqdulr z khuhz hz rxog h–shfwwr vhhhylghqfhri wkdw1Lq sduwlfxodu/ z hz rxog h–shfwsulvp dgdswdwlrq wr wudqvihuehwz hhq olp ev0z klfk lvqrwwkhfdvhẐ hofk ;9‘1Lqvwhdg wkhuhvxowlqj jhqhudol˝dwlrq sdwwhuqv kdyh ehhq t xlwh glȷ fxowwr lqwhusuhw1

Li z h lqvlvwwkdwdgdswdwlrq lqyroyhv dq lqihuhqfh derxwwkh vrxufh ri shuwxuedwlrqv iroorz hg e— dq dssursuldwh frp shqvdwlrq/ z h z rxog kdyh wr frqfoxgh wkdwhyhq lq wkh vlp sohvwsrvvleoh fdvh wkh dgdswlqj v— vwhp lvlqfdsdeoh ri grlqj lwvmre1“ hwlwlvd yhu— srz huixodqg urexvwv— vwhp / wkdwuht xluhv rqo— d ihz shuwxuehg wuldov wr uhvwruh p rwru shuirup dqfh wr lwv ohyhoiurp ehiruh shuwxuedwlrqv z huh lqwurgxfhg1 Hyhq ihz hu wuldov z lwkrxwshuwxuedwlrqv duh vxȷ flhqwwr holp lqdwh wkh dgdswdwlrq hffihfw

Ẑ hofk ;9/ Vkdgp hkudqg P xvvd0Lydogl ¡7/ Vdehv¡9‘1Z kdwz rxog vxfk d udslg sodvwlflw— eh qhhghg iru lq wkh uhdoz ruog/ rxwvlgh wkh ryhufrqvwudlqhg dqg ryhuvlp solfflhg oderudwru— wdvnv z h w— slfdoo— vwxg— B

Wkh frp p rq dqvz huwr wklvt xhvwlrq lvfdoleudwlrq irufkdqjhvlq wkh vhqvruvrudfwxdwruv/ h1j 1fkdqjhv lq h— h jhrp hwu— / dup jurz wk/ fkdqjhvlq p xvfoh vwuhqjwk/ hwf1Krz hyhu/ li z h wdnh wkh hwkrorj lfdosrlqw ri ylhz vrp hz kdwvhulrxvo— / vxfk dq dffrxqwri dgdswdwlrq vhhp v t xlwh devxug1 Wkh elrorj lfdofkdqjhv wkdwdgdswdwlrq lvvxssrvhg wr fdoleudwh irurffxurq wkh wlp h vfdoh ri p rqwkvru— hduv/ dqg duh xvxdoo— luuhyhuvleoh1Z k— z rxog z hxvhdq dgdswdwlrq v— vwhp z krvhwlp hvfdohlvrffi e— d ihz rughuvri p djqlwxgh

+l1h1 vhfrqgv,/ z klfk lv uhdg— wr mxp s wr huurqhrxv frqfoxvlrqv derxwwkh qdwxuh ri wkh shuwxuedwlrqv edvhg rq d ihz wuldovdqg lvz loolqj wr hudvh dq— wudfh ri dgdswdwlrq iroorz lqj dq hyhq vp doohuqxp ehuri qrqshuwxuehg wuldovB

Z hz rxog vxj jhvwwkdwwkhqxp hurxvudslg vhqvru— 0p rwrudgdswdwlrq hffihfwvwkdwkdyhehhq revhuyhg gr qrwdulvh iurp d v— vwhp z krvh j rdolv wr fdoleudwh iru vorz ghyhorsp hqwdofkdqj hv1 Lqvwhdg lwp xvw h–lvwiru wkh sxusrvh ri yhu— udslg fruuhfwlrqv ri p rwru ehkdylru/ wkdwduh rqo— xvhixoli wkh— fdq eh dffrp solvkhg edvhg rq lqirup dwlrq iurp d ihz wuldov/ dqg dovr ehfrp h luuhohydqwli wkh— duh qrwxvhixo iruhyhq ihz huwuldov1Z kdwfrxog qhfhvvlwdwhvxfk udslg fruuhfwlrqvBFohduo— lwlvqrwwkhqhhg wr t xlfno— frp shqvdwh iru sulvp j odvvhv wkdwz h dfflghqwdoo— sxwrq1 Lwlv wkhq qrwvxusulvlqj wkdwwkh dgdswdwlrq v— vwhp grhvqrwvhhp wr glvfryhuwkh qdwxuh ri wkh sulvp vkliwvdqg frp shqvdwh dffruglqjo— +e— kdylqj shuihfwwudqvihuehwz hhq olp ev, 0iurp lwvsrlqwri ylhz d sulvp vkliwlvqrwd %vlp soh%+l1h1olnho— , hyhqw/ dqg ehlqj irufhg wr p dnh dq lqihuhqfh iurp d ihz wuldovwkh v— vwhp suhihuvvrp h rwkhuh–sodqdwlrq1

Vr/ z kdwlv wkh dgdswdwlrq v— vwhp wu— lqj wr frp shqvdwh iruB Z h gr qrwwklqn wkdwwkh h–shulp hqwv qhfhvvdu— wr dqvz huwkdwt xhvwlrq kdyh ehhq ghvljqhg — hw1Wkh srlqwri wkh deryh glvfxvvlrq lvwkdwz h vkrxog shukdsvdssurdfk dgdswdwlrq h–shulp hqwvz lwk wkh xqghuvwdqglqj wkdwz h duh qrw— hwgrlqj wkh uljkwh–shulp hqw/ l1h1wkhshuwxuedwlrqvz hlqwurgxfhdqg wkhz d— vz hghvfulehwkhfruuhvsrqglqj fkdqjhv lq p rwruehkdylruduhqrwqhfhvvdulo— %surwrw— slfdo%iurp wkhsrlqwri ylhz ri wkhdgdswlqj v— vwhp 1Khuh lvdqrwkhuh–dp soh ehvlghvsulvp dgdswdwlrq1H–shulp hqwvz lwk ylvfrxvirufh fflhogvlp srvhg e— d urerw dup z kloh wkh vxemhfwlv uhdfklqj wr ylvxdo wduj hwv kdyh lqglfdwhg wkdwwkh p rwru v— vwhp exlogv dq lqwhuqdop rghori wkh yhorflw— 0ghshqghqwirufh fflhog dqg xvhv wkdwp rghowr fdqfhowkh h–whuqdoirufhv

¡5

V̂kdgp hkudqg P xvvd0Lydogl ¡7‘1^{43} Krz hyhu/ forvhuh–dp lqdwlrq ri wklvdgdswdwlrq hffihfwkdvuhyhdohg d p ruh frp soh– slfwxuh1 I ru h–dp soh/ li wkh h–whuqdoirufh fflhog lv lqwurgxfhg rqo— lq wkh vhfrqg kdoi ri wkh p ryhp hqw/ vxemhfwvehj lq wr ghyldwh iurp wkhluedvholqh wudmhfwrulhviurp wkh yhu— ehjlqqlqj ri wkh p ryhp hqw/ z khuh qr irufhv duh suhvhqw1 Wkh ghyldwlrq lv lq wkh gluhfwlrq rssrvlwh wr wkh irufh fflhog/ vr wkdwlq wkhvhfrqg kdoi ri wkhp ryhp hqwwkhirufhsxvkhvwkhkdqg edfn wrz dugvwkhwdujhwP̂ dwvxrnd ¡; ‘1 Dqrwkhu dvshfwri vxemhfw*v ehkdylru qrwfrqvlvwhqwz lwk d vlp soh p rghori dgdswdwlrq lv wkh iroorz lqj revhuydwlrq +p dghlqghshqghqwo— e— P dwvxrnd dqg Wkrurxj kp dq 0shuvrqdofrp p xqlfdwlrq,=wkhryhudoo vkdsh ri wkh wudmhfwrulhv+uhıhfwlqj wkh k— srwkhwlfdolqwhuqdop rghori wkh irufh fflhog, whqgvwr frqyhujh z lwklq yhu— ihz wuldov/ dqg diwhuwkdwwkh rqo— fkdqjhv dsshdu wr eh lq wkh fflqdoskdvh ri wkh p ryhp hqw z khq vxemhfwvdwwhp swwr dft xluh wkh wdujhw1Wkhvh revhuydwlrqvlqglfdwh wkdwdgdswdwlrq wr irufh fflhogv uhvxowv iurp vrp h +glȷ fxowwr ghvfuleh, fkdqj hv lq wkh p rwru vwudwhj — xvhg iru uhdfklqj/ udwkhu wkdq wkh dft xlvlwlrq ri dq lqwhuqdop rghori wkh shuwxuedwlrq1Lwlvsrvvleoh wkdwwkh sulp du— remhfwlyh ri wkh dgdswdwlrq surfhvv lv uhvwrulqj shuirup dqfh rq wkh wdvn +l1h1 dft xluh wkh wdujhwz lwklq wkh wlp h olp lw, udwkhu wkdq uhvwrulqj wkh vkdsh ri wkh edvholqh wudmhfwru— 0wkh odwwhu ehlqj dq hslskhqrp hqrq1 Wkhiroorz lqj wz r h–shulp hqwvsurylghp ruhh–dp sohvri dgdswdwlrq hffihfwvz khuhwkhp rwruvwudwhj— dsshduv wr eh p rglfflhg vr dv wr uhfryhu shuirup dqfh rq wkh p rwru wdvn/ z kloh wkh %wuxh%vrxufh ri wkh shuwxuedwlrq lv qrwfdqfhohg1

D˘fi˘� , Ti hı4 i ?— D˘� ´ ß ΛhtLh ˙ıtT*@Ui 4 i ?— @˙@T— @— ıL?

P hwkr gv

Z h vwxglhg dgdswdwlrq wr uhshdwhg kdqg shuwxuedwlrqvwuljj huhg e— vdffdglf h— h p ryhp hqwv1Dvehiruh/ vxemhfwvz huhdvnhg wr sdvvwkurxjk d vht xhqfhri lqwhup hgldwhwdujhwv¿wkhfxuvrufruuhvsrqglqj wr kdqg srvlwlrq z dvglvsodfhg dwwkhwlp h ri shdn h— h yhorflw— iurp wdujhw5 wr wduj hw6/ dqg uhp dlqhg glvsodfhg uhodwlyh wr wkh kdqg +krul˝rqwdoo— / e— . 5 ru05 fp , iruwkh gxudwlrq ri wkh p ryhp hqw1Wkh shuwxuedwlrq z dv v— vwhp dwlf/ lq eorfnv ri 43 wuldov iroorz hg e— 8 wuldov z lwkrxwylvxdoihhgedfn derxwkdqg srvlwlrq1 Z h dovr lqwhuohdyhg eorfnvz lwk qr shuwxuedwlrq1

Uhvxowv

Vxemhfwv dgdswhg lq uhvsrqvh wr wkh shuwxuedwlrq/ vr wkdwwkh kdqg diwhu dgdswdwlrq dsshduhg wr sdvv wkurxjk wkh wdujhwv0I lj 80: Wrs1Wkh vshhg surfflohvkrz hyhudgdswhg lq d udwkhuxqh–shfwhg z d— 0lq0 vwhdg ri vfdolqj wkhvshhg orfdoo— lq wkhvhj p hqwri wkhp ryhp hqwz krvhohqjwk fkdqjhg +dvwkhlvrfkurq— sulqflsoh/ rup lqlp xp 0mhun p rghosuhglfwv,/ wkh hqwluh vshhg surffloh z dvvfdohg1Z khq +d glffihuhqwj urxs ri, vxemhfwvz huh dvnhg wr p dnh qrqshuwxuehg p ryhp hqwvwkurxj k rffivhwwdujhwfrqfflj xudwlrqvuhvxowlqj lq wkh vdp h sdwkv dv wkh dgdswdwlrq h–shulp hqw/ wkh vshhg surffloh z dv qrz %qrup do%/ l1h1 lwh–klelwhg wkh fkdudfwhulvwlfv ghvfulehg lq wkh olwhudwxuh1 Wklv hffihfwrq wkh vshhg surfflohv vkrxog qrwrffxu li wkh v— vwhp z dv h–hfxwlqj %ghidxow%p ryhp hqwv wkurxjk d uhp dsshg vsdfh1 Lqvwhdg lwdsshduv wkdwd gli0 ihuhqwp rwruvwudwhj— +frqwuroodz , lv ehlqj xvhg/ z klfk fdq eh ghvfulehg yhuedoo— dv %gr z kdw— rx glg ehiruh/ exwvshhg xs dqg sdvvwkurxj k wkh wdujhwv%1

�f AΞıt ıt tı4 ı*@h — L —Ξi @UULΛ— LuThıt4 @˙@T— @—ıL? @t ˙ıtULfflih) Lu—Ξi fflıtΛ@*tΞıu— @?˙ @ULhhitTL?˙ı?˝ Lgti— LufflıtΛ@* TihUiT—ıL?˘

¡6

-30 -20 -10 0 10 20 30 -20 -10 0

Cm

Cursor displacement

Normalized time T an ge nt ia ls pe ed

-30 -20 -10 0 10 20 30 -20 -10 0

Cm

Different targets

Normalized time T an ge nt ia ls pe ed

I lj xuh 80: =Ohiw=diwhuhffihfwri dgdswdwlrq wr 5 fp kdqg glvsodfhp hqwohiwruulj kw/ dqg qrup dol˝hg vshhg surfflohvdiwhudgdswdwlrq iruwkhwz r glvsodfhp hqwv1Uljkw=qr shuwxuedwlrqv0vxemhfwvduhdvnhg wr p ryh wkurxjk wdujhwvrffivhwe— . 5 ru05 fp / uhvxowlqj lq wkh vdp h sdwkvexwglffihuhqwvshhg surfflohvfrp sduhg wr dgdswdwlrq1

¡7

D˘fi˘2 , Ti hı4 i ?— D˘2 ´ wLU@*Thıt4 @˙@T— @— ıL?

P hwkr gv

Wklv h–shulp hqwlv lghqwlfdowr wkh orfdosulvp vkliwh–shulp hqwderyh +d qhz j urxs ri 43 vxemhfwv z dv uhfuxlwhg,/ h–fhswwkdwkhuh wkh vdp h shuwxuedwlrq z dvdssolhg lq eorfnvri 43 wuldov/ iroorz hg e— 8 wuldov z lwkrxwylvxdoihhgedfn derxwkdqg srvlwlrq1Djdlq/ rq wkh uhwxuq wr wkh vwduwlqj er– wkh fruuhfwkdqg srvlwlrq z dvglvsod— hg1

Uhvxowv

I lj 80; vkrz v wkh diwhuhffihfw+l1h1 wudmhfwrulhv rq wkh qr0ihhgedfn wuldov dwwkh hqg ri hdfk eorfn, ri wkh v— vwhp dwlf glvsodfhp hqw1 Vxemhfwv fruuhfwhg wkhlu p ryhp hqwv dssursuldwho— / dqg uhwdlqhg wkdwdgdswd0 wlrq diwhuwkh glvsodfhp hqwz dvuhp ryhg1Wklvuhvxowlvlqwhuhvwlqj iruwz r uhdvrqv1I luvw/ wkhdgdswdwlrq fdqqrweh h–sodlqhg e— d joredovkliwri wkh ylvxdoz ruog/ vlqfh dwwkh vwduwlqj srvlwlrq vxemhfwv duh dz duh ri wkh dfwxdokdqg orfdwlrq1Wkxvz h kdyh qr dgdswdwlrq dwwkh vwduwlqj srvlwlrq/ dqg frp sdudeoh dp rxqwv ri dgdswdwlrq lq wkh h–srvhg dqg wkh qrqh–srvhg uhj lrq dwwkh hqg ri wkh p ryhp hqw1 Dovr/ uhfdoowkdwdiwhu hdfk wuldowkh kdqg sdvvhv wkurxjk wkh vdp h duhd ri vsdfh z khuh wkh glvsodfhp hqwz dv suhvhqw1Exwwkdwgrhvqrwlqwhuihuh z lwk dgdswdwlrq gxulqj wkh p ryhp hqw1

Wdnhq wrj hwkhu wkhvh revhuydwlrqv lqglfdwh wkdwlq wkh surfhvv ri dgdswdwlrq/ wkh vhqvru— 0p rwru v— vwhp grhv qrwuhdoo— dgdswwr wkh v— vwhp dwlf shuwxuedwlrq lwz dv h–srvhg wr/ exwlqvwhdg fflqgv d qhz z d— ri dfklhylqj wkhj rdori wkhp ryhp hqw1Hduolhuz hudlvhg wkht xhvwlrq=z kdwlvwkhv— vwhp frqvwdqwo— wu— lqj wr dgdswwrB P d— eh lwlvqrwuhdoo— wu— lqj wr dgdswwr dq— v— vwhp dwlf shuwxuedwlrqv/ exwlqvwhdg lwlv frqvwdqwo— wu— lqj wr lp suryh lwv shuirup dqfh rq wkh p rwru wdvn1 Rqh z d— wr gr wkdw+dv lq wkh p rghoiurp Fkdswhu6, z rxog eh wr p rgli— wkh ghidxowfrqwuroodz lwxvhv1

D˘e wi @h?ı?˝ ?i ¯ 4 L— Lh t! ı**t

Wklvvhfwlrq suhvhqwvuhvxowviurp wz r ohduqlqj h–shulp hqwv1Dowkrxj k qrwgluhfwo— uhodwhg wr wkh p rgho/ wkh— looxvwudwh wkh duj xp hqwghyhorshg lq wkh lqwurgxfwlrq wkdwohduqlqj qhz p rwru vnloov grhv qrw lqyroyh wkh dft xlvlwlrq ri dq lghqwlffldeoh p rwru whp sodwh1 Lq wkh ffluvwh–shulp hqwz h ghp rqvwudwh d irup ri ohduqlqj wkdwgrhv qrwlp suryh shuirup dqfh lq wkh devhqfh ri ylvxdoihhgedfn +z klfk d p rwru whp sodwh vkrxog gr,/ — hwdv vrrq dv ylvxdoihhgedfn ehfrp hv dydlodeoh lwkdv d vlj qlfflfdqwhffihfw1 Wkh vhfrqg h–shulp hqwhp skdvl˝hvwkh srlqwwkdwshuirup dqfh p d— lqfuhdvh vxevwdqwldoo— lq wkh frxuvh ri d ihz h–shulp hqwdovhvvlrqv/ z lwkrxwehlqj fruuhodwhg wr lghqwlffldeoh nlqhp dwlf ihdwxuhvri wkh p ryhp hqwv1 Wklv revhuydwlrq lv sduwlfxoduo— lqwhuhvwlqj vlqfh z h wudlqhg vxemhfwv e— dvnlqj wkhp wr uhsolfdwh d suhuhfrughg h–shuw*v p ryhp hqw0— hwvxemhfwv*shuirup dqfh diwhu wudlqlqj z dv qrwuhodwhg wr krz z hoo wkh— p dqdj hg wr uhsolfdwh wkdwuhihuhqfh p ryhp hqw1

D˘e˘� , Ti hı4 i ?— D˘fi ´ wi @h?ı?˝ — L — h@Ui UL?— ı?ΛLΛt UΛhffli t

P hwkr gv

Whq vxemhfwv z huh dvnhg wr wudfh frqwlqxrxvfxuyhvsuhvhqwhg rq d yhuwlfdofrp sxwhuvfuhhq/ e— p rylqj wkh kdqgoh ri d sodqdup dqlsxodqgxp z krvh srvlwlrq lq vsdfh z dvdoz d— vglvsod— hg rq wkh vfuhhq1Wkh vdp h fxuyh z dv suhvhqwhg lq d eorfn ri 48 wuldov1 Z h vwxglhg glffihuhqwihhgedfn frqglwlrqv/ lqyroylqj d, ixooihhgedfn 0fxuyh ylvleoh wkurxj krxwwkh p ryhp hqw¿e, sduwldoihhgedfn 0fxuyh glvsod— hg ehiruh ¡8

-200 -150 -100 -50 0 50 100 150 200 -100 -80 -60 -40 -20 0 20 40 Adaptation to repeated perturbations

300 ms

200 ms

430 ms

-200 -150 -100 -50 0 50 100 150 200 -100 -80 -60 -40 -20 0 20 40

-200 -150 -100 -50 0 50 100 150 200 -100 -80 -60 -40 -20 0 20 40

-200 -150 -100 -50 0 50 100 150 200 -100 -80 -60 -40 -20 0 20 40

Mm I lj xuh 80; = Dyhudj h sdwkv lq qr0ihhgedfn wuldov iroorz lqj dgdswdwlrq +diwhuhffihfwv,/ vkrz q iru dooglv0 sodfhp hqwgluhfwlrqv1

¡9

1-15 16-30 301-315 15

20

25

30

35

40

45

Trial Number

A ve ra ge s pa tia le r or ( m m ) 1-15

I lj xuh 80¡= Shuirup dqfh +dyhudj h glvwdqfh, lq fxuyh wudflqj h–shulp hqw/ iru wz r vhwv ri fxuyhv +vrolg2gdvkhg,/ suhvhqwhg lq ixooihhgedfn0p hp ru— 0sduwldoihhgedfn dqg sduwldoihhgedfn frqglwlrqv uh0 vshfwlyho— 1

p ryhp hqwrqvhwdqg lqylvleoh gxulqj wkh p ryhp hqw¿f, fxuyh lv qhyhu vkrz q lq wkh hqwluh eorfn/ dqg vxemhfwvduh dvnhg wr wudfh lwiurp p hp ru— +p hp ru— eorfnvreylrxvo— iroorz hg ihhgedfn eorfnvrq z klfk wkh vdp h fxuyh z dv suhvhqwhg,1 Wkh vhwri fxuyhv z dv glylghg lq wz r vxevhwv1 Wkh ffluvwvxevhwz dv suhvhqwhg z lwk ixooihhgedfn/ wkhq qr ihhgedfn/ dqg 633 wuldovodwhu+diwhurwkhufxuyhvkdyh ehhq wudfhg, z dv suhvhqwhg dj dlq z lwk sduwldoihhgedfn1Wkh rwkhuvxevhwz dvffluvwsuhvhqwhg z lwk sduwldoihhgedfn1

Uhvxowv

I lj 80¡ vkrz v dyhudjh shuirup dqfh dv d ixqfwlrq ri wuldoqxp ehu 0shuirup dqfh z dv ghfflqhg dv dyhudjh kdqg ghyldwlrq iurp wkh ghvluhg fxuyh1 Z khq d fxuyh lv wudfhg z lwk ixooihhgedfn +ohiw,/ shuirup dqfh j udgxdoo— lp suryhv1Li lp p hgldwho— diwhuwkdwwkh vxemhfwlvdvnhg wr surgxfh lwiurp p hp ru— +p lggoh, z lwk qr ihhgedfn shuirup dqfh ghfuhdvhv vxevwdqwldoo— rq wkh yhu— qh–wwuldo/ dqg nhhsv ghwhulrudwlqj vorz o— 1 Wkh vdp h fxuyh lv suhvhqwhg djdlq z lwk sduwldoihhgedfn +l1h1 uhp ryhg iurp wkh vfuhhq dwwkh ehj lqqlqj ri wkh p ryhp hqw, 633 wuldovdqg 53 p lq odwhu0vrolg/ ulj kwsorw1Frp sduhg wr d fxuyh wkdwlv suhvhqwhg iruwkh ffluvwwlp h z lwk sduwldoihhgedfn +gdvkhg olqh, shuirup dqfh rq wkh suhylrxvo— sudfwlfhg fxuyhlvvljqlfflfdqwo— ehwwhu/ wkhuhiruhvrp hohduqlqj ri wkdwfxuyhkdvwdnhq sodfhdqg lvsuhvhuyhg gxulqj wkh lqwhuyhqlqj wuldov1 Krz hyhu/ z kdwlv uhwdlqhg lv qrwd p rwru surjudp wkdwvshflfflhvz kdwp ryhp hqw wr p dnh 0li wkdwz huh wkh fdvh shuirup dqfh iurp p hp ru— +p lggoh sorw, vkrxog qrwghfd— edfn wr wkh ohyhovfruuhvsrqglqj wr d suhylrxvo— xqvhhq fxuyh1Wkxvwkh p rwruv— vwhp uhwdlqvdq delolw— wr wudfh wkh fxuyh ehwwhu li wudqvlhqwylvxdolqirup dwlrq lv dydlodeoh/ exwwkdwgrhv qrwfrqwulexwh wr shuirup dqfh lq wkh frp sohwh devhqfh ri ylvxdoihhgedfn1

¡:

D˘e˘2 , Ti hı4 i ?— D˘e ´ wi @h?ı?˝ @— @M*i — i ??ıt t— hL! i

Lq wklvh–shulp hqwz hxvhg d p hwkrg iruwudlqlqj frp soh– vnloove— glvsod— lqj vxemhfw*vp ryhp hqwvlq uhdo wlp h lq d yluwxdohqylurqp hqw/ vxshulp srvhg rq dq dqlp dwlrq ri d %whdfkhu%p ryhp hqwwkdwvxemhfwv z huh dvnhg wr uhsolfdwh1 Wklv z run lv sxeolvkhg lq Ŵrgrury hwdo1¡: ‘1 Lwlv uhohydqwkhuh ehfdxvh lw surylghv dq h–dp soh ri p rwru ohduqlqj z khuh shuirup dqfh lp suryhv t xlwh vlj qlfflfdqwo— / — hwlwlv qrw uhodwhg wr dq— vshflfflf ihdwxuhv ri wkh p ryhp hqwwkdwfrxog eh lqwhusuhwhg dv d p rwru whp sodwh ru d p rwrusurjudp 1Wklvlvhyhq p ruh vxusulvlqj jlyhq wkh idfwwkdwz h dfwxdoo— wudlqhg vxemhfwvwr h–hfxwh d vshflfflf p ryhp hqw1

P hwkr gv

Wkh h–shulp hqwdovhwxs lv vkrz q lq I lj 80431 Z h xvhg d eodfn z rrghq wdeoh +; 8 fp e— 578 fp , dqg d vwdqgdug qhw+khlj kwri 48 fp , z klfk z dv dwwdfkhg 498 fp dz d— iurp wkh hgj h forvhvwwr wkh vxemhfw/ dorqj z lwk d eodfn wdsh 48 fp deryh wkh qhw1 D vt xduh wdujhwri vl˝h 48 fp z dv sodfhg krul˝rqwdoo— rq wkh wdeoh 53 fp ehklqg wkh qhw1Z klwh wdeoh whqqlvedoovz huh gursshg +p dqxdoo— e— wkh h–shulp hqwhu, wkurxjk d wudqvsduhqwwxeh wkdwz dvdwwdfkhg wr d wlowhg sodwirup rq wkh ohiwvlgh ri wkh wdeoh1Wkh edoov fdp h rxwri wkh wxeh dwd yhorflw— dqg dqjoh w— slfdoirudq lqwhup hgldwh wdeoh whqqlvvkrw/ dqg erxqfhg rffi wkh wdeoh lq d kljko— frqvlvwhqwz d— 1 Wkh vxemhfwz dv vwdqglqj dwd frqyhqlhqwglvwdqfh lq iurqwri wkh wdeoh/ kroglqj d sdggoh lq wkh ohiwkdqg1Doovxemhfwvlq wklvvwxg— z huh ulj kwkdqghg1Wkhuhiruh/ rxu lqwhqwlrq z dv wr wudlq vxemhfwv rq d glȷ fxowwdvn z lwk wkhlu qrq0grp lqdqwkdqg1 Wkh wdvn z dv wr ohw wkh edooerxqfh rqfh/ klwlwz lwk wkh sdggoh/ dqg vhqg lwwkurxjk wkh krul˝rqwdorshqlqj ehwz hhq wkh qhw dqg wkh wdsh vxfk wkdwwkh edooodqghg rq wkh wdujhw1 Diwhu hyhu— wuldowkh h–shulp hqwhu uhfrughg wkh vfruh e— suhvvlqj d exwwrq1Wkh lqwhuydoehwz hhq wz r wuldovz dvxvxdoo— lq wkh udqj h ri 8 wr 43 vhfrqgv1

Dq hohfwur0p djqhwlf vhqvru+LvrWudfn LL/ Srokhp xvFrus1, z dvxvhg wr wudfn wkh srvlwlrq dqg rulhq0 wdwlrq ri wkh sdggoh1 Lwlqfoxghg d vp doo+5–5–5fp , uhfhlyhu dwwdfkhg wr wkh sdggoh/ dqg d wudqvp lwwhu sodfhg xqghu wkh wdeoh1 Erwk wkh uhfhlyhu dqg wkh wudqvp lwwhu z huh frqqhfwhg wr d vhqvru er– z lwk d wklq fdeoh1 Wkh fdeoh iurp wkh uhfhlyhu z dv sodfhg durxqg wkh vkrxoghuv ri wkh vxemhfwdqg glg qrw uhvwulfwp ryhp hqwv lq dq— z d— 1 Wkh vhqvru vdp sohg wkh wkuhh glp hqvlrqdosrvlwlrq dqg rulhqwdwlrq ri wkh sdggoh dw93K˝1

Gxulqj wudlqlqj wkh frp sxwhu glvsod— hg d uhdolvwlf wkuhh glp hqvlrqdovlp xodwlrq ri wkh hqylurqp hqw

0 I lj 80441 Wkh vlp xodwhg hqylurqp hqwfrqvlvwhg ri d j udsklfdo uhsuhvhqwdwlrq ri wkh h–shulp hqwdo vhwxs/ wkh vxemhfw*v sdggoh/ wkh whdfkhu*v sdggoh/ dqg wkh edoo1 Looxp lqdwlrq/ rffoxvlrq/ dqg shuvshfwlyh surmhfwlrq z huh xvhg wr surylgh ghswk fxhv1Wkh wz r sdggohvdqg wkh edooz huh wkh rqo— p rylqj remhfwv lq wkh yluwxdo vfhqh1 Dssursuldwh vrxqg hffihfwv z huh lqfoxghg lq dq dwwhp swwr uhsodfh wkh p lvvlqj vhqvru— lqirup dwlrq dwwkh p rp hqwri lp sdfwehwz hhq wkh sdggoh dqg wkh yluwxdoedoo1 Wkh srvlwlrq ri wkh vxemhfw*v sdggoh lq wkh vlp xodwruz dv xsgdwhg dw73 K˝/ dqg wkh vhqvrughod— z dvohvvwkdq 53p v1

Lq wudlqlqj wkh whdfkhusdggoh h–hfxwhg wkh ghvluhg p ryhp hqwuhshdwhgo— +z dlwlqj iruwkh vlp xodwhg edoowr frp h rxwri wkh wxeh dqg erxqfh/ klwwlqj lwdqg vhqglqj lwwr wkh wdujhw,/ z kloh wkh vxemhfwz dv wu— lqj wr p ryhklv2khusdggohz lwk wkdwri wkhwhdfkhu1Diwhuhyhu— p ryhp hqwd vfruhuhıhfwlqj d p hdvxuh ri vlp lodulw— +lq vsdfh dqg wlp h, ehwz hhq wkh whdfkhu dqg wkh vxemhfwp ryhp hqwv z dv glvsod— hg1 Wkh whdfkhup ryhp hqwz dvd uhsod— ri d uhfruglqj ri dq h–shuwsod— huklwwlqj d uhdoedoodqg vhqglqj lwwr wkh wduj hw1 Lq wklv uhsod— / wkh wudmhfwru— ri wkh edooz dv qrwuhfrughg exwfrqvwuxfwhg iurp d p dwkhp dwlfdo p rghori wkh g— qdp lfvri wkh edoo1Wklv z dvsrvvleoh ehfdxvh wkh edooz dvdoz d— vgholyhuhg dwwkh vdp h srvlwlrq dqg yhorflw— 1 Wklv p rghoz dv dffxudwh hqrxjk vr wkdwwkh uhdop ryhp hqwuhfrughg iurp wkh h–shuwsod— hu klwwkh vlp xodwhg edoodqg vhqwlwlq wkh gluhfwlrq ri wkh wduj hw1

Wz hqw— vxemhfwv z huh udqgrp o— glylghg wr d frqwuro j urxs dqg d wudlqlqj j urxs1 Hdfk vxemhfw sduwlflsdwhg lq wkhh–shulp hqwiru6 frqvhfxwlyhgd— v/ 5 vhvvlrqvshugd— +vhsdudwhg e— d vkruweuhdn,1Lq ¡;

I lj xuh 8044=Yluwxdohqylurqp hqw1 D 48%VYJ D p rqlwru glvsod— hg d vlp xodwlrq ri wkh whdfkhu sdggoh klwwlqj wkh edoo/ vxshulp srvhg rq wkh p ryhp hqwri wkh vxemhfwsdggoh +wudfnhg e— d p dj qhwlf vhqvru,1

Glffihuhqwfroruv dqg lqwhqvlwlhv z huh xvhg iru wkh hohp hqwv lq wkh vfhqh/ z klfk z dv uhqghuhg lq 97; –7;3 sl–hov/ 589 frorup rgh1 qh–wvhvvlrq1

Hyhq wkrxj k wkh wudlqlqj jurxs dv d z kroh h–hfxwhg p ryhp hqwv vlp lodu wr wkh whdfkhu wudmhfwru— / z h revhuyhg wkdwlqglylgxdovxemhfwv p rglfflhg wkh whdfkhu p ryhp hqwlq vxemhfw0vshflfflf z d— v1 Dv dq h–dp soh/ I lj 8046 vkrz v wkh hyroxwlrq ri wkh p ryhp hqwv ri rqh wudlqlqj vxemhfwryhu wkh 6 gd— v ri wkh h–shulp hqw1 Wkh jhqhudovkdsh lv vlp lodu wr wkh whdfkhu/ sduwlfxoduo— gxulqj wkh iruz dug vz lqj / exwdq h–wud wz lvwlq ghswk lvlqwurgxfhg/ dqg lwehfrp hvp ruh surqrxqfhg z lwk wlp h1Rwkhuvxemhfwvghyldwhg frqvlvwhqwo— lq wkh rwkhu wz r glp hqvlrqv/ lqglfdwlqj wkdwwkhvh vxemhfw0vshflfflf p rglfflfdwlrqv duh qrw fdxvhg e— srrushufhswlrq ri wkh whdfkhup ryhp hqwlq ghswk1

Z hfrxog qrwlghqwli— dq— wudmhfwru— ihdwxuhv+z lwklq wkhwudlqlqj j urxs, fruuhodwhg z lwk shuirup dqfh1

D vlp loduirup ri rqolqh ihhgedfn +lq d p xfk vlp sohuh–shulp hqwdosdudgljp / lqyroylqj d vlqjoh0mrlqw hoerz p ryhp hqw0lqwurgxfhg e— V̂fkp lgwdqg “ rxqj ¡4‘, kdv ehhq vwxglhg e— Êulvvrq dqg Dodlq ¡9‘1

Wkhvhdxwkruvdovr irxqg wkdwwudfnlqj lq uhdowlp hd suhvshflfflhg wudmhfwru— uhvxowhg lq d yhu— vljqlfflfdqw lqfuhdvhlq shuirup dqfh1Wkh— dovr dwwhp swhg wr fruuhodwhshuirup dqfh+ehwz hhq vxemhfwv, z lwk dqxp ehu ri nlqhp dwlf ihdwxuhv/ dqg frqfoxghg wkdwqr vxfk fruuhodwlrqv h–lvw1 Dq lqwhuhvwlqj frqfoxvlrq ri wkdw vwxg— lvwkdwwkh%t xdolw— %ri wkhsuhuhfrughg p ryhp hqwlvqrwfuxfldo0wudlqlqj z lwk wkhehvwp ryhp hqw ri wkh ehvwvxemhfwyv1d p ryhp hqwfkrvhq iurp edvholqh shuirup dqfh ri hdfk lqglylgxdovxemhfwuhvxowhg lq ht xdolp suryhp hqw1

Wdnhq wrjhwkhuwkhvhh–shulp hqwvvxjj hvwwkdwhyhq z khq ohduqlqj lvfohduo— d uhvxowri dwwhp swlqj wr uhsurgxfh d vshflfflf p ryhp hqwwhp sodwh/ krz z hoowkh whp sodwh lvdft xluhg grhvqrwdffihfwshuirup dqfh dqg ixuwkhup ruh wkh h–dfwwhp sodwh ehlqj wudfnhg lv qrwfuxfldo1 Z k— lv lwwkhq wkdwshuirup dqfh lp suryhvvlj qlfflfdqwo— / frp sduhg wr ht xdodp rxqwv ri sudfwlfhB Wkh rqo— srvvleoh h–sodqdwlrq vhhp v wr eh wkdwwkh surfhvvri wudfnlqj lwvhoi frqwulexwhvwr ohduqlqj / dqg lwgrhvq*wuhdoo— p dwwhuz kdwwhp sodwh

0 5 10 15 20 25

1 2 3 4 5 6

Session

Sc or e Control Training

I lj xuh 8045=Shuirup dqfh1Vfruhvdyhudj hg ryhuvxemhfwvlq hdfk jurxs dqg vhvvlrq/ z lwk vwdqgdug huuru eduv/ duh vkrz q1Wkh vfruh fruuhvsrqgvwr wkh qxp ehuri wdujhwklwv +93 wuldov shuvhvvlrq,1

lvwudfnhg dqg z khwkhulwlvhyhqwxdoo— dft xluhg1Wklvlvvrp hz kdwuhodwhg wr wkhuhvxowiurp wkhsuhylrxv h–shulp hqw+816, z khuh z h vdz wkdwwudflqj d frqwlqxrxv fxuyh kdv d ohduqlqj hffihfw/ exwlwfdqqrweh uhyhdohg lq wkh devhqfh ri ylvxdoihhgedfn/ l1h1lwlvqrwgxh wr wkh dft xlvlwlrq ri d sduwlfxodup ryhp hqw wudmhfwru— 1

I lj xuh 8046=Vxp p dul˝hg wudmhfwrulhvirurqh wudlqlqj vxemhfwh–hfxwlqj wkh uhdowdvn rq gd— 4 +D,/ gd—

5 +E,/ dqg gd— 6 +F,/ vxshulp srvhg rq wkh whdfkhuwudmhfwru— 1

ß Ξ@T— i h S

k ı?i 4 @— ıU+ i ˝Λ*@hı— ıi t Lu5T@— ı@**)

ß L?t— h@ı?i ˙ O@?˙ ¨ Lffli 4 i ?— t

S˘� ȷ ffli hfflıi¯

Wkh vshhg surfflohv ri dup p ryhp hqwv glvsod— d qxp ehu ri uhjxodulwlhv/ lqfoxglqj ehoo0vkdshg vshhg surfflohv lq vwudljkwuhdfklqj p ryhp hqwv dqg dq lqyhuvh uhodwlrqvkls ehwz hhq vshhg dqg fxuydwxuh lq h–whp srudqhrxv gudz lqj p ryhp hqwv +ghvfulehg dv d 526 srz hu odz ,1 Khuh z h sursrvh d qhz p rgho wkdwvlp xowdqhrxvo— dffrxqwv iru erwk uhjxodulwlhv/ e— uhsodflqj wkh 526 srz hu odz z lwk d vp rrwkqhvv frqvwudlqw1 I ru d j lyhq sdwk ri wkh kdqg lq vsdfh/ rxu p rgho dvvxp hv wkdwwkh vshhg surffloh z loo eh wkh rqh wkdwp lqlp l˝hv wkh wklug ghulydwlyh ri srvlwlrq +ru ˙mhun%,1 Dqdo— vlv ri wkh p dwkhp dwlfdo uhodwlrqvkls ehwz hhq wklv vp rrwkqhvv frqvwudlqwdqg wkh 526 srz hu odz uhyhdohg wkdwlq erwk wz r dqg wkuhh glp hqvlrqv/ wkh srz huodz lvht xlydohqwwr vhwwlqj wkh mhun dorqj wkh qrup dowr wkh sdwk wr ˝hur¿lw j hqhudwhvvshhg suhglfwlrqvwkdwduhvlp lodu/ exwfohduo— glvwlqjxlvkdeohiurp wkhsuhglfwlrqvri rxup rgho1 Z h kdyh dvvhvvhg wkh dffxudf— ri wkh p rghorq d qxp ehu ri p rwru wdvnv lq wz r dqg wkuhh glp hqvlrqv/ lqyroylqj glvfuhwhp ryhp hqwvdorqj duelwudu— sdwkv/ wudfhg z lwk glffihuhqwolp e vhj p hqwv1Wkhqhz p rgho surylghv d yhu— forvh fflwwr wkh revhuyhg vshhg surfflohv lq doofdvhv1 Lwv shuirup dqfh lv xqlirup o— ehwwhu frp sduhg wr dooh–lvwlqj yhuvlrqv ri wkh 526 srz hu odz / vxj jhvwlqj wkdwwkh fruuhodwlrq ehwz hhq vshhg dqg fxuydwxuh p d— eh d frqvht xhqfh ri dq xqghuo— lqj p rwru vwudwhj— wr surgxfh vp rrwk p ryhp hqwv1 Rxu uhvxowv lqglfdwh wkdwwkh uhodwlrqvkls ehwz hhq wkh sdwk dqg wkh vshhg surffloh ri d frp soh– dup p ryhp hqwlv vwurqjhu wkdq suhylrxvo— wkrxjkw/ hvshfldoo— z lwklq d vlqjoh wuldo1 Wkh dffxudf— ri wkh p rgho z dv t xlwh xqlirup ryhu p ryhp hqwv ri glffihuhqwvkdsh/ vl˝h/ dqg dyhudj h vshhg1 Z h glg qrw fflqg hylghqfh iru vhj p hqwdwlrq/ — hwsuhglfwlrq huuru lqfuhdvhg z lwk p ryhp hqwgxudwlrq/ vxj jhvwlqj d frqwlqxrxv ıxfwxdwlrq ri wkh ˙whp sr%ri glvfuhwh p ryhp hqwv1 Wkh lp solfdwlrqv ri wkhvh fflqglqj v iru p rwru sodqqlqj dqg rqolqh frqwuroduh glvfxvvhg1

Wkh p rghosuhvhqwhg lq wklv vhfwlrq lv d ghvfulswlyh rqh/ lq wkh vhqvh wkdwlwghvfulehv j hrp hwulf surshuwlhv ri kdqg wudmhfwrulhvudwkhuwkdq vxjj hvwlqj dq dfwxdop hfkdqlvp iru wkhlu jhqhudwlrq +xqolnh wkh rswlp do frqwuro p rgho ghyhorshg lq Fkdswhu 6,1 Dv z h z loo vhh/ lwsurylghv d yhu— forvh fflwwr

h–shulp hqwdogdwd iurp vsdwldoo— frqvwudlqhg kdqg p ryhp hqwv_41Ri sduwlfxodulqwhuhvwkhuhlvwkhfflqglqj wkdwwkh p rghoghvfulehv vlqj oh wuldogdwd ehwwhu wkdq dyhudjh wudmhfwrulhv/ vxj jhvwlqj wkdwlwp d— eh forvho— uhodwhg wr wkhp rghoiurp wkhsuhylrxvfkdswhu1Dwwklvsrlqwkrz hyhuwkhp dwkhp dwlfdovlp lodulw— ehwz hhq wkh wz r p rghov lv qrwyhu— fohdu 0wkh glȷ fxow— lq skudvlqj wklv p rgholq wkh rswlp dofrqwuro iudp hz run lv wkdwlwsuhvfulehv dq h–solflwuhodwlrqvkls ehwz hhq ihdwxuhv ri lqlglyxdop ryhp hqwv +l1h1 vshhg dqg orfdosdwk vkdsh, qrqh ri z klfk lvehlqj uhsuhvhqwhg h–solflwo— lq wkh rswlp dofrqwurop rgho1

Wkh z run suhvhqwhg lq wklv fkdswhulv sxeolvkhg lq Ŵrgrury dqg Mrugdq ¡;‘1

S˘2 + i UL?t— hΛU— ıL? LutTi i ˙ ThL�*i t uhL4 Ξ@?˙ T@— Ξt fflı@t4 LL— Ξ´

?i tt 4 @ ı4 ı3@— ıL?

Wkh p dmrulw— ri kxp dq dup p ryhp hqwv surgxfhg lq hyhu— gd— olih duh xqghufrqvwudlqhg= wkh ghvluhg hffihfwrq wkh h–whuqdohqylurqp hqwfdq eh dfklhyhg lq d oduj h qxp ehuri z d— v/ wkxvwkh h–dfwp ryhp hqw h–hfxwhg dwd sduwlfxodu wlp h lv qrwfrp sohwho— ghwhup lqhg e— wkh p rwru wdvn1 Z h hffiruwohvvo— sodq dqg h–hfxwh xqghufrqvwudlqhg dup p ryhp hqwvwkdwdfklhyh wkh ghvluhg hffihfw/ dqg duh dwwkh vdp h wlp h vp rrwk dqg j udfhixo1I xuwkhup ruh/ z h fdq surgxfh dssursuldwh p ryhp hqwvlq wdvnvwkdwlqyroyh dop rvw duelwudu— frp elqdwlrqvri frqvwudlqwv=vsdwldoorfdwlrqvwkdwwkh kdqg vkrxog sdvvwkurxjk/ remhfwvwkdw kdyh wr eh dyrlghg/ irufhvwkdwkdyh wr eh h–huwhg z lwk yhu— dffxudwh wlp lqj / uht xluhp hqwvrq wkh vshhg dwfhuwdlq srlqwvdorqj wkh sdwk/ ghvluhg gxudwlrqvri wkh hqwluh p ryhp hqwruvp doohuvhjp hqwvri lw/ hwf1

Wklv lp suhvvlyh delolw— wr wdnh lqwr dffrxqwd glyhuvh vhwri wdvn frqvwudlqwv dqg udslgo— %ffloolq%wkh p lvvlqj ghwdlovri wkhp ryhp hqwvxjj hvwvwkdwwkhp rwruv— vwhp kdvyhu— j hqhudodqg hȷ flhqwp hfkdqlvp v iru vroylqj loo0srvhg sureohp v1 Frqvht xhqwo— / d iuxlwixoolqh ri uhvhdufk lq wkh fflhog ri p rwru frqwurokdv ehhq wr lghqwli— / p rvwo— wkurxjk revhuydwlrqdovwxglhv/ uhjxodulwlhv lq elrorj lfdop ryhp hqwwkdwduh qrw lq dq— z d— lp solhg e— wkh wdvn1 Rqfh lghqwlfflhg/ vxfk uhjxodulwlhv fdq eh xvhg wr lqihu wkh vwuxfwxuh ri wkhxqghuo— lqj p rwruv— vwhp wkdwsurgxfhvwkhp 1H–dp sohvri wklvdssurdfk lqfoxgh=Olvwlqj vodz / I lwwv odz / wkh lvrfkurq— sulqflsoh +Ylyldql dqg Vfkqhlghu/ 4¡¡4,/ olqhduo— uhodwhg mrlqwyhorflwlhv +Vrhfkwlqj dqg Whu˝xror/ 4¡;9,/ slhfh0z lvh sodqdu 6G kdqg sdwkv +Vrhfkwlqj dqg Whu˝xror/ 4¡;: ,/ vwudljkwsdwkv dqg ehoo0vkdshg vshhg surfflohvri uhdfklqj p ryhp hqwv+P rudvvr/ 4¡;4,/ wkh lqyhuvh uhodwlrqvkls ehwz hhq lqvwdqwdqhrxvwdqj hqwldovshhg dqg fxuydwxuh ri wkh kdqg sdwk +Mdfn/ 4; ¡8¿Odft xdqlwl hwdo1/ 4¡;6,1

Lq wklv z run z h irfxv rq wkh uhodwlrqvklsv revhuyhg ehwz hhq wkh kdqg sdwkv dqg vshhg surfflohv ri dup p ryhp hqwv wkdwduh vsdwldoo— frqvwudlqhg1 Z h ehj lq z lwk d eulhi vxp p du— ri h–lvwlqj yhuvlrqv ri wkh p lqlp xp 0mhun p rgho+I odvk dqg Krj dq/ 4¡; 8, dqg wkh 526 srz hu odz +Odft xdqlwl hwdo1/ 4¡;6,/ dqg frp sduh wkhlulp solfdwlrqviruwkh elrorj lfdop hfkdqlvp vxqghuo— lqj wudmhfwru— irup dwlrq1Z h wkhq ghyhors d qhz p rghowkdwhvvhqwldoo— frp elqhv wkh dsshdolqj ihdwxuhv ri wkhvh sulru p rghov¿lwvlp xowd0 qhrxvo— dffrxqwviruerwk wkh ehoo0vkdshg vshhg surfflohvri vwudljkwuhdfklqj p ryhp hqwvdqg wkh lqyhuvh uhodwlrqvkls ehwz hhq fxuydwxuh dqg vshhg ri fxuyhg kdqg p ryhp hqwv1 Lq d vhulhv ri h–shulp hqwv z h ghp rqvwudwh wkdwwkh qhz p rghosurylghv dq dffxudwh ghvfulswlrq ri d qxp ehu ri glvfuhwh dup p ryh0 p hqwvz lwk duelwudu— kdqg sdwkvlq erwk wz r dqg wkuhh glp hqvlrqv1I lqdoo— / z h glvfxvvwkh lp solfdwlrqv ri rxurevhuydwlrqviruwkh j hqhudwlrq ri frp soh– kdqg wudmhfwrulhv1

�W— ˙Lit ?L— — @!i ı?— L @UULΛ?— ti?tLh) ´4 L— Lh ?Lıti @?˙ ˙itıhi˙ @UUΛh@U)c tL TΞi?L4 i?@hi*@— i˙ — L —Ξi tTii˙´@UUΛh@U)

—h@˙iLg U@??L— Mi 4 L˙i*i˙ ı? —Ξıt uh@4 i¯ Lh!˘

S˘fi # i tUhıT— ıffli ¨ L˙i *t LuAh@˚i U— Lh) 6Lh4 @— ıL?

Lq wklvvhfwlrq z hglvwlqj xlvk wkuhhj urxsvri p rghov+I lj 904, edvhg rq wkhohyhovri elrorjlfdosurfhvvlqj wkh— sdudooho1Rxufodvvlfflfdwlrq hp skdvl˝hvwkhlp solfdwlrqvri glffihuhqwp rghovirup rwrufrqwuro/ udwkhu wkdq p dwkhp dwlfdovlp lodulwlhv dp rqj wkhp 1

S˘fi˘� ß L4 T*i — i 4 L˙i *t Lu— h@˚i U— Lh) uLh4 @— ıL?

Wkh p rvwdp elwlrxv j urxs ri p rghov suhglfwwkh rxwfrp h ri wkh surfhvvlqj lq wkh hqwluh FQV lq d uhvwulfwhg vhwri wdvnv1Vxfk p rghovsurylgh d frp sohwh ˙uhflsh%iruwudmhfwru— jhqhudwlrq/ vwduwlqj z lwk wkh h–whuqdoo— vshflfflhg wdvn ghvfulswlrq/ dqg ohdglqj wr dq revhuydeoh wudmhfwru— 1 Lwz rxog eh lghdoli rqh frxog frqvwuxfwd p rghori wklv nlqg wkdwdj uhhv forvho— z lwk d z lgh udqjh ri h–shulp hqwdogdwd¿ xqiruwxqdwho— / wklvkdv suryhq wr eh glȷ fxow1

D jhqhudop hwkrg iru frqvwuxfwlqj vxfk p rghov lv surylghg e— rswlp l˝dwlrq wkhru— = rqh ghfflqhv d %frvw%ixqfwlrqdo/ dqg dwwhp swvwr vkrz wkdwwkh p ryhp hqwvw— slfdoo— surgxfhg lq d j lyhq wdvn duh wkh rqhvwkdwp lqlp l˝h frvw/ vxemhfwwr wkh frqvwudlqwv lp srvhg e— wkh wdvn1D qxp ehuri p rghovedvhg rq rswlp l˝dwlrq wkhru— kdyh ehhq frqvlghuhg +Qhovrq/ 4¡;6¿Xqr hwdo1/ 4¡;¡¿Z dqq hwdo1/ 4¡;; ¿I odvk dqg Krjdq/ 4¡; 8,/ wkh frvwehlqj hqhuj— / irufh/ lp sxovh/ shdn vshhg/ shdn dffhohudwlrq/ gxudwlrq/ ru wrut xh fkdqj h1 Wkh p rghoz klfk vhhp v wr dffrxqwiru wkh oduj hvwerg— ri gdwd/ z kloh dwwkh vdp h wlp h ehlqj dwwudfwlyho— vlp soh/ lv wkh %p lqlp xp 0mhun%p rgho+I odvk dqg Krj dq/ 4¡; 8,1 Wkh frvwlv ghfflqhg dv wkh vt xduhg mhun +wklug ghulydwlyh ri kdqg srvlwlrq ryhu wlp h,/ lqwhjudwhg ryhu wkh hqwluh p ryhp hqw¿lwlv p lqlp l˝hg ryhu doowudmhfwrulhv wkdwkdyh wkh vdp h lqlwldosrlqw/ fflqdosrlqw/ dqg srvvleo— sdvv wkurxj k d vp doovhwri lqwhup hgldwh +yld, srlqwv vshflfflhg lq wkh wdvn lwvhoi1 Lq uhdfklqj wdvnv wkh p lqlp xp 0 mhun p rghosuhglfwvvwudlj kwsdwkvdqg ehoo0vkdshg vshhg surfflohv wkdwp dwfk h–shulp hqwdorevhuydwlrqv udwkhu z hoo+I odvk dqg Krj dq/ 4¡; 8,1 Wkhuh duh fdvhv krz hyhu z khuh vxemhfwv v— vwhp dwlfdoo— surgxfh qrq0vwudljkwuhdfklqj p ryhp hqwv+Dwnhvrq dqg Kroohuedfk/ 4¡; 8,1Vlqfh wklvp rgholvsxuho— nlqhp dwlf/ lwsuhglfwv lqyduldqfh z lwk uhvshfwwr wudqvodwlrq/ urwdwlrq/ dqg vsdwldoruwhp srudovfdolqj1 Lwkdv ehhq vkrz q wkdwsodqdu urwdwlrq ri wkh ghvluhg p ryhp hqwfdq vljqlfflfdqwo— dffihfwwkh kdqg sdwk lq yld0srlqw +Xqr hwdo1/ 4¡;¡,/ dv z hoodv revwdfoh dyrlgdqfh +Vdehv/ 4¡¡: , wdvnv1 Z h vkrz p ruh h–dp sohv ri wklv skhqrp hqrq odwhu1

S˘fi˘2 ¨ L˙i *t Luı?— hı?tıUhi ˝Λ*@hı— ıi t

Rq wkh rwkhu h–wuhp h/ z h kdyh p rghov wkdwgr qrwh–solflwo— dvvxp h dq— wklqj derxwwkh p rwru wdvn/ ru wkh ırz ri lqirup dwlrq surfhvvlqj lq wkh FQV1Wkh— vlp so— t xdqwli— lqwulqvlf uhodwlrqvklsv ehwz hhq ihdwxuhv ri wkh revhuyhg wudmhfwrulhv wkdwduh qrwuhodwhg d sulrul +lq wklv fdvh ehwz hhq wkh sdwk dqg vshhg surffloh,1Qrwh wkdwd fdxvdouhodwlrqvkls ehwz hhq wkh wz r ihdwxuhvlvqrwqhfhvvdulo— lp solhg1Vxfk p rghovduh frqvlvwhqwz lwk dq— sursrvhg p hfkdqlvp ri wudmhfwru— irup dwlrq wkdwsurgxfhvwkh revhuyhg uhodwlrqvkls hlwkhuwkurxj k dq h–solflwfrp sxwdwlrq/ rudvdq hp huj hqwsurshuw— ri vrp h rwkhu/ srvvleo— xquhodwhg surfhvv1

Lwkdvehhq sursrvhg +Odft xdqlwl hwdo1/ 4¡;6, wkdwirud oduj h fodvvri p ryhp hqwvz lwk fxuyhg kdqg sdwkv/ wkh vshhg y+w, lvuhodwhg wr wkh fxuydwxuh ν+w, wkurxj k d srz huodz =y+w, @ζν+w,^{∗ 4∂6}/ z khuh ζ lv d frqvwdqwj dlq idfwru1Wkh ydolglw— ri wklvodz lvw— slfdoo— ghp rqvwudwhg wkurxj k d fruuhodwlrq ehwz hhq y dqg ν^{∗ 4∂6}/ ru ehwz hhq orj +y, dqg orj +ν,1 Z kloh wkh uhvxowlqj fruuhodwlrq frhȷ flhqwv duh udwkhu klj k +Ylyldql dqg Fhq˝dwr/ 4¡;8,/ lwlvqrwlp p hgldwho— reylrxv iurp vxfk dqdo— vhv krz p xfk ri wkh ghwdlov ri wkh vshhg surfflohv duh fdswxuhg/ dsduwiurp wkh j hqhudowuhqg wkdwvshhg ghfuhdvhv z lwk lqfuhdvlqj fxuydwxuh1Lwkdv ehhq duj xhg/ iruh–dp soh/ wkdwwkh dfwxdovshhg surfflohvfdq eh vnhz hg uhodwlyh wr wkh

TASK

Unspecified

Motor Planning

TRAJECTORY

Path Speed

Compact Spatio-Temporal

Internal Representation

Original Min Jerk,

Min Torque Change

Splines,

Via-Point Velocity,

Post-hoc Segmentation

Constrained Min Jerk,

2/3 Power Law

Models of Trajectory Formation

CNS

PARTIAL MODELS

COMPLETE MODELS

INTRINSIC MODELS

I lj xuh 904= Vfkhp dwlf uhsuhvhqwdwlrq ri rxu p rgho fodvvlfflfdwlrq vfkhp h1 J uh— er–hv fruuhvsrqg wr j urxsvri p rghov/ dqg gdvkhg duurz vduh wkh suhglfwlrqvwkhvh p rghovp dnh1Vrolg duurz vuhsuhvhqwwkh dfwxdoırz ri lqirup dwlrq lq wkh FQV+wkh lqwhuqdovri wkh ˙FQV%er– duh ri frxuvh k— srwkhwlfdo,1Wkh revhuyhg wudmhfwru— fdq eh ixuwkhu vhsdudwhg lqwr d sulrul lqghshqghqwihdwxuhv/ lq wklv fdvh vshhg dqg sdwk1

srz hu odz suhglfwlrq/ dqg wkh fruuhodwlrq ehwz hhq orj +y, dqg orj +ν, vwloouhp dlqv klj k +Z dqq hwdo1/ 4¡; ;,1Wkh dqdo— vlvwkdwfrxog uhvroyh wklvlvvxh/ z klfk wkxvidukdvehhq devhqwiurp wkh olwhudwxuh/ lvd gluhfwfrp sdulvrq vxshulp srvlqj wkh dfwxdodqg suhglfwhg vshhg surfflohv1Lq lwvrulj lqdoirup wkh srz hu odz kdv wz r olp lwdwlrqv=d, lwgrhv qrwdsso— wr sdwkv wkdwkdyh lqıhfwlrq srlqwv ru vwudljkwvhjp hqwv +l1h1 iru ν @3 wkh suhglfwhg vshhg lv lqfflqlwh,/ dqg lwlv lqdffxudwh dworz fxuydwxuh¿e, wkh idfwwkdw y+w, ghfuhdvhv wrz dugv 3 dwwkh hqgsrlqwv ri glvfuhwh p ryhp hqwv fdqqrweh fdswxuhg1 Wr ffl– wkh ffluvw sureohp / Ylyldql dqg Vfkqhlghu +4¡¡4, vxj jhvwhg d p rglfflhg srz hu odz = y+w, @ζ+ν+w, . θ,^ϵ / z khuh θ ghshqgvrq wkh dyhudjh vshhg dqg ϵ lv d iuhh sdudp hwhuhvwlp dwhg iurp wkh dfwxdogdwd1 Ghvslwh wkhvh olp lwdwlrqv/ wkh srz hu odz vhhp v wr surylgh d vxusulvlqj o— jrrg ghvfulswlrq ri wkh vshhg surfflohv ri frp soh– p ryhp hqwv/ z klfk kdv p rwlydwhg uhfhqwdwwhp swv wr fflqg dq h–sodqdwlrq ri wklvuhjxodulw— 1Z lwklq wkhiudp hz run ri ht xloleulxp 0srlqwfrqwuro+El˝˝l hwdo1/ 4¡¡5,/ J uleeohdqg Rvwu— +4¡¡9, kdyh vkrz q wkdwli wkh ht xloleulxp srlqwlv p ryhg dorqj dq hoolsvh z lwk d frqvwdqwvshhg/ wkh kdqg wudfhv d vlp lodu hoolsvh reh— lqj wkh srz hu odz 1 D srwhqwldosureohp z lwk wklv h–sodqdwlrq lv wkdw wkh ydolglw— ri wkh ht xloleulxp 0srlqwk— srwkhvlv lwvhoi kdv uhfhqwo— ehhq t xhvwlrqhg lq vwxglhv dujxlqj wkdwwkh uht xluhg vwlffiqhvv lv p xfk odujhu wkdq h–shulp hqwdop hdvxuhp hqwv xqghu g— qdp lf frqglwlrqv +Ehqqhwwhwdo1/ 4¡¡5¿J rp l dqg Ndz dwr/ 4¡¡9,^51 Dqrwkhu sursrvhg h–sodqdwlrq +Sroolfn dqg Vdslur/ 4¡¡9, lv wkh p dwkhp dwlfdoo— lqwhuhvwlqj idfwwkdwd srlqwp rylqj dffruglqj wr wkh srz hu odz p dlqwdlqv frqvwdqw˙dȷ qh yhorflw— %¿lwuhp dlqvwr ehfodulfflhg krz dȷ qh yhorflw— lvuhodwhg wr dup p ryhp hqwv/ dqg z k— lwp lj kwehdgydqwdj hrxvwr nhhs lwfrqvwdqw1Dq dowhuqdwlyhvxjj hvwlrq/ wkdwz hz loofrqvlghulq wkh suhvhqwsdshu/ lv wkdwp d–lp doo— vp rrwk +l1h1 p lqlp xp 0mhun, p ryhp hqwv kdyh vshhg surfflohv ghvfulehg e— wkh srz hu odz +Z dqq hwdo1/ 4¡;; ,1 Ylyldql dqg I odvk +4¡¡8, whvwhg wklv hp slulfdoo— e— dsso— lqj erwk wkh 526 srz hu odz dqg wkhlu p rglfflhg p lqlp xp 0mhun p rgho+vhh ehorz , wr wkh vdp h h–shulp hqwdo gdwd1 Wkhvh dxwkruvfrqfoxghg wkdwwkh vshhg0fxuydwxuh uhodwlrqvkls ghvfulehg e— wkh srz huodz lv qrw lp solflwlq wkh p lqlp xp 0mhun k— srwkhvlv1

S˘fi˘fi ¸ @h— ı@*4 L˙i *t Lu— h@˚i U— Lh) uLh4 @— ıL?

I lqdoo— / d qxp ehu ri lqwhup hgldwh p rghov kdyh ehhq sursrvhg/ dwwhp swlqj wr eulgj h wkh jds ehwz hhq surylglqj d frp sohwh uhflsh iru wudmhfwru— irup dwlrq dqg vlp so— t xdqwli— lqj lqwulqvlf uhj xodulwlhv ri revhuyhg wudmhfwrulhv1 Vxfk p rghov dvvxp h wkdwwkh p rwru wdvn lv wudqvirup hg +yld vrp h xqvshflfflhg sodqqlqj surfhvv, lqwr d frp sdfwvsdwlr0whp srudouhsuhvhqwdwlrq/ lqyroylqj d vp dooqxp ehuri sdudp hwhuv wkdwduh vxȷ flhqwwr jhqhudwh wkh revhuyhg wudmhfwru— 1

P rudvvr dqg P xvvd0Lydogl +4¡;6, vxj jhvwhg wkdwfrp soh– kdqg wudmhfwrulhvduhfrp srvhg ri sduwldoo— ryhuodsslqj olqhdu ˙vwurnhv%+p rghohg dv E0vsolqhv z lwk ehoo0vkdshg vshhg surfflohv,/ wkdwfdq eh vfdohg dqg srvlwlrqhg dvwr irup d ghvluhg wudmhfwru— 1Wkh sdudp hwhuvri wkh p rgho+wlp lqj / vfdoh/ dqg srvlwlrq ri hdfk vhj p hqw, z huh lqlwldoo— h–wudfwhg iurp wkh h–shulp hqwdogdwd/ dqg wkhq dgmxvwhg lwhudwlyho— xqwlo d j rrg fflwwr wkh revhuyhg wudmhfwrulhvz dvrewdlqhg1

Ylyldql dqg I odvk +4¡¡8, sursrvhg d p rglfflfdwlrq ri wkh p lqlp xp 0mhun p rgho/ z klfk dvvxp hv wkdw wkh p ryhp hqwlv lqwhuqdoo— uhsuhvhqwhg dv d vhwri vdolhqwsrlqwv/ dqg wkh yhorflw— +vshhg gluhfwlrq dqg p djqlwxgh, dwwkhvh srlqwv1 Wkh dxwkruv h–wudfwhg wkh yhorflwlhv iurp wkh revhuyhg kdqg wudmhfwrulhv/ dqg xvhg vwdqgdug rswlp l˝dwlrq p hwkrgvwr vroyh iruwkh uhvxowlqj p lqlp xp 0mhun sdwk dqg vshhg surffloh +wkh vroxwlrq lv d frqfdwhqdwlrq ri 8^{wk} rughu sro— qrp ldovsolqhv,1 Wklv p rghokdv dovr ehhq vwxglhg e— “ dory +4¡¡4,/ z kr irxqg wkdwryhudoolwlv p ruh dffxudwh wkdq yhuvlrqv ri wkh p lqlp xp 0mhun p rgho xwlol˝lqj rqo— wkh srvlwlrq +dqg wdqj hqwwr wkh sdwk, ri d yld0srlqw1

2+iUi?— @h˝Λ4 i?—t hi˝@h˙ı?˝ —Ξi ?L?*ı?i@hı—ıit LuΞ@?˙ ı4 Ti˙@?Ui @?˙ ¯ Ξi— Ξih — Ξi) U@? @UULΛ— uLh —Ξıt *L¯ t—ıg?itt dBhıMM*i i— @*˘ bHck @¯ @— L bHoΞ@ffli uLUΛti˙ i U*Λtıffli*) L? h@Tı̇ hi@UΞı?˝ 4 Lffli4 i?— t tL ¯ i ¯ ı**?L— UL?tı̇ ih — Ξi4 Ξihi˘

43:

Dqrwkhu srvvleoh p rgho lq wklv fdwhj ru— lv ˙srvw0krf vhjp hqwdwlrq%= vwduwz lwk dq— p rgho wkdw suhglfwv d orfdovshhg surffloh j lyhq d sruwlrq ri wkh sdwk/ ghfflqh d vhj p hqwdwlrq uxoh z klfk vrp hkrz vhohfwvhjp hqwerxqgdulhv jlyhq wkh frp sohwh sdwk/ dqg dsso— wkh p rghowr hdfk vhj p hqw1 Vlqfh wkh orfdovshhg surfflohvj hqhudwhg e— wklvsurfhgxuh z lookdyh wr eh vfdohg dssursuldwho— / rqh kdvwr p hdvxuh wkh dfwxdowlp h lwwdnhv wkh vxemhfwwr wudyhuvh hdfk vhj p hqwri wkh sdwk/ dqg xvh wkrvh wlp hv lq fflwwlqj wkh p rgho1

Vlqfh wkh k— srwkhwlfdolqwhuqdouhsuhvhqwdwlrq lvqrwgluhfwo— revhuydeoh/ dqg fdqqrweh ghulyhg iurp wkhwdvn ghvfulswlrq +rwkhuz lvhwkhp rghoz rxog ehorqj wr wkhffluvwfdwhjru— , lwkdvwr ehlqihuuhg iurp wkh revhuyhg wudmhfwru— lwvhoi1Wkxvwkh deryh p rghovduh ydolgdwhg e— h–wudfwlqj wkhlusdudp hwhuviurp wkh h–shulp hqwdogdwd/ dqg ghp rqvwudwlqj wkdwwkhvh sdudp hwhuvduh vxȷ flhqwwr uhfrqvwuxfwwkhvdp h gdwd1

Vwulfwo— vshdnlqj / wklv surfhgxuh vkrz v wkdwwkh idp lo— ri wudmhfwrulhv surgxfhg e— wkh p rghofrqwdlqv wkh idp lo— ri kxp dq dup wudmhfwrulhv¿lq lwvhoi lwlvqrwd surri wkdwwkh sursrvhg lqwhuqdouhsuhvhqwdwlrq lvdfwxdoo— ehlqj xvhg e— wkh p rwruv— vwhp 1Wr vxssruwwkh odwwhufodlp dqg p dnh ghwdlohg frp sdulvrqv wr p rghovlq wkhrwkhuwz r fdwhj rulhv/ z hqhhg d z d— ri t xdqwli— lqj krz p xfk ri wkhlqirup dwlrq suhvhqw lq wkh gdwd lvehlqj h–wudfwhg lq fflwwlqj wkh sdudp hwhuvri wkh p rgho1Wklvp d— dsshduwr eh d sureohp z lwk wkh srz hu odz dv z hoo/ vlqfh lwsuhglfwv d vshhg surffloh jlyhq d sdwk h–wudfwhg iurp wkh revhuyhg wudmhfwru— 1 Wkh fuxfldoglffihuhqfh lv wkdwwkh sdwk ri d wudmhfwru— lv qrwd sulrul uhodwhg wr wkh vshhg surffloh/ z kloh lq wkh deryh h–dp sohv wkh sdudp hwhuv h–wudfwhg iurp wkh revhuyhg wudmhfwru— frqwdlq lqirup dwlrq derxwdoodvshfwvri wkh wudmhfwru— +l1h1erwk vsdwldodqg whp srudolqirup dwlrq,1

S˘e Σ UL?t— h@ı?i ˙ 4 ı?ı4 Λ4 ˚i h! 4 L˙i *

Wkhp dlq dgydqwdjhri wkhsrz huodz lvwkdwlq sulqflsohlwfdq ehdssolhg wr dop rvwdq— p ryhp hqw=jlyhq dq duelwudu— sdwk lwdoz d— v suhglfwv d vshhg surffloh1 Wkh sureohp v z lwk lwduh uhodwhg wr wkh sduwlfxodu irup xod xvhg wr suhglfwvshhg iurp sdwk1 Lq frqwudvw/ doonqrz q sureohp v z lwk wkh ruljlqdop lqlp xp 0 mhun p rghoduh lq wkh sdwk suhglfwlrq= lwfdq idlowr suhglfwwkh kdqg sdwk j lyhq wkh frqfflj xudwlrq ri yld0srlqwv/ exwwkhuh duh qr nqrz q fdvhvz khuhwkhsdwk z dvsuhglfwhg dffxudwho— z kloh wkh vshhg surffloh z dv qrw1

Rxu p rghofrp elqhv wkh dsshdolqj ihdwxuhv ri wkh wz r p rghov=lwsuhvhuyhv dqg h–whqgv wkh j hqhu0 dolw— ri wkh srz hu odz / z kloh uhsodflqj wkh sduwlfxodu uhodwlrqvkls ehwz hhq fxuydwxuh dqg vshhg z lwk d vp rrwkqhvv frqvwudlqw1 Z h sursrvh wkdwiru dq revhuyhg sdwk ri wkh kdqg lq vsdfh/ wkh vshhg surffloh dorqj wkdwsdwk z looeh wkh rqh wkdwp lqlp l˝hvmhun +lq jhqhudo˙vp rrwkqhvv%lvv— qrq— p rxvwr ˙kdylqj vp dookljk0rughu ghulydwlyhv%¿wkh p hdvxuh ri vp rrwkqhvv z h xvh lv rqh ri p dq— srvvlelolwlhv,1 Wklv frqvwudlqhg sulqflsoh/ olnh wkh srz huodz / t xdqwlfflhvdq lqwulqvlf uhodwlrqvkls ehwz hhq wkhsdwk dqg vshhg ri wkh revhuyhg wudmhfwru— / udwkhu wkdq vxj jhvwlqj d frqfuhwh p hfkdqlvp iru wudmhfwru— irup dwlrq +l1h1 z h gr qrwvxj jhvwwkdwvshhg lvehlqj frp sxwhg h–solflwo— dvd ixqfwlrq ri kdqg sdwk,1Qrwh wkdwz h xvh wkh sdwk revhuyhg rq d sduwlfxoduwuldowr suhglfwwkh vshhg surffloh rq wkdwvdp h wuldo/ z klfk lvd qdwxudo z d— wr p rghowkh vljqlfflfdqwyduldelolw— lq vshhg surfflohv lq d eorfn ri lghqwlfdowuldov +vhh ehorz ,1 Lq frqwudvw/ wkh ruljlqdop lqlp xp 0mhun p rghosuhglfwvd vlqj oh rswlp dop ryhp hqwirud jlyhq frqfflj xudwlrq ri yld0srlqwv/ dqg wkxvfdq rqo— eh dssolhg wr dyhudj h gdwd1

S˘e˘� 6Lh4 @*˙i �?ı— ıL?

Ohwu+v, @+ı+v,>ȷ +v,>℘+v,, eh d 6G fxuyh/ ghvfulelqj wkh sdwk ri wkh kdqg gxulqj d sduwlfxodu wuldo/ z khuh v lv wkh fxuylolqhdu frruglqdwh +glvwdqfh dorqj wkh sdwk,/ dqg wkh wdqjhqwldovshhg lv bv+w, +bv lv

43;

Wdnlqj ghulydwlyhvz lwk uhvshfwwr wlp h rq erwk vlghv/ z h rewdlq= ν_∋+v, bv_7 . 6bv_5�vν+v, @D_∋^v bv ν_∋+v, bv_6 . 6bv�vν+v, @D_∋^v

Qrwh wkdwwkh whup rq wkh ohiwlv h–dfwo— wkh whup p xowlso— lqj wkh qrup doyhfwru lq +916,1 Z h qrz vxevwlwxwh lq +916,= O@ ( q +D_∋^v, . w ]^{///} v ∗ D^vν ⌊ . e +D^vχ, (^5 +918,

O@D_{∋5}^v . ]^{///} v ∗ D^vν ⌊^5

. D_5^vχ_5

I urp wkh ghfflqlwlrq ri D^v/ z h kdyh= bv+w, @D_{4∂6}^v ν_{∗ 4∂6}

Wkh srz hu odz vwdwhv wkdwD_{4∂6}v @ frqvw/ ru D_∋^v @ 31 Wkxv wkh srz hu odz lv ht xlydohqwwr vhwwlqj wkh qrup dofrp srqhqwri wkh lqvwdqwdqhrxv mhun wr 3/ dqg wkh elqrup dofrp srqhqwsursruwlrqdowr χ/ hyhu— z khuh dorqj wkh p ryhp hqw1

I ru5G fxuyhvu+w, @+ı+w,>ȷ +w,,/ wklvfdq ehvkrz q p ruhgluhfwo— 1Wkhsrz huodz y+w, @frqvw/ν+w,_{∗ 4∂6} lq 5G fdq eh z ulwwhq dv=

+bı_5 . bȷ_5,_{4∂5} @frqvw ] √ +bı�ȷ ∗ bȷ �ı,_5

+bı_5 . bȷ_5,_{6∂5} ⌊^{∗ 4∂6} bı�ȷ ∗ bȷ �ı @frqvw Wdnlqj ghulydwlyhv/ dqg fdqfholqj whup v/ z h j hw= bı∂bȷ @_{///}ı∂_{///}ȷ > bu⇕⇕_{///}u Wkh mhun yhfwrusrlqwvdorqj wkh wdqjhqw/ z klfk lvruwkrjrqdowr wkh qrup do¿wkhuhiruh wkh mhun dorqj wkh qrup dolv˝hur1

Ehiruhdqdo— ˝lqj h–shulp hqwdogdwd/ z hfdq dvn z khwkhuwkhsrz huodz dqg wkhfrqvwudlqhg p lqlp xp mhun p rghosuhglfwvlp loduvshhg surfflohviruglvfuhwh p ryhp hqwvdorqj duelwudu— v— qwkhwlf sdwkv1Lq I lj

905 z h kdyh sorwwhg wkuhh v— qwkhwlf sdwkv/ iru z klfk z h kdyh frp sxwhg wkh vshhg surfflohv suhglfwhg e— rxu p rgho+vrolg, dqg wkh srz hu odz +gdvkhg,1 Dovr vkrz q lv wkh p dj qlwxgh dqg gluhfwlrq ri wkh lqvwdqwdqhrxv mhun yhfwru dwvhyhudosrvlwlrqv dorqj wkh sdwk1 Qrwh wkdwlq p rvwfdvhv wkh qrup domhun lv forvh wr ˝hur/ dqg wkh wz r vshhg surfflohv duh udwkhu vlp lodu +wkh ghyldwlrq qhdu wkh hqg srlqwv lv gxh wr wkh idfwwkdwwkh srz hu odz fdqqrwsuhglfwp ryhp hqwv wkdwvwduwdqg vwrs,1 Wkhuh duh glffihuhqfhv/ krz hyhu= lq h–dp soh E z khuh wkh fxuydwxuh lv dop rvwfrqvwdqwwkh srz hu odz suhglfwv d vshhg surffloh z klfk lv ıdwwhu wkdq wkh p lqlp xp mhun suhglfwlrq1 I ru p rvwri wkh sdwkv z h kdyh vwxglhg/ wkh wz r suhglfwlrqv duh vlp lodu lq wkh vhqvh wkdwwkh— jr xs dqg grz q wrjhwkhu/ exwfohduo— glvwlqj xlvkdeoh +l1h1 h–dp soh D lv qrww— slfdo,1

Z k— lv lwwkdwwkh srz hu odz / z klfk suhglfwv lqvwdqwdqhrxv vshhg rqo— xvlqj wkh orfdofxuydwxuh/ frp hv forvh wr vroylqj wkh joredop lqlp l˝dwlrq sureohp +914,B Rqh lqwxlwlyh dqvz hu lv wkh iroorz lqj = vlqfh wkh wrwdomhun lvd vxp ri wz r +lq 6G ri wkuhh, qrqqhjdwlyh whup v/ dqg wkh srz huodz p lqlp l˝hvrqh ri wkhp +qrup domhun lv vhwwr ˝hur,/ lwlv dq hȷ flhqwdssur–lp dwlrq wr wkh vroxwlrq ri +914, +vxj jhvwlqj wkdwlq 6G wkh glffihuhqfh ehwz hhq wkh wz r vshhg suhglfwlrqv z looeh oduj hu,1 Lwvhhp v krz hyhu wkdwwklv lv qrwdoz d— v wkh frp sohwh dqvz hu1 Lq sdqhoG ri I lj 905 z h kdyh sorwwhg wkh wdqjhqwldodqg qrup do

Arc Length

V el oc ity

Arc Length

V el oc ity

Arc Length

V el oc ity

Time

N or m al J er k

Time T an ge nt ia lJ er k

Time

S pe ed

D

C

B

A

I lj xuh 905= D/E/F 0H–dp sohv ri wkh frqvwudlqhg p lqlp xp mhun +vrolg, dqg srz hu odz +gdvkhg, vshhg surffloh suhglfwlrqv iru wkh v— qwkhwlf sdwkv rq wkh ohiw1 Wkh mhun yhfwrulv sorwwhg dwvhyhudosrlqwv dorqj wkh sdwk +iru wkh p lqlp xp mhun vshhg surffloh,1 G 0Wkh wdqj hqwldodqg qrup domhun frp srqhqwv iru wkh p lggoh sruwlrq ri h–dp soh F1Wz r vp dooshuwxuedwlrqv duh dssolhg wr wkh p lqlp xp mhun vshhg surffloh +vrolg,/ dqg wkh fruuhvsrqglqj hffihfwv rq wkh mhun frp srqhqwvduh vkrz q1

frp srqhqwv ri wkh mhun ryhu wkh p lggoh sruwlrq ri h–dp soh F1Z h fdq vhh wkdwvp dooshuwxuedwlrqv durxqg wkh rswlp do vshhg surffloh lqfuhdvh erwk whup v/ lp so— lqj wkdwlq wklv fdvh wkh rswlp do vshhg surffloh vlp xowdqhrxvo— p lqlp l˝hverwk whup v/ dqg qrwmxvwwkhluvxp +wklvkdsshqvdurxqg srlqwvri klj k fxuydwxuh,1 Lq vxp p du— / wkh frqvwudlqhg p lqlp xp mhun p rghodqg wkh srz hu odz suhglfwvlp lodu vshhg surfflohvirud j lyhq sdwk1Wkhuh vhhp wr h–lvwd idp lo— ri sdwkviruz klfk wkh wz r duh h–dfwo— ht xlydohqw/ dqg lghqwli— lqj wkdwidp lo— p d— surylgh ixuwkhu lqvljkwv/ exwwklv lv rxwvlgh wkh vfrsh ri wkh suhvhqw sdshu1

S˘D , Ti hı4 i ?— S˘�

S˘D˘� ¨ i — ΞL˙t

Wr whvwrxu p rgho/ dqg frp sduh lwwr wkh srz hu odz / z h vwxglhg 7 wdvnv lq z klfk d sdwk z dv vshflfflhg dqg vxemhfwv z huh dvnhg wr h–hfxwh dq dup p ryhp hqwdorqj wkdwsdwk1 Z h xvhg glvfuhwh p ryhp hqwv ri vkruwgxudwlrq dqg sdwkv ri ydu— lqj ghjuhh ri frp soh–lw— 1 Wr dyrlg gudz lqj frqfoxvlrqv iurp dq lvrodwhg p ryhp hqw/ z h xvhg vhyhudosdwkv lq hdfk wdvn1 Wkh vdp h ; uljkwkdqghg vxemhfwv sduwlflsdwhg lq doo7 wdvnv1 Vkruweuhdnv z huh j lyhq ehwz hhq wdvnv1 Wkh hqwluh h–shulp hqwodvwhg derxw78 p lqxwhv1

Hqg0srlqwsrvlwlrq z dvuhfrughg dw433 K˝ z lwk dq Rswrwudn 6353 lqiuduhg v— vwhp 1

Wdvn 4 0 kdqg2fflqj hu p ryhp hqwv

Vxemhfwvvwrrg lq iurqwri d krul˝rqwdowdeoh/ wr z klfk z hkdg wdshg d z klwhvkhhwri sdshu+ohwwhuirup dw, z lwk wkh whp sodwhvvkrz q lq I lj 906 sulqwhg rq lw1Vxemhfwvkhog d srlqwhulq wkhluulj kwkdqg¿wkh wdvn z dv wr srvlwlrq wkh srlqwhu qhdu wkh flufoh rq wkh fxuuhqwwhp sodwh/ z dlwwr khdu d ehhs vlj qdolqj wkdw wkh wls ri wkh shq z dv lq wkh vwduwlqj duhd/ dqg wkhq wudfh wkh vshflfflhg sdwk1 Diwhu 43 wuldov d ehhs ri glffihuhqwslwfk vljqdohg wkh vxemhfwwr p ryh wr wkh qh–wwhp sodwh1 Qr lqvwuxfwlrqv z huh j lyhq uhjduglqj wkh gxudwlrq ruvshhg ri wkh p ryhp hqw1Z h revhuyhg wkdwvxemhfwvxvhg suhgrp lqdqwo— kdqg dqg fflqj hu p ryhp hqwvlq wklvwdvn1

Wdvn 5 0 5G dup p ryhp hqwv

Vxemhfwv vdwrq dq dgmxvwdeoh fkdlu dqg p dgh dup p ryhp hqwv rq d wdeoh srvlwlrqhg voljkwo— ehorz vkrxoghukhlj kw/ vr wkdwwkh p ryhp hqwv+p dgh e— volglqj wkh dup rq wkh wdeoh, rffxuuhg lq d krul˝rqwdo sodqh dwvkrxoghu khljkw1 Z h xvhg d YJ D surmhfwru wr glvsod— frp sxwhu jhqhudwhg lp djhv rq d wlowhg vfuhhq/ z klfk wkh vxemhfwylhz hg lq d vhp lwudqvsduhqwp luuru1 Wkh v— vwhp z dv fdoleudwhg vr wkdwwkh surmhfwhg lp dj hv dsshduhg wr eh rq wkh wdeoh +vhh Z roshuwhwdo1/ 4¡¡8 iru ghwdlov,1 Vxemhfwv khog d vp doofxuvru+wudfnhg e— wkh lqiuduhg fdp hudv,/ z klfk kdg dq OHG dwwdfkhg wr lwwkdwsurylghg hqgsrlqw ylvxdoihhgedfn gxulqj wkh p ryhp hqw1 Wkh urrp z dv gdun vr vxemhfwv frxog qrwvhh wkhlu dup 1 Wkh vdp h hljkwwhp sodwhviurp wdvn 4/ vfdohg xs e— d idfwruri ; / z huh surmhfwhg rqh dwd wlp h1Wkh wdvn z dv djdlq wr srvlwlrq wkh fxuvru dwwkh vwduwlqj srlqwri wkh whp sodwh/ z dlwiru d ehhs frqfflup lqj d fruuhfw lqlwldosrvlwlrq/ dqg wkhq wudfhwkhsdwk1Hdfk sdwk z dvwudfhg whq wlp hv1Diwhuhdfk wuldoz hglvsod— hg d srvlwlrqdohuuruvfruh/ z klfk z dvwkhp d–lp xp ghyldwlrq +lq p loolp hwhuv, ehwz hhq wkhghvluhg dqg dfwxdo sdwkv1Dj dlq/ vxemhfwvz huhdoorz hg wr p dnhp ryhp hqwvri dq— vshhg1Wklvwdvn lqyroyhg suhgrp lqdqwo— vkrxoghudqg hoerz p ryhp hqwv1

2

3 4

5 6

7 8

1

40 mm

I lj xuh 906=Whp sodwhvxvhg lq wdvnv4 dqg 5/ gudz q wr vfdoh1Wkh flufoh p dunvwkh vwduwlqj srlqwrq hdfk whp sodwh1Wkh rughuri suhvhqwdwlrq lv urz 0ffluvw1

Wdvn 6 0 yld s r lqwv

Z h xvhg wkh vdp h vhwxs dv lq wdvn 51 Wkh glvsod— frqwdlqhg d vwduwsrlqw/ dq hqg srlqw/ dqg irxu lqwhup hgldwh srlqwv/ qxp ehuhg 4 wkurxj k 71 Wkh vxemhfwz dv dvnhg/ diwhu p rylqj wr wkh vwduwsrlqw dqg khdulqj d frqfflup dwlrq ehhs/ wr p dnh d p ryhp hqwwkdwsdvvhg wkurxjk wkh lqwhup hgldwh srlqwv lq wkh vshflfflhg rughu +z lwkrxwvwrsslqj,/ dqg fflqlvkhg dwwkh hqg srlqw1 Wkh frqfflj xudwlrqv z h xvhg duh vkrz q lq I lj 9071 Wkhuh z huh d wrwdori 9 frqffljxudwlrqv/ hyhu— rwkhu frqffljxudwlrq ehlqj d ¡3 ghj uhh urwdwlrq ri wkh suhfhglqj rqh1 Vxemhfwv h–hfxwhg 43 wuldov lq hdfk eorfn1 Dv ehiruh/ p ryhp hqwvshhg z dv qrwvshflfflhg1 Qrwh wkdwwkh frqffljxudwlrqv xvhg gr qrwfruuhvsrqg wr wkh frqwlqxrxv sdwkv iurp wkh suhylrxvwz r wdvnv1

Wdvn 7 0 6G dup p ryhp hqwv

Vxemhfwv vwrrg lq iurqwri wkh wdeoh/ kroglqj wkh fxuvru lq wkhlu ulj kwkdqg/ dqg d 6G z luhiudp h p rgho lq wkhlu ohiwkdqg1 Wkh p rghov z huh dssur–lp dwho— 43–43–43 fp / dqg uhsuhvhqwhg vp rrwk 6G fxuyhv1

Wkh wdvn z dv wr ffluvwvwxg— wkh p rgho/ dqg wkhq wu— wr p dnh d p ryhp hqwz lwk wkh ulj kwkdqg wkdwkdg wkh vdp h vkdsh +qrwqhfhvvdulo— wkh vdp h vl˝h,1 Wkh vwduwlqj srlqwrq wkh p rghoz dv p dunhg1 Wkhuh z dv qr vshflfflhg vwduwlqj srvlwlrq iru wkh dup / vlqfh wkh p ryhp hqwfrxog qrweh vxshulp srvhg rq wkh z luhiudp h p rgho1 Dwwkh ehjlqqlqj ri hdfk wuldovxemhfwv kdg wr vwrs p rylqj wkh fxuvru dqg z dlwiru d ehhs1 Wkh h–shulp hqwhu z dlwhg iru wkh vxemhfwwr uhsrvlwlrq/ dqg wkhq p dqxdoo— dfwlydwhg d surfhgxuh wkdwfkhfnhg iru˝hur vshhg sulruwr p ryhp hqwrqvhw1Hdfk z luhiudp h p rghoz dvxvhg lq 43 wuldov/ wkhuh z huh d wrwdori wkuhh p rghov1P ryhp hqwvshhg dqg gxudwlrq z huh qrwvshflfflhg1

S˘D˘2 # @— @@?@*) tıt

Wkh gdwd iurp hdfk wuldoiruhdfk vxemhfwdqg wdvn z huh dqdo— ˝hg vhsdudwho— / l1h1qr dyhudjlqj ryhuwuldov z dv shuirup hg1 Wkh ffluvwvwhs z dv wr vp rrwk wkh udz gdwd1 Z h xvhg fxelf vsolqh vp rrwklqj +Gh Erru/

4¡: ;, dssolhg wr ı+w,/ ȷ +w,/ dqg ℘+w,1 Wkh sdudp hwhu ξ +z klfk ghwhup lqhv wkh dp rxqwri vp rrwklqj , z dv vhwdgdswlyho— iru hdfk wuldo/ vr wkdwwkh p d–lp xp ghyldwlrq ehwz hhq dq— vp rrwkhg vdp soh srlqw dqg wkh fruuhvsrqglqj udz gdwd srlqwz dv z lwklq d suh vshflfflhg udglxv1 Wkdwudglxv z dv vhwwr 31335 ri wkh h–whqwri wkh sdwk 0wkh klj k dffxudf— ri wkh Rswrwudn v— vwhp reyldwhg wkh qhhg iru vxevwdqwldo vp rrwklqj1 Rqfh z h rewdlqhg wkh fxelf vsolqh uhsuhvhqwdwlrq ri wkh gdwd iru hdfk wuldo/ doovxevht xhqw vwhsv+l1h1h–wudfwlqj vshhg dqg fxuydwxuh, z huh dssolhg gluhfwo— / z lwkrxwdq— ixuwkhu fflowhulqj1

Z hwkhq frp sxwhg d vshhg surfflohsuhglfwlrq iurp wkhrulj lqdosrz huodz / wkhp rglfflhg srz huodz / dqg wkh frqvwudlqhg p lqlp xp mhun p hwkrg +vhh ehorz ,1 Wr frp sxwh wkh glffihuhqfh ehwz hhq hdfk suhglfwlrq dqg wkh dfwxdovshhg surffloh/ z h h–suhvvhg doovshhg surfflohv dv d ixqfwlrq ri duf ohqjwk v dqg vfdohg wkhp vr wkdwwkh dyhudj h vshhg z dv rqh dqg wkh sdwk ohqjwkv z huh ht xdo1 Vfdolqj ri sdwk ohqj wk z dv qhfhvvdu— / vlqfh vxemhfwvglg qrwiroorz wkh vshflfflhg whp sodwhvh–dfwo— / wkxvwkh sdwkvrq glffihuhqwwuldov kdg volj kwo— glffihuhqwohqj wk1Doljqp hqwdorqj vgrhvqrwdffihfwwkhsrz huodz suhglfwlrqvz klfk duhorfdo¿ lwlv qhfhvvdu— iru rxu p rgho/ vlqfh lwlv d joredop hwkrg dqg suhglfwlrq huuruv hduo— lq wkh p ryhp hqw dffxp xodwh dqg fdxvh p lvdoljqp hqwwrz dugvwkh hqg li vshhg lvh–suhvvhg dv d ixqfwlrq ri wlp h1

Z h ghfflqhg irxu p hdvxuhv ri ghyldwlrq ehwz hhq wz r vshhg surfflohv y4+v, dqg y5+v, wkdwduh douhdg— vfdohg wr kdyh xqlwdyhudjh vshhg¿‖/↕ vljqlfflhv dyhudjlqj ryhuv/ u+/>/, lvd fruuhodwlrq frhȷ flhqw1

P d–lp xp ghyldwlrq= P D♭ +y4>y5, @p dı+⇕y4+v, ∗ y5+v,⇕,

P hdq devroxwh ghyldwlrq= P DG+y4>y5, @‖⇕y4+v, ∗ y5+v,⇕↕

Vwdqgdug ghyldwlrq= VWG+y4>y5, @ √ ‖+y4+v, ∗ y5+v,,_5↕

Xqh–sodlqhg yduldqfh= YDU+y4>y5, @4∗ u+y4+v,>y5+v,,_5

1

2 3 4 1 2

3 4

1 2

3 4 1

2

3

4

1

2

3 4 1 2

3 4 250 mm

I lj xuh 907=Yld0srlqwfrqfflj xudwlrqvxvhg lq wdvn 6/ gudz q wr vfdoh1Wkh flufoh p dunvwkh vwduwlqj srlqw/ wkh vwdu p dunv wkh hqg srlqw1 Hyhu— rwkhu frqfflj xudwlrq +ulj kwfroxp q, lv d ¡3 ghjuhh urwdwlrq ri wkh suhfhglqj rqh1

Wkh ffluvwwkuhh t xdqwlwlhvlqglfdwh ghyldwlrqvehwz hhq lqvwdqwdqhrxvvshhg suhglfwlrqv/ lq xqlwvuhod0 wlyh wr wkh dyhudjh vshhg1 Wkxv wkh— duh vhqvlwlyh wr wkh dp rxqwri ıxfwxdwlrqv lq wkh revhuyhg vshhg surfflohv +l1h1 uhodwlyho— ıdwvshhg surfflohv z looeh hdvlhu wr fflwdffruglqj wr wkhvh p hdvxuhv,1 Li wkh vshhg surfflohv duh qrwvfdohg wr kdyh xqlwdyhudj h vshhg/ wkhq wkhvh p hdvxuhv z looeh vhqvlwlyh wr wkh dyhudjh vshhg1Wkh odvwp hdvxuh fruuhvsrqgv wr wkh shufhqwyduldqfh +ıxfwxdwlrqvdurxqg wkh p hdq, lq wkh re0 vhuyhg vshhg surffloh qrwh–sodlqhg e— wkh suhglfwhg vshhg surffloh/ dqg lvdffihfwhg e— glffihuhqfh lq vkdshv udwkhu wkdq vfdolqj idfwruv1

I ruhdfk p rghoz h frp sxwhg wkh suhglfwlrqvryhuwkh hqwluh p ryhp hqw/ dqg ryhuwkh p lggoh 93( ri wkh p ryhp hqw+l1h1vwduwlqj dw53( dqg hqglqj dw; 3( dorqj wkh sdwk,1Wkh odwwhuz dvgrqh lq rughuwr dvvhvvwkh dffxudf— ri wkh srz hu odz dz d— iurp wkh hqg srlqwv/ z khuh lwlv olnho— wr eh lqdffxudwh vlqfh lwgrhvq*wkdyh d p hfkdqlvp iru hqiruflqj 3 vshhg dwwkh lqlwldodqg fflqdosrlqwv ri glvfuhwh p ryhp hqwv1

Z h h–dp lqhg d qxp ehuri vshhg surfflohvwr hqvxuh wkdwwkh53( ri wkh p ryhp hqwholp lqdwhg dwhdfk hqg z dv hqrxjk wr fryhu wkh sduwv ri wkh vshhg surffloh wkdwvhhp hg dffihfwhg e— lqlwldodffhohudwlrq dqg fflqdo ghfhohudwlrq1

Wkh suhglfwlrq iruwkh rulj lqdosrz huodz z dvrewdlqhg gluhfwo— iurp wkh ht xdwlrq y+v, @ζν+v,_{∗ 4∂6}1

I ru sdwkv z lwk lqıhfwlrq srlqwv/ z h dgghg d vp doosrvlwlyh frqvwdqwwr wkh fxuydwxuh/ wkdwz dv khog frqvwdqwiru doowuldov1 Wkxv wkh rulj lqdosrz hu odz kdv qr iuhh sdudp hwhuv=lwwdnhv wkh sdwk/ dqg wkh gxudwlrq ri wkh p ryhp hqw/ dqg suhglfwv d vshhg surffloh1 Wkh p rglfflhg srz hu odz y+v, @ζ+ν+v, . θ,_ϵ kdv wz r iuhh sdudp hwhuv +θ>ϵ,1 Z h rswlp l˝hg wkhp +xvlqj d qrqolqhdu vlp soh– p hwkrg, vhsdudwho— iru hdfk wuldodqg hdfk p hdvxuhri ghyldwlrq ghfflqhg deryh1Dowkrxj k lq wkhruljlqdoirup xodwlrq θghshqghg rq dyhudjh vshhg/ z h hvwlp dwhg lwiurp wkh gdwd wr rewdlq wkh p rvwdffxudwh fflwwkh p rglfflhg srz hu odz frxog surylgh1Wkh srvvlelolw— ri p ryhp hqwvhj p hqwdwlrq +Ylyldql dqg Fhq˝dwr/ 4¡; 8, lvdgguhvvhg odwhu1

Wkh suhglfwlrq ri wkh frqvwudlqhg p lqlp xp 0mhun p rghoz dv frp sxwhg xvlqj qrqolqhdu rswlp l˝dwlrq p hwkrgv iru yduldwlrqdosureohp v +vhh ehorz ,1 Lq lwv suhvhqwirup / wkh p lqlp l˝dwlrq uht xluhv wkh vshhg dqg dffhohudwlrq dwwkhhqgsrlqwv+lq sulqflsohwklvfrxog ehdyrlghg/ e— p lqlp l˝lqj ryhuwkrvhsdudp hwhuv dvz hoo,1I rud glvfuhwh p ryhp hqw/ erwk wkh vshhg dqg dffhohudwlrq dwwkh hqgsrlqwvduh ˝hur¿vlqfh wklv lvnqrz d sulrul/ dqg qrwh–wudfwhg iurp wkh h–shulp hqwdogdwd/ wkh p rghokdvqr iuhh sdudp hwhuvz khq dssolhg wr wkh hqwluh p ryhp hqw1 Lq rughu wr dsso— wkh p rghowr wkh p lggoh 93( ri wkh p ryhp hqw/ z h xvhg wkh dfwxdohqgsrlqwvshhg dqg dffhohudwlrq p hdvxuhg h–shulp hqwdoo— 1 Qrwh krz hyhu wkdwz h duh suhglfwlqj udwkhu frp soh– vshhg surfflohv/ wkxv wkh wz r hqgsrlqwv ri d vxe p ryhp hqwfrqwdlq uhodwlyho— yhu— olwwoh lqirup dwlrq1 Lq frqwudvw/ wkh p rglfflhg srz hu odz xvhv wkh hqwluh vshhg surffloh wr h–wudfwwkh ydoxhvri lwv iuhh sdudp hwhuv1

F r qvwudlqhg p lqlp l˝dwlr q s ur fhgxuh

P lqlp l˝lqj wkh lqwhjudori O @ +ν_∋bv_6 . 6ν bv�v,_5 . +_{///}v ∗ ν_5 bv_6,_5 . +bv_6νχ,_5 z lwk uhvshfwwr wkh whp srudo surffloh v+w, lv d yduldwlrqdosureohp / z klfk fdq eh dssurdfkhg xvlqj d qxp ehu ri whfkqlt xhv1 Lwwxuqv rxwwkdwwkh vwdqgdug whfkqlt xhviruvroylqj yduldwlrqdosureohp v gr qrwz run yhu— z hoolq wklvfdvh1

I urp wkh Hxohu0Odjudqj h sulqflsoh/ wkh vroxwlrq v+w, vdwlvfflhvwkh 9_{wk}0rughuqrqolqhduruglqdu— glffihu0 hqwldoht xdwlrq_{CO}^{Cv} ∗_g^{gw}_{CO}^{Cv∋} ._{g5}^{gw5}_{CO}^{Cv∋∋} ∗_{g6}^{gw6}_{CO}^{Cv∋∋∋} @3/ vxemhfwwr wkh frqvwudlqwvrq v+w, dqg lwvghulydwlyhv dwwkh wz r hqgsrlqwv ri wkh p ryhp hqw1 Wklv sureohp lv yhu— glȷ fxowqxp hulfdoo— / ehfdxvh wkh vroxwlrq ghshqgvrq klj k rughughulydwlyhvri wkh sdwk/ z klfk lvuhfrughg h–shulp hqwdoo— dqg wkxvkdvvrp h qrlvh lq lw1Z h irxqg wkdwerwk vkrrwlqj dqg uhod–dwlrq p hwkrgviruvroylqj erxqgdu— ydoxh sureohp v+Suhvv hwdo1/ 4¡¡5, idlo1

Dqrwkhu srvvlelolw— lv wr p lqlp l˝h +914, gluhfwo— / e— uhsuhvhqwlqj v+w, dv d olqhdu frp elqdwlrq ri Q ffl–hg edvlvixqfwlrqvi^l+w,=v+w, @ ⋃^Q l@4 f^li^l+w,/ dqg xvlqj judglhqwghvfhqwz lwk uhvshfwwr wkhfrhȷ flhqwv

f_l1Z h xvhg vl–wk0rughuE0vsolqhvdvedvlvixqfwlrqv/ dqg d suhfrqglwlrqhg frqmxj dwh j udglhqwp hwkrg wr fflqg wkhrswlp dofrhȷ flhqwv+J loodqg P xuud— / 4¡; 4,1Wklvp lqlp l˝dwlrq doz d— vfrqyhuj hg/ exwiuht xhqwo— irxqg orfdop lqlp d/ dqg lwz dv qhfhvvdu— wr uhvwduwlwd qxp ehu ri wlp hv ehiruh d j rrg vroxwlrq frxog eh irxqg1Dq dgglwlrqdosureohp lv wkdwlwlvqrwfohduz kdwd j rrg vroxwlrq lv1

Wkhp hwkrg z h xvhg khuhlvohvvgluhfw/ exwkdvwkhdgydqwdjh wkdwlwlvidvwhu/ dqg vhhp vwr frqyhujh wr wkh vdp h p lqlp xp uhj dugohvv ri wkh lqlwldofrqglwlrqv1 Udwkhu wkdq xvlqj wkh frp sohwh sdwk u+v,/ z h fkrvh d vhwri 43 lqwhup hgldwh srlqwv/ ht xdoo— vsdfhg dorqj wkh sdwk +l1h1 wkhlu srvlwlrqv frqwdlq qr whp srudolqirup dwlrq,1 Z h wkhq irxqg wkh p lqlp xp mhun p ryhp hqw+lq wkh vhqvh ri I odvk dqg Krjdq/ 4¡; 8, wkurxjk wkrvh srlqwv/ jlyhq wkh yhorflw— dqg dffhohudwlrq dwwkh wz r hqg srlqwv1 Li wkh uhvxowlqj p lqlp xp mhun p ryhp hqwkdv d sdwk yhu— forvh wr u+v,/ z h duh j xdudqwhhg wkdwlwv vshhg surffloh lv wkh vroxwlrq wr rxurulj lqdosureohp +l1h1z h duh frp sxwlqj d p lqlp xp ryhud j lyhq vhwe— p lqlp l˝lqj ryhu d vxshuvhwdqg hqvxulqj wkdwwkhvroxwlrq lvlq wkh ruljlqdovhw,1Z hghvfulehwkhp lqlp l˝dwlrq surfhgxuh ehorz 1

Lwkdv ehhq vkrz q +I odvk dqg Krjdq/ 4¡; 8, wkdwiru jlyhq sdvvdjh wlp hv W/ srvlwlrqv ı/ yhorflwlhv y/ dqg dffhohudwlrqv d dwwkh hqg0srlqwv ri rqh vhj p hqw/ wkh p lqlp xp 0mhun wudmhfwru— lv d 8^{wk}0rughu sro— qrp ldolq w/ z krvh frhȷ flhqwv fdq eh hdvlo— ghwhup lqhg xvlqj wkh hqg0srlqwfrqvwudlqwv1 Lwlv wkhq srvvleoh wr lqwhj udwh wkh vt xduhg mhun dqdo— wlfdoo— / dqg vxp lwryhudoovhjp hqwv1Wkh mhun ri wkh rswlp do wudmhfwru— lv=

M_{W>ı>y>d}+W_{4///Q} >ı_{4///Q} >y_{4///Q} >d_{4///Q} , @ Q ∗ 4⋃

l@4 6 6d^5_l ∗ 5d_ld_{l. 4} . 6d^5_{l. 4}

+W_{l. 4} ∗ W_l,^7

. 57

6d_ly_l ∗ 5d_{l. 4}y_l . 5d_ly_{l. 4} ∗ 6d_{l. 4}y_{l. 4} +W_{l. 4} ∗ W_l,^6

. 7;

7y^5_l . : y_ly_{l. 4} . 7y^5_{l. 4}

+W_{l. 4} ∗ W_l,^5

. 453

+d_l ∗ d_{l. 4},+ı_l ∗ ı_{l. 4},

+W_{l. 4} ∗ W_l,^5

. :53

+y_l . y_{l. 4},+ı_l ∗ ı_{l. 4},

W_{l. 4} ∗ W_l

. :53+ı_l ∗ ı_{l. 4},^5

Qrwhwkdwwkhderyhh–suhvvlrq lvt xdgudwlf lq dooy dqg d/ dqg wkxvfdq ehp lqlp l˝hg z lwk uhvshfwwr wkrvh sdudp hwhuve— vhwwlqj wkhjudglhqwwr 3 dqg vroylqj +qxp hulfdoo— , wkhuhvxowlqj v— vwhp ri olqhduht xdwlrqv1 Xvlqj wklvp lqlp l˝dwlrq/ iruj lyhq sdvvdjhwlp hvW+dqg lqwhup hgldwhsrlqwsrvlwlrqvı,/ z hfdq frp sxwh wkhmhun iruwkhrswlp dowudmhfwru— =M_{W4///Q >ı4///Q} @ ⋃ ı@♭ >♮ >♯ p lqy4///Q >d4///Q MW>ı>y>d+W4///Q >ı4///Q >y4///Q >d4///Q , I lqdoo— / wkhixqfwlrq M_{W4///Q >ı4///Q} lvp lqlp l˝hg ryhudoosrvvleohW_{5///Q ∗ 4} xvlqj dqrqolqhduvlp soh– p hwkrg1 Z h irxqg wkdwwkh uhvxowlqj sdwk lvht xlydohqwwr u+v,/ dqg wkh vshhg surfflohvrewdlqhg lq wklvz d— z huh lqglvwlqjxlvkdeohiurp wkhvshhg surfflohvrewdlqhg z lwk wkhgluhfwp hwkrg deryh/ z khq lwz dvuxq hqrxj k wlp hv wr fflqg d joredop lqlp xp 1

S˘D˘fi + i tΛ*— t

Lq wkh ffluvwwz r wdvnv/ iru z klfk wkh frp sohwh sdwk z dv vshflfflhg dqg wkh p ryhp hqwz dv vxshulp srvhg rq lw/ vxemhfwv z huh deoh wr iroorz wkh vshflfflhg sdwkv dffxudwho— 1 Lq wkh 6G wdvn/ wkh p dmrulw— ri vxemhfwv z huh qrwdeoh wr uhsolfdwh wkh vshflfflhg vkdshv z hoo/ dqg glg qrwfrqyhujh wr d yhu— vwdeoh p ryhp hqwvwudwhj — lq 43 wuldov1 Diwhu wkh h–shulp hqwvxemhfwv uhsruwhg wkdwwkh— z huh dz duh ri wkhlu srru shuirup dqfh/ exwglg qrwnqrz krz wr shuirup wkh wdvn ehwwhu1 Dowkrxjk wklv lv dq lp sruwdqw lvvxh wr frqvlghu/ erwk wkh srz hu odz dqg wkh frqvwudlqhg p lqlp xp mhun p rghosuhglfwd vshhg surffloh j lyhq wkh dfwxdo/ qrwwkh ghvluhg sdwk ri wkh kdqg/ vr z h fdq vwloodsso— wkhp dqg dvvhvv wkh dffxudf— 44:

ri wkhlu suhglfwlrqv1 Lwz dv dovr revhuyhg wkdwwkh wruvlrq χ ydulhg udwkhu vp rrwko— / lqvwhdg ri ehlqj qrq˝hur rqo— dwd glvfuhwh vhwri srlqwv dv vxjj hvwhg e— P rudvvr +4¡; 6, dqg Vrhfkwlqj dqg Whu˝xror

+4¡; :,1 Ghyldwlrqv iurp slhfhz lvh0sodqdu gudz lqj lq 6G kdyh dovr ehhq revhuyhg e— J xvlv +4¡¡8,¿z h gr qrwdqdo— ˝h wklvglvfuhsdqf— ixuwkhuvlqfh lwlvqrwwkh irfxvri wkh suhvhqwvwxg— 1

Lq wkh yld0srlqwwdvn z h vshflfflhg irxu lqwhup hgldwh srlqwv/ dqg vxemhfwv z huh iuhh wr fkrrvh dq— sdwk wkdwsdvvhg wkurxjk wkhp lq wkh fruuhfwrughu1 Rxu frqvwudlqhg p lqlp xp mhun p hwkrg fdqqrw p dnh d suhglfwlrq derxwwkh dfwxdosdwk vxemhfwv fkrrvh lq wklv wdvn/ exwwkh rulj lqdop rgho+I odvk dqg Krj dq/ 4¡;8, suhglfwv wkdwwkh sdwk z looeh wkh rqh wkdwp lqlp l˝hv mhun1 Z kloh wklv lv riwhq wkh fdvh/ z h irxqg qxp hurxv v— vwhp dwlf ghyldwlrqv1 I lj 908 vkrz v gdwd iurp vl– glffihuhqwvxemhfwv¿hdfk sdluri sorwvuhsuhvhqwvwkh odvwfflyh rxwri wkh whq wuldov+grwwhg, wkdwwkh vxemhfwp dgh/ rq wkh ruljlqdo dqg wkh urwdwhg frqfflj xudwlrq ri yld0srlqwv1 Wkh vrolg olqh lv wkh p lqlp xp mhun sdwk/ z klfk uhp dlqv lqyduldqwwr urwdwlrq1 Qrwh wkdwwkh ghyldwlrqv duh qrwmxvwlvrodwhg wuldov/ exwvwdeoh vwudwhj lhvxwlol˝hg e— wkh vxemhfwv¿dovr/ wkh dfwxdosdwkv ghshqghg rq wkh rulhqwdwlrq ri wkh whp sodwh/ frqwudu— wr wkh p rgho suhglfwlrq1 Z kloh vrp h ri wkhvh ghyldwlrqv p d— eh wkh uhvxowri dup g— qdp lfv dffihfwlqj wkh sdwk/ wkh odujh glffihuhqfhv +h1j 1 8D, ehwz hhq wkh sdwkv dgrswhg e— glffihuhqwvxemhfwv iru wkh vdp h yld0 srlqwfrqffljxudwlrq vxj jhvwwkdwp xowlsoh yld0srlqwwdvnv p d— kdyh d vljqlfflfdqwfrjqlwlyh frp srqhqw/ l1h1 vxemhfwv kdyh wr vwxg— wkh frqfflj xudwlrq dqg ghflgh z kdwjhqhudosdwk wkh— z dqwwr wdnh1 Lq idfw z h revhuyhg wkdwrq wkh lqlwldowuldovlq d qhz frqfflj xudwlrq/ vxemhfwvvrp hwlp hv vwrsshg dqg fruuhfwhg wkhlu p ryhp hqw/ z klfk lv xqolnho— wr kdsshq li wkh— kdyh douhdg— sodqqhg d vp rrwk sdwk wkdwsdvvhv wkurxjk wkh yld0srlqwv lq wkh vshflfflhg rughu1Z kdwhyhuwkh uhdvrq iru wkhvh glvfuhsdqflhv/ z h frqfoxgh wkdwwkh rulj lqdop lqlp xp 0mhun p rghofdqqrwdffrxqwiru wkh vlj qlfflfdqwehwz hhq vxemhfwyduldelolw— rq p xowlsoh yld0srlqwwdvnv1

Z h qrz wxuq wr d t xdqwlwdwlyh frp sdulvrq ri rxup rghodqg wkh srz huodz 1I lj 909 vkrz vvxp p du— huuru vwdwlvwlfv/ iru doowdvnv dqg doohuuru p hdvxuhv/ ryhu wkh frp sohwh +ohiw, dqg p lggoh 93( ri wkh p ryhp hqw+ulj kw,1I ruhdfk vxemhfw/ z h frp sxwhg wkh p hgldq suhglfwlrq huurulq hdfk eorfn ri 43 wuldov dqg wkhq dyhudjhg ryhu doowhp sodwhv lq d jlyhq wdvn1 Wkh frqvwudlqhg p lqlp xp mhun p rghoshuirup hg xqlirup o— ehwwhu wkdq wkh p rglfflhg srz hu odz / z klfk lq wxuq z dv xqlirup o— ehwwhu wkdq wkh ruljlqdo srz huodz +wkh odwwhureylrxvo— kdvwr eh wkh fdvh,1Dqdo— vlvri yduldqfh vkrz hg wkdwlq wkh p dmrulw— ri wkhfrp sdulvrqv+wkh6G wdvn2frp sohwhp ryhp hqwvrq wkhP DG dqg VWG p hdvxuhvehlqj wkhh–fhswlrq, wkh glffihuhqfhv duh vlj qlfflfdqwdwwkh s ⋆ 3/38 ohyho1 I xuwkhup ruh/ wklv rughulqj krogv iru hyhu— vxemhfw z h whvwhg1Wkh glffihuhqfh lvht xdoo— odujh ryhuwkh frp sohwh p ryhp hqwdqg wkh p lggoh 93( / wkhuhiruh lw lvqrwh–sodlqhg e— wkh glvfuhsdqwsuhglfwlrqvri wkh srz huodz dwwkh hqg srlqwvri glvfuhwh p ryhp hqwv1

Wr dqdo— ˝h wkh ghshqghqfh ri wkh p rghoshuirup dqfh rq wkh whp sodwh ehlqj wudfhg/ z h dyhudj hg wkh gdwd ryhu vxemhfwv dqg frp sduhg wkh wkuhh suhglfwlrq p hwkrgv iru hdfk whp sodwh1 I lj 90: +dup wdvn 0 frp sohwh p ryhp hqwv, vkrz v wkdwwkh rughulqj krogv iru doowhp sodwhv z h whvwhg/ dqg qrwmxvwwkh rqhv wkdwlqfoxgh lqıhfwlrq srlqwv1Wklvz dvwuxhirudoowdvnv1Lwlvlqwhuhvwlqj wkdwwkh frqvwudlqhg p lqlp xp mhun p rghovkrz vd udwkhuxqlirup ohyhori shuirup dqfh/ erwk ryhuglffihuhqwwhp sodwhvdqg ryhuglffihuhqw wdvnv1Z h h–shfwhg wkdwwkhuh p lj kweh dq hffihfwri wuldoqxp ehu/ uhvxowlqj iurp ohduqlqj wkh sdwwhuq lq wkh frxuvh ri wkh 43 wuldov/ exwwkhuh z dv qr hylghqfh ri wkdw1 Lwlv vwloosrvvleoh wkdwlq p ruh glȷ fxow wdvnv wkh shuirup dqfh ri wkh p rghofkdqj hv z lwk h–shulhqfh/ exwwkhuh z dv vlp so— yhu— olwwoh ohduqlqj lq rxu h–shulp hqwv1Lqghhg wkh vsdwldohuuru glg qrwfkdqjh vlj qlfflfdqwo— ryhuwuldov1

Wkhuh duh vrp h glffihuhqfhv ehwz hhq wkh irxu huuru p hdvxuhv z h ghfflqhg1 Wkh p d–lp xp ghyldwlrq shqdol˝hv wkh ruljlqdo srz hu odz rq whp sodwhv z lwk lqıhfwlrq srlqwv/ vlqfh wkh suhglfwhg vshhg dw3 fxuydwxuhlvyhu— oduj h+lwz rxog ehlqfflqlwhli z hglgq*wdgg d vp doofrqvwdqwwr wkhfxuydwxuh,1Wkhp hdq devroxwh ghyldwlrq dqg wkh vwdqgdug ghyldwlrq duh yhu— vlp lodu/ xs wr d vfdolqj idfwru1Wkh xqh–sodlqhg yduldqfh vhhp v wr eh wkh p rvwvhqvlwlyh p hdvxuh 0lwlv wkh rqo— rqh wkdwghwhfwv vlj qlfflfdqwglffihuhqfhv lq wkh ehkdylru ri rxu p rghorq glffihuhqwwdvnv dqg whp sodwhv1 Wkxv lwz looeh wkh p hdvxuh xvhg lq wkh

44;

Complete trajectory Middle 60%

0% 50% 100%

150%

200%

250%

300%

M ax im u m d ev ia ti o n Original power law

Modified power law

Constrained min jerk

0% 5% 10% 15% 20% 25% 30% 35%

M ea n a b so lu te d ev ia ti o n

0% 10% 20% 30% 40% 50% 60%

S ta n d ar d d ev ia ti o n

0% 10% 20% 30% 40% 50% 60% 70% 80% 90%

Arm Via Hand 3D Arm Via Hand 3D U n ex p la in ed v ar ia n ce

I lj xuh 909=Vxp p du— huuruvwdwlvwlfv z lwk vwdqgdug huurueduv iru wkh wkuhh p rghov/ frp sxwhg ryhu wkh hqwluh p ryhp hqw+ohiw, dqg wkh p lggoh 93( +uljkw,/ iru doowdvnv dqg huuru p hdvxuhv1 I ru hdfk vxemhfw/ wkh p hgldq huuru vfruh lq hdfk eorfn ri 43 wuldov z dv frp sxwhg/ dqg wkh uhvxowv z huh dyhudj hg ryhu doo whp sodwhv lq wkh wdvn1

Arm task - complete trajectory

0% 50% 100%

150%

200%

250%

300%

M ax im u m d ev ia ti o n Original power law Modified power law Constrained min jerk

0% 5% 10% 15% 20% 25% 30% 35% 40%

M ea n a b so lu te d ev ia ti o n

0% 10% 20% 30% 40% 50% 60%

S ta n d ar d d ev ia ti o n

0% 20% 40% 60% 80% 100%

1 2 3 4 5 6 7 8

Template number U n ex p la in ed v ar ia n ce

I lj xuh 90:=Suhglfwlrq huuruv iru doohuuru p hdvxuhv dqg doowhp sodwhv lq wdvn 5 0frp sohwh p ryhp hqwv/ dyhudjhg ryhu vxemhfwv1

uhp dlqlqj sduwri wkh sdshu/ z khuh z h vwxg— krz wkh p rghoghshqgv rq wkh ghwdlov ri wkh wdvn1 Doo vxevht xhqwdqdo— vhvkdyh dovr ehhq shuirup hg z lwk wkh p hdq devroxwh ghyldwlrq p hdvxuh/ — lhoglqj yhu— vlp loduuhvxowv1

S˘D˘e Σ ?@*) tıt LutTi i ˙ ThL�*i t

Wkxviduz h kdyh frqvlghuhg vwdwlvwlfvedvhg rq wkh dyhudjh suhglfwlrq huuruv1Lq wklvvhfwlrq z h shuirup d p ruh ghwdlohg frp sdulvrq ri wkh dfwxdovshhg surfflohv1 I lj 90; vkrz v vshhg surfflohv ri doo; vxemhfwv wudflqj whp sodwhv4/5/6/8 iurp I lj 9061Wklvgdwd lviurp wkh qh–wh–shulp hqw/ z khuh d vkruwp ryhp hqw wlp h +418 vhf, z dv hqirufhg 0 wkhvh duh wkh frqglwlrqv xqghu z klfk erwk rxu p rghodqg wkh p rglfflhg srz huodz duhp rvwdffxudwh +vhhehorz ,1Z hkdyh vfdohg wkhodvw8 vshhg surfflohv+frp sohwhp ryhp hqwv, lq hdfk eorfn iruhdfk vxemhfw/ dqg dyhudj hg wkhp 1 Vrolg olqhv duh wkh dfwxdovshhg surfflohv/ wkh gdvkhg olqhv duh wkh frqvwudlqhg p lqlp xp mhun suhglfwlrqv/ dqg wkh grwwhg olqhv duh wkh p rglfflhg srz hu odz suhglfwlrqv1 Vlqfh vfdolqj grhv qrwdoljq wkh vshhg surfflohv shuihfwo— / dyhudj lqj lv qrwqhfhvvdulo— d p hdqlqjixorshudwlrq/ exwlwkhosv lghqwli— v— vwhp dwlf suhglfwlrq huuruv1 Qrwh wkdwz h vkrz dyhudjhv ryhu wkh suhglfwlrqv iru lqglylgxdowuldov/ qrwd suhglfwlrq iru wkh dyhudj h wuldo+z klfk z rxog eh ohvv p hdqlqjixovlqfh erwk suhglfwlrq p hwkrgvduh qrqolqhdu,1

Lwlv hylghqwwkdwwkh p rglfflhg srz hu odz suhglfwlrq kdv vlj qlfflfdqwv— vwhp dwlf huuru/ z klfk lv qrw uhvwulfwhg wr wkhhqg srlqwvri wkhp ryhp hqwv1Wkhıdwvshhg surfflohvlwsuhglfwvlq whp sodwh5 fruuhvsrqg wr d uhj lrq ri frqvwdqwfxuydwxuh +dv z dv qrwhg lq I lj 905,1 Z h frqfoxgh wkdwwkh srz hu odz fdswxuhv yhu— z hoowkh p d–lp d dqg p lqlp d ri wkh dfwxdovshhg surfflohv/ exwrwkhuz lvh lwlv qrwd vdwlvidfwru— p rghori wkh ghwdlov suhvhqwlq wkh h–shulp hqwdogdwd1 Z kloh vrp h ri wkh huuruv duh gxh wr vnhz lqj +dv

Z dqq hwdo1/ 4¡; ; dujxhg,/ wkh suhgrp lqdqwhuurulvlq wkh suhglfwhg ydoxhvdwwkh vshhg h–wuhp d1

Wkh suhglfwlrq ri wkh frqvwudlqhg p lqlp xp mhun p hwkrg lv p xfk p ruh dffxudwh/ dqg p rvwri wkh uhp dlqlqj huuru vhhp v wr eh gxh wr ehwz hhq0vxemhfwyduldelolw— 1 Vwloo/ wkhuh lv vrp h v— vwhp dwlf huuru ohiw1Wkh ffluvwvshhg p d–lp xp rq whp sodwh 4/ dqg wkh vhfrqg p d–lp xp rq whp sodwh 6 duh erwk voljkwo— xqghuhvwlp dwhg irudoovxemhfwv1Ryhudoo/ wkh suhglfwlrqvri wkh p rghoduh udwkhuforvh wr wkh h–shulp hq0 wdoo— revhuyhg vshhg surfflohv/ dqg lq vrp h fdvhv +odvw5 vxemhfwvlq whp sodwh 5 iruh–dp soh, lwlvkdug wr lp djlqh wkdwdq— p rghoz rxog eh p ruh dffxudwh1

Qh–wz h h–dp lqh gdwd iurp lqglylgxdowuldov/ vlqfh wkh dyhudj lqj surfhgxuh lvolnho— wr revfxuh vrp h ghwdlov1 I ru whp sodwhv 4/5/6/8/;/ z h srrohg doowuldov wrjhwkhu/ dqg irxqg wkh rqh iru z klfk erwk huuru vfruhv z huh dv forvh dv srvvleoh wr wkh fruuhvsrqglqj p hgldqv1 Wkh dfwxdo+vrolg,/ p rglfflhg srz hu odz

+grwwhg,/ dqg frqvwudlqhg p lqlp xp mhun +gdvkhg, vshhg surfflohviruwkh vhohfwhg wuldov+p lggoh 93( , duh vkrz q lq I lj 90¡1Z h fdq vhh wkdwwkhuh duh oduj h huuruvlq wkh srz huodz suhglfwlrq wkdwduh qrwuhodwhg wr hqg srlqwdffhohudwlrq +ghfhohudwlrq,1 Qrwh wkh xqqdwxudovkdus shdnv/ fruuhvsrqglqj wr lqıhfwlrq srlqwv+wkh— z huhvp rrwkhg rxwlq I lj 90;, 0dowkrxjk wkhp rglfflhg srz huodz dggvd srvlwlyhfrqvwdqwwr wkhfxuydwxuh+rswlp l˝hg iruwkhsduwlfxoduwuldo,/ wklvp hfkdqlvp lvdssduhqwo— qrwvxȷ flhqwwr ghdoz lwk lqıhfwlrq srlqwv1Z h p ljkwh–shfwwkdwli wkh sdwkvlqfoxghg vwudlj kwvhjp hqwv/ wkh shuirup dqfh ri wkh p rglfflhg srz hu odz z rxog eh hyhq z ruvh1 Wkh lqıhfwlrq srlqwv duh qrwwkh rqo— sureohp krz hyhu~qrwh wkh ghyldwlrqv lq wkh wrs uljkwsdqho/ z klfk fruuhvsrqg wr d sdwk z lwk vwulfwo— srvlwlyh fxuydwxuh1

S˘D˘D Ai 4 TL ÆΛU— Λ@— ıL?t @?˙ ti ˝4 i ?— @— ıL?

Erwk wkh frqvwudlqhg p lqlp xp 0mhun p rghodqg wkh p rglfflhg srz huodz dvvxp h wkdwwkh whp sr/ rujdlq/ ru˙sv— fkrorjlfdovshhg%ri wkh p ryhp hqwlvkhog frqvwdqw/ dqg wkh yduldwlrq lq vshhg lvrqo— uhodwhg wr wkh sdwk1 Fohduo— wkdwgrhvq*wkdyh wr eh wkh fdvh¿h1j1 z h fdq dvn wkh vxemhfwv wr vshhg xs wrz dugv wkh hqg ri wkh p ryhp hqw1 Lwlv frqfhlydeoh wkdwhyhq lq wkh devhqfh ri h–solflwlqvwuxfwlrqv wr frqwuro

1 2

3 5

I lj xuh 90; =Dyhudjh vshhg surfflohvirudoovxemhfwv/ vp doo418 vhfrqgvp ryhp hqwlq h–shulp hqw5 +7 ri wkh 8 whp sodwhv vkrz q/ qxp ehuv fruuhvsrqg wr whp sodwh srvlwlrqv lq ffljxuh 6,1 Dfwxdovshhg surffloh 0vrolg/ frqvwudlqhg p lqlp xp mhun suhglfwlrq 0gdvkhg/ srz huodz 0grwwhg1Doovshhg surfflohvz huh vfdohg ehiruh dyhudjlqj 1

I lj xuh 90¡=W— slfdoh–dp sohv ri vlqj oh wuldovshhg surfflohv +vrolg,/ frqvwudlqhg p lqlp xp mhun suhglfwlrq

+gdvkhg, dqg srz hu odz +grwwhg, rq vlqj oh wuldov0h–shulp hqw5/ p lggoh 93( ri wkh p ryhp hqw1

0.8 0.9 1 1.1

M od ifi ed P ow er L aw Continuous Gain Fluctuations

Min V Max V Min V Max V 0.8 0.9 1 1.1

C on st ra in ed M in J er k

I lj xuh 9043=J dlq ıxfwxdwlrqviruwkh p rglfflhg srz huodz dqg rxup rgho+frqvhfxwlyhp ryhp hqwvri rqh vxemhfwwudflqj whp sodwh 4,1Yhuwlfdoolqhv fruuhvsrqg wr srlqwv ri p d–lp xp dqg p lqlp xp vshhg1

vshhg/ wkhwhp sr ri wkhp ryhp hqwlvyduldeoh1I ruhdfk p rgho/ z hghfflqhwkhj dlq +ruwhp sr, dvwkhudwlr ehwz hhq wkh dfwxdodqg suhglfwhg vshhg surfflohvdwhdfk srlqwlq wlp h +wkh ghfflqlwlrq lvp rgho0ghshqghqw e— qhfhvvlw— ,1 Ylyldql dqg Fhq˝dwr +4¡;8, vxj jhvwhg wkdwwkh j dlq lv d slhfhz lvh0frqvwdqwixqfwlrq ri wlp h=lq hdfk vhj p hqwlwlvsursruwlrqdowr d srz huixqfwlrq ri wkh fruuhvsrqglqj sdwk ohqj wk=ζ @NS^δ +δ khuh fruuhvsrqgvwr wkh sdudp hwhuζ ghfflqhg e— Ylyldql dqg Fhq˝dwr,1

Z h frp sxwhg wkh j dlq idfwruirud qxp ehuri glvfuhwh p ryhp hqwv iruerwk p rghov/ dqg glg qrwfflqg dq— fdvh lq z klfk lwz dvfrqylqflqjo— slhfh0z lvh frqvwdqw1I lj 9043 vkrz vd w— slfdosorw̃fflyh frqvhfxwlyh wuldov irurqh vxemhfwwudflqj whp sodwh 41Z h wkhq dssolhg wkh vhj p hqwhg yhuvlrq ri wkh p rglfflhg srz hu odz wr wkhgdwd iurp doovxemhfwvrq wkhdup wdvn 0vxevhwri whp sodwhvxvhg lq H–shulp hqw5 +vhhehorz ,1 Hdfk p ryhp hqwz dvvhj p hqwhg dwwkhvshhg p d–lp d +fruuhvsrqglqj wr fxuydwxuhp lqlp d,1Wkhsruwlrqv ehwz hhq wkh hqg srlqwv dqg wkh forvhvwvhj p hqwerxqgdu— z huh holp lqdwhg1 Z h dssolhg wkh p rglfflhg srz huodz z lwk vhjp hqwdwlrq z lwk hlwkhuffl–hg δ @3/58 +z klfk z dvirxqg wr eh wkh rswlp doffl–hg ydoxh, ru δ ehlqj rswlp l˝hg iru hdfk lqglylgxdowuldori hdfk vxemhfw+p dnlqj wkh frp sdulvrq wr rxu p rgho vrp hz kdwxqidlu,1

I lj 9044 vkrz v wkh vshhg suhglfwlrq huuru/ uhodwlyh wr wkh suhglfwlrq huuru ri wkh qrq0vhj p hqwhg p rglfflhg srz hu odz / iru wkh 5 glffihuhqwvhj p hqwdwlrq p hwkrgv1 Wkh lp suryhp hqwlq doofdvhv lv p xfk vp doohu frp sduhg wr wkh lp suryhp hqwri wkh +qrq0vhj p hqwhg, frqvwudlqhg p lqlp xp 0mhun p hwkrg ryhu wkh p rglfflhg srz hu odz 1 Wklv vhj p hqwdwlrq p hwkrg z dv dovr dssolhg dwvshhg p lqlp d +fruuhvsrqglqj wr fxuydwxuh p d–lp d 0dvlq wkh p rghori P rudvvr dqg P xvvd0Lydogl/ 4¡; 6, — lhoglqj yhu— vlp loduuhvxowv1 Qrwhwkdwwkhrswlp doffl–hg ydoxhri δ @3/58 lvvlj qlfflfdqwo— vp doohuwkdq wkhydoxhri δ @3/9 revhuyhg e— Ylyldql dqg Fhq˝dwr +4¡;8,1Vlqfhδ @3 fruuhvsrqgvwr d odfn ri vhjp hqwdwlrq/ wklvlvdqrwkhulqglfdwlrq

Effects of segmentation

0% 10% 20% 30% 40% 50% 60% 70% 80% 90% 100%

Fixed alpha = 0.25 Optimized alpha Min jerk U n ex p la in ed v ar ia n ce ( p o w er l aw 1 = 1 0 % )

I lj xuh 9044=I ruhdfk vhjp hqwdwlrq p hwkrg +ffl–hg δ @3/58 ruδ rswlp l˝hg vhsdudwho— iruhdfk wuldo, dqg rxu p rgho/ z h vkrz wkh suhglfwlrq huuru uhodwlyh wr wkh suhglfwlrq huuru ri wkh xqvhjp hqwhg p rglfflhg srz huodz / dssolhg ryhuwkh vdp h sruwlrq ri wkh sdwk dvwkh rqh vhohfwhg e— wkh vhjp hqwdwlrq vfkhp h1 wkdwvhjp hqwdwlrq lv vlp so— qrwsuhvhqwlq rxu gdwd/ dqg wkh whp sr ıxfwxdwlrqv duh frqwlqxrxv dqg dw suhvhqwxqsuhglfwdeoh1 Wkh ıxfwxdwlrqv lq I lj 9043 duh v— vwhp dwlf vlqfh wkh wuldov duh iurp wkh vdp h vxemhfw/ exwwkh— ehfrp h xqsuhglfwdeoh dfurvvvxemhfwv +dvfdq eh lqihuuhg iurp I ljxuh 90;,1

Z kloh wkh ghwdlov ri wkh j dlq ıxfwxdwlrqv fdqqrweh h–sodlqhg/ wkhlu p djqlwxgh +gluhfwo— uhodwhg wr suhglfwlrq huuru, frxog ydu— v— vwhp dwlfdoo— z lwk vrp h rwkhu yduldeoh1 Z h douhdg— vdz wkdwlwlv qrw yhu— vhqvlwlyh wr wkh wdvn/ ruwkh whp sodwh ehlqj wudfhg1D frp sdulvrq ri suhglfwlrq huururyhuvxemhfwv krz hyhuuhyhdohg d vwurqj fruuhodwlrq ehwz hhq krz udslgo— vxemhfwvp ryhg rq wkh dyhudj h/ dqg krz z hoo wkhfrqvwudlqhg p lqlp xp mhun p rghosuhglfwhg wkhluvshhg surfflohv+d z hdnhufruuhodwlrq z dvrevhuyhg iru wkh p rglfflhg srz huodz ,1I lj 9045 vkrz vd vfdwwhusorwri p hdq p ryhp hqwgxudwlrq +ryhudoowhp sodwhv, dqg p hdq suhglfwlrq huuru iru rxu p rgholq doowdvnv1 Wkhuh duh vhyhudosrvvleoh lqwhusuhwdwlrqv ri wklv uhvxow1 Lwp d— eh wkdwwkh whp sr ıxfwxdwlrqv dffxp xodwh z lwk p ryhp hqwwlp h/ wkxv p ryhp hqwv wkdw wdnhorqjhukdyhohvvsuhglfwdeohvshhg surfflohv1Lwlvdovr srvvleohwkdwdwklj k dyhudjhvshhg/ p ryhp hqwv duhiruvrp huhdvrq p ruhuhj xodu1Vlqfhz hglg qrwydu— wkhvl˝hri wkhwhp sodwhvv— vwhp dwlfdoo— / gxudwlrq z dv fruuhodwhg z lwk vshhg +Z dqq hwdo1 4¡; ; dovr revhuyhg wkdwwkh srz hu odz krogv ehwwhu iru idvwhu p ryhp hqwv/ dqg dwwulexwhg wkhhffihfwwr vshhg lqvwhdg ri gxudwlrq,1Dqrwkhusrvvlelolw— lvwkdwwkh hffihfw lv d vsxulrxv ehwz hhq0vxemhfwfruuhodwlrq/ l1h1 vrp h vxemhfwv qdwxudoo— surgxfh p ruh suhglfwdeoh vshhg surfflohv/ dqg wkh vdp h vxemhfwvwhqg wr p dnh idvwhup ryhp hqwvz khq gxudwlrq lvqrwvshflfflhg1Wkh qh–w h–shulp hqwz dvghvljqhg wr glvwlqj xlvk ehwz hhq wkhvh srvvlelolwlhv1

1 1.5 2 2.5 3 5

10

15

20

25

30

Time (sec)

U ne xp la in ed v ar ia nc e (% ) Arm Task r^2=0.78

1 1.5 2 2.5 12 14 16 18 20 22 24 26

Time (sec)

U ne xp la in ed v ar ia nc e (% ) Via Task r^2=0.65

0.6 0.8 1 1.2 1.4 1.6 10 15 20 25 30 35 40 45

Time (sec)

U ne xp la in ed v ar ia nc e (% ) Hand Task r^2=0.81

1.2 1.4 1.6 1.8 2 2.2 10 15 20 25 30 35 40 45 50 55 60

Time (sec)

U ne xp la in ed v ar ia nc e (% ) 3D Task r^2=0.30

I lj xuh 9045= Vfdwwhusorwri p ryhp hqwgxudwlrq yv1 suhglfwlrq huuru iru wkh frqvwudlqhg p lqlp xp mhun p rgho/ doowdvnv1 Hdfk gdwd srlqwuhsuhvhqwv rqh vxemhfw/ wkh uhvxowv z huh dyhudjhg ryhu doowuldov wkh vxemhfwp dgh lq wkh fruuhvsrqglqj wdvn1

45:

3 sec

1.5 sec 1.5 sec

Duration

Si ze V el oc ity

I lj xuh 9046=Vfkhp dwlf uhsuhvhqwdwlrq ri wkh 6 frqglwlrqvlq wkh h–shulp hqw1

S˘S , Ti hı4 i ?— S˘2

Wr holp lqdwh wkh srvvlelolw— wkdwehwz hhq0vxemhfwyduldelolw— fdq dffrxqwiruwklvfruuhodwlrq/ wkh h–shu0 lp hqwkdg d z lwklq0vxemhfwghvljq1 Z h qrz vshflfflhg wkh gxudwlrq ri wkh p ryhp hqw/ dqg dovr ydulhg wkh vsdwldovfdoh/ z klfk doorz hg xvwr glvwlqj xlvk ehwz hhq wkh hffihfwvri p ryhp hqwgxudwlrq dqg dyhudjh vshhg +dqg vl˝h,1D qhz jurxs ri ; vxemhfwv z dvuhfuxlwhg iruwklvh–shulp hqw1

S˘S˘� ¨ i — ΞL˙t

Wkh vhwxs z dv wkh vdp h dv lq wdvn 5 0 vxemhfwv z huh dvnhg wr p dnh dup p ryhp hqwv rq d krul˝rqwdo wdeoh/ e— wudflqj d frqwlqxrxv fxuyh surmhfwhg rq wkh wdeoh1 Wr uhgxfh h–shulp hqwdowlp h/ z h xvhg dq duelwudu— vxevhwri 8 whp sodwhv+4/5/6/8/; lq I lj 906,/ hdfk suhvhqwhg lq 6 eorfnvri 43 lghqwlfdowuldov1Lq eorfn 4/ wkh whp sodwh z dv odujh +vdp h vl˝h dv lq h–shulp hqw4,/ dqg ghvluhg p ryhp hqwgxudwlrq z dv 6 vhfrqgv1Lq eorfn 5/ wkh whp sodwh z dvdovr oduj h/ dqg gxudwlrq z dv418 vhfrqgv1Lq eorfn 6/ wkh whp sodwh z dv vfdohg grz q e— d idfwru ri 5/ dqg ghvluhg gxudwlrq z dv 418 vhfrqgv1 Wkxv/ eorfnv 4 dqg 5 z huh p dwfkhg iruvl˝h/ eorfnv5 dqg 6 irup ryhp hqwgxudwlrq/ dqg eorfnv4 dqg 6 irudyhudjh vshhg +dvvxp lqj ri frxuvh wkdwvxemhfwv surgxfhg p ryhp hqwv ri wkh vshflfflhg gxudwlrqv/ z klfk wkh— glg, 0vhh I lj 90461

Dwwkh ehj lqqlqj ri hdfk wuldo/ wkh vxemhfwsrvlwlrqhg wkh hqg0srlqwlq wkh vwduwlqj duhd dqg z dlwhg iru wkh vwduwflufoh wr glvdsshdu/ frqfflup lqj d fruuhfwlqlwldosrvlwlrq1 Wkh frp sxwhu vrxqghg d ehhs z khq wkh vxemhfwvwduwhg p rylqj dqg d vhfrqg ehhs z khq wkh vxemhfwvwrsshg p rylqj1 Diwhu hdfk wuldo/ wkh dfwxdogxudwlrq z dv vkrz q +lq xqlwvri 42433 vhfrqgv,1Wkh ghvluhg gxudwlrq z dv sulqwhg rq wkh vfuhhq wkurxjkrxwwkh h–shulp hqw1 Vxemhfwv z huh wrog z kdwwkh qxp ehuv p hdqwdqg z huh lqvwuxfwhg wr wudfh wkh sdwkviru wkh vshflfflhg gxudwlrqv1

45;

vshhg surfflohv lq vkruwgxudwlrq p ryhp hqwv duh vrp hkrz glffihuhqw2vlp sohu/ dqg dq— p rghoz rxog — lhog ehwwhuuhvxowv1Wr dvvhvvwklvdowhuqdwlyh/ z hkdyhlqfoxghg lq I lj 9047 dqrwkhusuhglfwlrq p hwkrg uhodwhg wr wkh dp rxqwri wuldo0wr0wuldoyduldelolw— suhvhqwlq d eorfn ri lghqwlfdowuldov1 Z h frp sxwhg wkh p hdq vshhg surffloh ryhu hdfk eorfn ri 43 wuldov +vhsdudwho— iru hdfk vxemhfw,/ dqg xvhg lwwr suhglfwwkh vshhg surffloh iru hdfk ri wkh lqglylgxdo wuldov1 Wkh sdwwhuq ri suhglfwlrq huuruv z h vhh lq I lj 9047 lv yhu— glffihuhqw= lwdsshduv wkdwwuldo0wr0wuldo yduldelolw— ghfuhdvhv z lwk vshhg udwkhu wkdq gxudwlrq/ dqg lv hvvhqwldoo— wkh vdp h ryhuwkh hqwluh p ryhp hqwdqg wkh p lggoh 93( 1Wkxvwkh klj khup rghodffxudf— iru vkruwhu gxudwlrqv uhvxowv iurp d vwurqj hu frxsolqj ehwz hhq sdwk dqg vshhg/ udwkhu wkdq d glffihuhqfh lq wkh vshhg surfflohvwkhp vhoyhv1

S˘S˘fi Ahı@*´— L´— hı@*ffl@hı@Mı*ı—)

Lwlvriwhq dvvxp hg wkdwwkhp rwruv— vwhp frqvwuxfwvd sodq ri wkhghvluhg wudmhfwru— iruwkhfxuuhqwwdvn/ dqg lqvwdqwldwhvwkdwsodq rq hdfk sduwlfxoduwuldo1Dowkrxjk wkhuh lvqr z lghvsuhdg dj uhhp hqwrq z kdw h–dfwo— vxfk d sodq p lj kwfrqwdlq/ lwvhhp v uhdvrqdeoh wr dvvxp h wkdwwkh dfwxdowudmhfwrulhv surgxfhg rq frqvhfxwlyh wuldovrq wkh vdp h wdvn duh yduldwlrqvdurxqg wkh vdp h sodq/ z khuh wkh yduldelolw— lvgxh wr xqvshflfflhg vrxufhv ri qrlvh1 Wkxv wkh dyhudjh wudmhfwru— ryhu d eorfn ri lghqwlfdowuldov fruuhvsrqgv wr wkh p ryhp hqwwkdwz rxog uhvxowiurp wkh sodq lq wkh devhqfh ri yduldelolw— 1Lq vxssruwri wklvqrwlrq/ lwkdvehhq revhuyhg wkdwwkh vshhg surfflohvri uhdfklqj p ryhp hqwvri glffihuhqwohqj wk dqg gxudwlrq fdq eh doljqhg dop rvwshuihfwo— diwhuvwudljkwiruz dug uhvfdolqj / dqg frp sohwh p rghovri wudmhfwru— irup dwlrq vxfk dv wkh ruljlqdop lqlp xp mhun p rghoru wkh p lqlp xp wrut xh0fkdqjh p rgho+Xqr hwdo1 4¡; ;, kdyh ehhq dssolhg wr wkh dyhudjh wudmhfwru— 1

Xqghu wkhvh dvvxp swlrqv/ z h fdq dwwhp swwr lghqwli— wkh ohyhori surfhvvlqj z khuh wkh uhodwlrqvkls ehwz hhq sdwk dqg vshhg hp huj hv1 Lq sduwlfxodu/ wkh vp rrwkqhvv revhuyhg lq h–shulp hqwdogdwd p d— eh douhdg— suhvhqwlq wkh sodq/ lq z klfk fdvh rxu p rghovkrxog dsso— ehwwhu wr wkh dyhudj h wudmhfwru— wkdq wr vlqjoh0wuldo wudmhfwrulhv +qrwh wkdwdyhudjlqj e— lwvhoi grhv qrwqhfhvvdulo— surgxfh vp rrwkhu wudmhfwrulhv/ l1h1 li z h dyhudj h vhyhudorswlp dowudmhfwrulhv z h z loorewdlq d vxerswlp dorqh 0 ehfdxvh wkh p rgho lv qrqolqhdu,1 I xuwkhup ruh/ wkh vshhg surffloh suhglfwhg iurp wkh dyhudj h sdwk vkrxog eh p ruh dffxudwh lq h–sodlqlqj wkh vlqj oh wuldovshhg surfflohv wkdq wkh suhglfwlrqvrewdlqhg iurp wkh vlqjoh wuldosdwkv1 Lq wkh qrwdwlrq ri I lj 9048 +z khuh P M+/, lv wkh vshhg suhglfwhg e— wkh p rghoiru d jlyhq sdwk/ ‖/↕ vlj qlfflhvdyhudjlqj ryhu d eorfn ri wuldov/ dqg =lvwkh huuruehwz hhq dfwxdodqg suhglfwhg vshhg surfflohv,/ P M+sdwk, =vshhg A P M+‖sdwk↕, =vshhg A P M+‖sdwk↕, =‖vshhg↕1Dowhuqdwlyho— / li vp rrwkqhvv lvlqkhuhqwlq wkh+xqnqrz q, vrxufhvri yduldelolw— / z hvkrxog h–shfwwkhvlqjohwuldosuhglfwlrqvwr ehp ruh dffxudwh wkdq erwk dyhudjh p hwkrgv=P M+sdwk, =vshhg ⋆ P M+‖sdwk↕, =vshhg ⋆ P M+‖sdwk↕, =‖vshhg↕1 Vlqfh wklv dqdo— vlv lv p rvwolnho— wr — lhog fohdu uhvxowv z khq wkh p rghoz runv ehvw/ z h irfxvhg rq wkh gdwd iurp doo418 vhf p ryhp hqwv lq h–shulp hqw51 Dv I lj 9048 vkrz v/ qrqh ri wkh deryh rughulqjv krog1 Lwlv wuxh wkdwwkh frqvwudlqhg p lqlp xp mhun p rghoghvfulehv wkh dyhudj h wudmhfwru— ehwwhu wkdq lqglylgxdowudmhfwrulhv= P M+sdwk, =vshhg A P M+‖sdwk↕, =‖vshhg↕/ wkhuhiruh vp rrwkqhvv lv suhvhqwlq wkh sodq dqg dgglqj yduldelolw— ghfuhdvhvwkh sodqqhg vp rrwkqhvv1Krz hyhu/ wkh vshhg surffloh suhglfwhg iurp wkh dyhudjh sdwk h–sodlqvwkh lqglylgxdovshhg surfflohvd orwz ruvh wkdq wkh vlqj oh wuldosuhglfwlrqv=

P M+sdwk, =vshhg ⋆ P M+‖sdwk↕, =vshhg1 Lq idfw/ hyhq wkh dyhudj h vshhg surffloh +z klfk lv wkh ehvw srvvleohfrqvwdqwsuhglfwru, shuirup vz ruvhwkdq wkhvlqj ohwuldosuhglfwlrq p hwkrg=P M+sdwk, =vshhg ⋆

‖vshhg↕ =vshhg1Wkhuhiruh/ wkh wuldo0wr0wuldoyduldelolw— revhuyhg lq vshhg surfflohvlvsduwldoo— suhglfwdeoh j lyhq wkh wuldo0wr0wuldoyduldelolw— lq wkh sdwk1Qrwh wkdwvshhg suhglfwlrqvedvhg rq wkh whp sodwh udwkhu wkdq wkh dyhudj h sdwk duh d orwohvv dffxudwh/ vxj jhvwlqj wkdwwkh vsdwldoghyldwlrqv iurp wkh vshflfflhg whp sodwh p d— eh suhvhqwlq wkh sodq1

Lq vxp p du— / wkh slfwxuh wkdwhp huj hv iurp wklv dqdo— vlv lv wkh iroorz lqj = wkh uhodwlrqvkls ehwz hhq

Complete trajectory - all 1.5 sec movements

0% 5% 10% 15% 20% 25% 30% 35% 40% 45% 50%

MJ(template):<speed>

MJ(template) : speed

MJ(<path>) : <speed>

MJ(<path>) : speed

<speed> : speed

MJ(path) : speed

Unexplained variance

Middle 60% - all 1.5 sec movements

0% 5% 10% 15% 20% 25% 30% 35% 40% 45% 50%

MJ(template):<speed>

MJ(template) : speed

MJ(<path>) : <speed>

MJ(<path>) : speed

<speed> : speed

MJ(path) : speed

Unexplained variance

I lj xuh 9048=Frp sdulvrq ri suhglfwlrq huuruv ri rxu p rgho+rq doo418 vhf p ryhp hqwv lq h–shulp hqw5, dqg srvvleoh uhfrqvwuxfwlrqv ri d ˙fhqwudosodq%1 P M+sdwk, =vshhg 0 rxu p rgho/ dssolhg rq d wuldo0 e— 0wuldoedvlv +gdun edu,1 ‖vshhg↕ =vshhg 0wkh dyhudjh vshhg surffloh ryhu d eorfn ri 43 wuldov/ xvhg wr suhglfwhdfk lqglylgxdovshhg surffloh1 P M+‖sdwk↕, =vshhg 0 wkh vshhg surffloh jhqhudwhg e— rxu p rgho iru wkh dyhudj h sdwk/ dqg xvhg wr suhglfwhdfk lqglylgxdovshhg surffloh1 P M+‖sdwk↕, =‖vshhg↕ 0 wkh vshhg surffloh jhqhudwhg e— rxup rghoiruwkh dyhudjh sdwk/ dqg xvhg wr suhglfwwkh dyhudjh vshhg surffloh1 P M+whp sodwh, =‖vshhg↕ 0wkh vshhg surffloh jhqhudwhg e— rxup rghoiruwkh vshflfflhg whp sodwh/ dqg xvhg wr suhglfwwkh dyhudj h vshhg surffloh1 P M+whp sodwh, =vshhg 0wkh vshhg surffloh jhqhudwhg e— rxu p rgho iruwkh vshflfflhg whp sodwh/ dqg xvhg wr suhglfwhdfk lqglylgxdovshhg surffloh1

vshhg dqg sdwk lvsuhvhqwlq wkh sodq/ dqg lvvwurqjhuwkdq wkdwrevhuyhg rq lqglylgxdowuldov1Krz hyhu/ wkh wuldo0wr0wuldoyduldelolw— lv qrwdwdoo%udqgrp %¿wkh sdwk dqg wkh vshhg surffloh uhsuhvhqwhg lq wkh fhqwudo sodq duh p rglfflhg wrjhwkhu lq d z d— wkdwsuhvhuyhv wkh sodqqhg vp rrwkqhvv1 Lwlv ri frxuvh srvvleoh wkdwd vwulfwvhsdudwlrq ehwz hhq sodqqlqj dqg h–hfxwlrq grhv qrwh–lvw/ dqg wkxv wkh deryh dqdo— vlv— lhogv p l–hg uhvxowv1

S˘. # ıtUΛttıL?

Wklvsdshukdvsuhvhqwhg d frqvwudlqhg p lqlp xp 0mhun p rghori wkh uhodwlrqvkls ehwz hhq kdqg sdwk dqg vshhg surffloh ri frp soh– dup p ryhp hqwv1Z h dssolhg wkh p rghowr d z lgh udqj h ri vsdwldoo— frqvwudlqhg p rwru wdvnv lqyroylqj glvfuhwh p ryhp hqwv ri vkruwgxudwlrqv dqg duelwudu— sdwkv1 Wkh qhz p rgho sursrvhg khuh xqlfflhvwz r vhwvri h–shulp hqwdorevhuydwlrqv=wkh fkdudfwhulvwlf ehoo0vkdshg vshhg surffloh ri vwudlj kwuhdfklqj p ryhp hqwv/ dqg wkh sdwk0vshhg uhodwlrqvkls lq h–whp srudqhrxv p ryhp hqwv z lwk frp soh– sdwkv1Wkh vshhg suhglfwlrqvri rxup rghoduh ht xlydohqwwr wkrvh ri wkh rulj lqdop lqlp xp 0mhun p rghoz khq wkh sdwk lvvwudlj kw/ dqg p ruh dffxudwh z khq wkh I odvk dqg Krj dq +4¡;8, p rghoidlovlq wkh sdwk suhglfwlrq1 Z kloh rxu p rghoxvhv wkh hqwluh sdwk +l1h1 d frqwlqxrxv fxuyh, wr suhglfwvshhg/ lwlv srvvleoh lqvwhdg wr uhsuhvhqwwkh sdwk dvd odujh qxp ehuri lqwhup hgldwh srlqwvdqg srvvleo— wdqjhqwvdw wkrvh srlqwv0li vxfk d uhsuhvhqwdwlrq frqwdlqvvxȷ flhqwlqirup dwlrq wr uhfrqvwuxfwwkh frqwlqxrxvsdwk wkurxjk vrp h lqwhusrodwlrq p hwkrg/ wklvehfrp hvht xlydohqwwr rxup rgho1Lq sudfwlfh/ iruwkh idp lo— ri whp sodwhv vwxglhg khuh z h kdyh irxqg wkdwwkh hqwluh sdwk fdq eh uhfrqvwuxfwhg iurp derxw43 srlqwv vdp sohg dwht xdoglvwdqfhv1 Wklv grhv qrwlp so— dq— lqwhuqdouhsuhvhqwdwlrq frqvlvwlqj ri 43 glvfuhwh srlqwv0lwlvvlp so— d frqvht xhqfh ri wkh p dwkhp dwlfdoidfwwkdwfxuyhvdvvp rrwk dvwkh rqhvxvhg khuh fdq hdvlo— eh uhfrqvwuxfwhg wkurxj k lqwhusrodwlrq1

Z hvkrz hg wkdwdowkrxj k p dwkhp dwlfdoo— wkhfrqvwudlqhg p lqlp xp 0mhun p rgho— lhogvsuhglfwlrqvwkdw duh j hqhudoo— vlp loduwr wkh srz huodz / lwvshuirup dqfh lvvljqlfflfdqwo— ehwwhuwkdq erwk wkh ruljlqdodqg p rglfflhg yhuvlrqvri wkh srz huodz / irudoowdvnvdqg p ryhp hqwwhp sodwhvz h vwxglhg1I xuwkhup ruh/ wkh p rghoqdwxudoo— h–whqgvwkh sdwk0vshhg uhodwlrqvkls suhylrxvo— revhuyhg lq h–whp srudqhrxvp ryhp hqwv wr lqfoxghwkhdffhohudwlrq dqg ghfhohudwlrq skdvhvri glvfuhwhp ryhp hqwv/ z klfk duhp xfk p ruhfrp p rq1

Wkxv/ lwfdq eh duj xhg wkdwwkh orfdovshhg0fxuydwxuh uhodwlrqvkls h–suhvvhg e— wkh srz hu odz / wr wkh h–whqwwkdwlwfflwv h–shulp hqwdogdwd/ fdq eh ghulyhg iurp d p ruh joredovp rrwkqhvv frqvwudlqwwkdw uhodwhv wkh sdwk wr wkh vshhg surffloh1

Lq frp sdulqj dq— wz r p rghov/ z h kdyh wr orrn qrwrqo— dwwkhlufrp shwhqfh lq dffrxqwlqj iruh–shu0 lp hqwdogdwd/ exwdovr dwwkh p rghofrp soh–lw— +Rffdp *vud˝ru,1 Z h hp skdvl˝h wkdwp rghofrp soh–lw— kdvqrwklqj wr gr z lwk wkhfrp soh–lw— ri wkhp dwkhp dwlfvlqyroyhg¿lqvwhdg lwlvuhodwhg wr krz p dq— dqg z kdwiuhh sdudp hwhuv duh xvhg lq fflwwlqj wkh gdwd1 Lq wkdwvhqvh/ wkh frqvwudlqhg p lqlp xp 0mhun p rgho dqg wkh rulj lqdosrz hu odz duh ht xlydohqw0wkh— erwk srvwxodwh wkdwwkh vshhg surffloh ri d p ryhp hqw lv d z hooghfflqhg ixqfwlrq ri kdqg sdwk/ dqg gr qrwuht xluh dq— h–wud sdudp hwhuv1 Wkh p rglfflhg srz hu odz kdv klj khu p rghofrp soh–lw— vlqfh lwlqyroyhv d iuhh sdudp hwhu +ϵ, h–wudfwhg iurp wkh revhuyhg wudmhfwrulhv1 I xuwkhup ruh/ dooyhuvlrqv ri wkh srz hu odz uht xluh h–wud p hfkdqlvp v iru ghdolqj z lwk uh0 j lrqv ri ˝hur fxuydwxuh/ dqg z lwk ˝hur vshhg dwwkh hqgsrlqwv ri d glvfuhwh p ryhp hqw1 Wkxv z h duj xh wkdwwkh vwdwlvwlfdofrp soh–lw— ri wkh p rghosuhvhqwhg khuh/ z khq dssolhg wr glvfuhwh p ryhp hqwv z lwk lqıhfwlrq srlqwvruvwudlj kwvhj p hqwv/ lvqr juhdwhuwkdq dq— yhuvlrq ri wkh 526 srz huodz 1Z h dovr kdyh wr frp sduh wkh glȷ fxowlhvlqyroyhg lq wkh srvvleoh elrorjlfdolp sohp hqwdwlrq ri hdfk p rgho1 I urp wkdw srlqwri ylhz wkh srz hu odz p d— dsshdu p ruh dsshdolqj vlqfh lwlv dqdo— wlfdoo— wudfwdeoh +l1h1 vshhg fdq eh rewdlqhg gluhfwo— iurp fxuydwxuh/ z lwkrxwdq— qxp hulfdodssur–lp dwlrq,1 Li z h eholhyh wkdwwkh elrorj lfdov— vwhp dfwxdoo— xvhv wkh frqfuhwh p dwkhp dwlfdoirup xod/ wklv lv fhuwdlqo— d elj dgydqwdjh1

Krz hyhu z h duh ghdolqj z lwk p rghov wkdwrqo— t xdqwli— lqwulqvlf uhodwlrqvklsvehwz hhq sdwk dqg vshhg/ lqvwhdg ri vshfli— lqj d uhflsh iru wudmhfwru— irup dwlrq1 I ru h–dp soh/ lwkdv ehhq vxj jhvwhg wkdwd 526 srz hu odz p d— hp huj h rxwri wkh frp soh– qrqolqhdu lqwhudfwlrqv ri d odujh qxp ehu ri gluhfwlrq0wxqhg qhxurqvlq sulp du— p rwrufruwh– +Oxndvklq dqg J hrujrsrxorv/ 4¡¡6, 0vxfk dq lp sohp hqwdwlrq grhvqrw xvh wkh dqdo— wlfdowudfwdelolw— ri wkh srz hu odz / holp lqdwlqj dq— dgydqwdj h lwp d— kdyh ryhu wkh p rgho suhvhqwhg khuh1

Frqwudu— wr suhylrxvlqyhvwlj dwlrqv+Ylyldql dqg Fhq˝dwr/ 4¡;8, z hglg qrwfflqg hylghqfhiruvhjp hq0 wdwlrq¿lqvwhdg wkh˙whp sr%vhhp hg wr ıxfwxdwhudwkhuvp rrwko— dqg xqsuhglfwdeo— 1Z hwklqn wklvlvgxh wr wkh glffihuhqwqdwxuh ri wkh p ryhp hqwv vwxglhg khuh1 Suhylrxv z run rq vhj p hqwdwlrq kdv irfxvhg rq uhshwlwlyh p ryhp hqwv ri orqj gxudwlrq/ z klfk lp solhg +dwohdvwylvxdoo— , d udwkhu reylrxv vhjp hqwdwlrq sdwwhuq1 Lqvwhdg z h xvhg p ryhp hqwgxudwlrqv ri rqh0wz r vhfrqgv/ z lwk whp sodwhv wkdwduh qrwreyl0 rxvo— frp srvhg ri d vp dooqxp ehu ri vlp soh fxuyhv frqfdwhqdwhg wrj hwkhu1 Lwlv srvvleoh wkdwglvfuhwh p ryhp hqwv ri vxfk vkruwgxudwlrq duh qrwlqwhuqdoo— vhj p hqwhg/ hyhq z khq wkh— kdyh frp soh– sdwkv1 Dowhuqdwlyho— / wkh ghfrp srvlwlrq lqwr vhjp hqwv p d— eh yduldeoh iurp wuldowr wuldo/ suhyhqwlqj xv iurp fflqglqj dq— hylghqfh irulw1

Wkh kljk dffxudf— ri wkh frqvwudlqhg p lqlp xp 0mhun p rghodoorz hg xvwr p dnh wz r lp sruwdqwrevhu0 ydwlrqvwkdwkdyh qrwuhfhlyhg suhylrxvdwwhqwlrq= d, wkh uhodwlrqvkls ehwz hhq sdwk dqg vshhg lv vwurqj hu iru p ryhp hqwv ri vkruwhu gxudwlrq/ dqg lv qrw dffihfwhg e— vsdwldovfdoh ru dyhudj h vshhg +lwlv dovr udwkhuxqlirup dfurvvwdvnv dqg p ryhp hqwsdwkv,¿ e, wkh sdwk ri wkh kdqg rq d sduwlfxoduwuldofrqwdlqvvljqlfflfdqwlqirup dwlrq derxwwkh vshhg surffloh rq wkdwvdp h wuldo¿wklvlqirup dwlrq lvorvwli z h rqo— vwxg— wkh dyhudj h sdwk ryhud eorfn ri lghqwlfdowuldov1 Suhvhqwo— wkh p rgholvdssolhg wr wkh frp sohwh sdwk/ — lhoglqj d frp sohwh vshhg surffloh1Lwlvxqolnho— wkdwwkh p rwruv— vwhp p dlqwdlqvwkhsdwk0vshhg uhodwlrqvkls joredoo— / hvshfldoo— ryhup ryhp hqwvri yhu— orqj gxudwlrq1 Rxu fflqglqj wkdwsuhglfwlrq huuru lqfuhdvhv z lwk p ryhp hqwgxudwlrq +dqg qrwdyhudjh vshhg ru vsdwldovfdoh, vxj jhvwv wkdwwkh %volglqj z lqgrz %ryhu z klfk wkh p rghodssolhv ehvwp d— eh udwkhuvp doo/ l1h1derxw4 vhf1D p ruh orfdouhodwlrqvkls ehwz hhq sdwk dqg vshhg lv dovr frqvlvwhqwz lwk revhuydwlrqvwkdwwkh526 srz huodz dssolhvlq wudfnlqj wdvnvz khuholwwoh dgydqfhsodqqlqj ri p d–lp doo— vp rrwk p ryhp hqwv lv srvvleoh1 Wkxv lwlv ghvludeoh wr p rgli— wkh surfhgxuh iru fflwwlqj wkh p rghovr wkdwlwfdq eh dssolhg wr vhj p hqwvri wkh sdwk/ z lwkrxwuht xlulqj hqgsrlqwvshhg dqg dffhohudwlrq +rqo— gxudwlrq iruwkdwvhjp hqw,1Wklvfdq eh grqh e— p lqlp l˝lqj mhun ryhuwkhvh sdudp hwhuvdvz hoo1 Rxu h–dp lqdwlrq ri wuldo0wr0wuldoyduldelolw— vxjj hvwv wkdwvp rrwkqhvv lv fhqwudoo— sodqqhg/ dqg wkh yduldelolw— ri wkh kdqg sdwk dqg wkh vshhg surffloh duh frxsohg lq d z d— wkdwp dlqwdlqv wkh sodqqhg sdwk0vshhg uhodwlrqvkls1 Vlqfh wkh p ryhp hqwv z h vwxglhg duh qrwh–hfxwhg dwp d–lp xp vshhg/ rqh olnho— vrxufh ri yduldelolw— lv wkh hffihfwri rqolqh fruuhfwlrqv1 Vxfk rqolqh fruuhfwlrqv/ krz hyhu/ kdyh wr eh lqfrusrudwhg vp rrwko— lq wkh p ryhp hqw/ lq d p dqqhu wkdwlv frqvlvwhqwz lwk wkh ryhudoosdwk0 vshhg uhodwlrqvkls ghvfulehg e— wkhfrqvwudlqhg p lqlp xp mhun p rgho1Hylghqfh iruvxfk huurufruuhfwlrq p hfkdqlvp vlvsurylghg e— wkh grxeoh0vwhs sdudglj p / z khuh d uhdfklqj p ryhp hqwlvvp rrwko— fruuhfwhg wr hqg dwd shuwxuehg wduj hworfdwlrq li vxemhfwvduh xqdz duh ri wkh shuwxuedwlrq +Shoolvrq hwdo1/ 4¡;9,1 Lwlvdovr srvvleoh wkdworz 0ohyhofruuhfwlrq2vwdelolw— p hfkdqlvp v+h1j 1vrp h yhuvlrq ri ht xloleulxp srlqw frqwuro, frp elqhg z lwk d vrxufh ri qrlvh p d— jlyh ulvh wr yduldwlrqv durxqg wkh ghvluhg wudmhfwru— wkdw suhvhuyh lwv lqwulqvlf surshuwlhv1 Wkh ghvluhg wudmhfwru— lwvhoi grhv qrwkdyh wr eh jhqhudwhg e— d vhuyr frqwurop hfkdqlvp / exwrqo— wkh orz 0ohyhorqolqh fruuhfwlrqvwr lw1

I lqdoo— / z h fdqqrwuxoh rxwwkh srvvlelolw— wkdwwkh wuldo0wr0wuldoyduldelolw— z h vwxglhg z dv dfwxdoo— sodqqhg1 Lwlv t xlwh glȷ fxowwr lghqwli— wkh ohyhov ri surfhvvlqj rq z klfk glffihuhqwuhjxodulwlhv hp hujh/ edvhg rq revhuydwlrqdovwxglhvdorqh1Wkh sureohp lvwkdwrqfh d p ryhp hqwlvh–hfxwhg/ lwlvlp srvvleoh wr ghwhup lqh z khwkhu wkh vxemhfwkdg sodqqhg wr surgxfh h–dfwo— wkdwp ryhp hqwru wkh rxwfrp h z dv vljqlfflfdqwo— dffihfwhg e— rqolqh surfhvvhv/ z lwkrxwshuwxuedwlyh h–shulp hqwdop dqlsxodwlrqv1

ß Ξ@T— i h .

ß L?U*ΛtıL?

Wkh p dlq srlqwz h wulhg wr p dnh lq wklv wkhvlv z dv wkdwhyhu— gd— p ryhp hqwv duh j rdo0gluhfwhg/ dqg wklv idfwp dnhv lwlp srvvleoh wr xqghuvwdqg p rwru frqwuroz lwkrxwh–solflwo— dqdo— ˝lqj krz wkh p rwru wdvn ghwhup lqhv wkh frqfuhwh p ryhp hqwwudmhfwrulhv surgxfhg e— wkh p rwru v— vwhp 1 Z kloh ihz shrsoh z rxog glvdjuhh z lwk wklv jhqhudovwdwhp hqw/ wkhuh duh qrwwrr p dq— h–dp sohv ri vwxglhv wkdwdgguhvv wkh uhodwlrqvkls ehwz hhq p ryhp hqwsdwwhuqv dqg wkh jrdo wkh— sxuvxh1 Wklv lv shukdsv gxh wr wkh glȷ fxow— ri vwxg— lqj elrorj lfdo p rwru sodqqlqj +erwk h–shulp hqwdoo— dqg wkhruhwlfdoo— ,/ dqg wr wkh olp lwdwlrqvri h–lvwlqj uhfruglqj whfkqlt xhvwkdwfdq rqo— t xdqwli— wkh uhsuhvhqwdwlrqvxvhg e— wkh FQV dqg wkhnlqhp dwlf sdwwhuqvri wkhuhvxowlqj p ryhp hqwv/ exwqrwwkhxqghuo— lqj frp sxwdwlrqv1Lqwhoohfwxdo mxvwlfflfdwlrq iru irfxvlqj rq wkh h–hfxwlrq ri douhdg— irup hg sodqv z kloh oduj ho— glvuhjduglqj wkh sodq irup dwlrq surfhvv_4 lv surylghg e— wkh %p rwru surjudp ylhz %/ z klfk hvvhqwldoo— srvwxodwhv wkdwvxfk d vlp solfflfdwlrq lv uhdvrqdeoh1 Dvvxp lqj d vwulfwvhsdudwlrq ehwz hhq sodqqlqj dqg h–hfxwlrq/ z h fdq lqghhg krsh wr xqghuvwdqg wkh exloglqj eorfnv rusulp lwlyhv wkdwp rwrusodqv duh p dgh ri dqg wkh z d— wkh— duh h–hfxwhg/ lqghshqghqwri wkh hqylurqp hqwdoj rdovwkh— sxuvxh1

Exwz kdwli/ dvz hfodlp hg lq Fkdswhu5/ wklvvlp solfflfdwlrq lvxquhdvrqdeohBLi z hdj uhhwkdwwkhvwulfw vhsdudwlrq ehwz hhq sodqqlqj dqg h–hfxwlrq lv qrwgluhfwo— vxssruwhg e— h–shulp hqwdogdwd dqg lqvwhdg frqwudglfwv d qxp ehu ri lp sruwdqwfkdudfwhulvwlfv ri elrorjlfdop ryhp hqw/ wkhq z h vkrxog frqvlghu wkh srvvlelolw— wkdw%sodqqlqj %lvdq lqwhjudosduwri wkh vhqvru— 0p rwruorrs dqg wkxvwkh vshflfflfdwlrq ri wkh p rwruwdvn fdq dffihfwdoop ryhp hqwghwdlovp rp hqw0e— 0p rp hqw1Lq Fkdswhu5 z h dujxhg wkdwwkh p rwru v— vwhp grhv qrwqhhg d %p djlf%vhwri sulp lwlyhv dqg fruuhvsrqglqj %vlp soh%uxohv iru wudqvodwlqj doo srvvleoh p rwruwdvnvlqwr wkrvh sulp lwlyhv/ z lwkrxwhyhukdylqj wr dqdo— ˝h wkh wdvn dqg ffljxuh rxwz kdw p ryhp hqwv z rxog dffrp solvk lw_51 Lqvwhdg wkh sureohp ri p rwru frqwurofrxog eh vroyhg dv dq lqyhuvh sureohp +z klfk lvz kdwlwdfwxdoo— lv,/ e— p dlqwdlqlqj d uhsuhvhqwdwlrq ri z kdwqhhgvwr ehdfklhyhg dqg d fdxvdop rghori z kdwp ryhp hqwv dfklhyh z kdwj rdov/ dqg xvlqj vrp h srz huixofrp sxwdwlrq wr lqyhuw wkdw1

Lq Fkdswhu 6 z h ghyhorshg d p rghori h— h0kdqg p ryhp hqwv lq yld0srlqwwdvnv +edvhg rq vwrfkdvwlf rswlp dofrqwurowkhru— , wkdwlooxvwudwhv krz sodqqlqj dqg h–hfxwlrq fdq eh lqwhj udwhg lqwr wkh vdp h

�` ih?t—iı? i4 TΞ@tı3i˙ hiTi@— i˙*) —Ξ@— Œ4 Lffli4 i?— UL?t—hΛU— ıL?Œ ıt fflih) UL4 T*i @?˙ ¯ i Ξ@ffli —L ˝L @*L?˝ ¯ @) MiuLhi

¯ i Λ?˙iht—@?˙ ΞL¯ ı— LUUΛht˘ Σ *—ΞLΛ˝Ξ Ξıt TıL?iihı?˝ ¯ Lh! Ξ@t Mii? Ξı̋ Ξ*) Th@ıti˙ @?˙ Uı—i˙c ı— Ξ@t ?L— hi@**) Mii?

uL**L¯ i˙ ı? —Ξ@— hi˝@h˙˘

2W— ¯ LΛ*˙ LuULΛhti Mi fflih) ?ıUi ıutΛUΞ @ti— LuThı4 ı— ıfflit EULhhitTL?˙ı?˝ — L @ti— Luui@—Λhi ˙i— iU— Lht ı? — Ξi t—Λ˙) Lu

TihUiT—ıL?øi ıt—i˙ @?˙ ULΛ*˙ Mi uLΛ?˙cMΛ— — Ξi hiTi@—i˙ u@ı*Λhit —L˙LtLı? ˙itı̋ ?ı?˝ @h— ı�Uı@*TihUiT— ıL?%UL?—hL*t) t—i4 t tii4 —L ı?˙ıU@— i L—Ξih¯ ıti˘

v— vwhp surgxflqj rswlp dop ryhp hqwv rqolqh1 Wkh p rghoz dv xvhg lq Fkdswhu 7 wr vlp xodwh d qxp ehu ri sv— fkrsk— vlfdofflqglqjvrq h— h0kdqg frruglqdwlrq/ vshhg2dffxudf— wudgh0rffiv/ dqg kdqg nlqhp dwlfvlq yld0srlqwwdvnv1Lqghshqghqwri wkhp rgho/ wkhvhfflqglqjv+dqg hvshfldoo— wkhshuwxuedwlrq gdwd, vwurqjo— lqglfdwhwkdwwkhp rwruv— vwhp lvfrqvwdqwo— xsgdwlqj lwvlqwhuqdohvwlp dwhvri erwk wkhhqylurqp hqwdqg wkh p rylqj olp e/ dqg lvuhdg— wr p rgli— lwv%sodq%lq idyruri d glffihuhqwp ryhp hqwwkdwehwwhudfklhyhv wkh j rdo xqghu wkh qhz flufxp vwdqfhv1 Lq sduwlfxodu/ z h irxqg d qxp ehu ri fdvhv z khuh wudmhfwru— p rglfflfdwlrqvfdxvhg e— ylvxdoshuwxuedwlrqvfdqqrwehh–sodlqhg e— dq— p rghowkdwlvwu— lqj wr h–hfxwh d suhh–lvwlqj sodq dv dffxudwho— dv srvvleoh dqg xvhv fxuuhqwo— dydlodeoh vhqvru— lqsxwwr fruuhfwiru ghwhfwhg ghyldwlrqv1

Fkdswhu 8 irfxvhg rq rqh dvshfwri wkh p rgho0dxwrp dwlf gdp slqj frp shqvdwlrq 0z klfk vhhp v wr dffrxqwirud udqj h ri sv— fkrsk— vlfdodqg sk— vlrorj lfdogdwd1Z h dovr glvfxvvhg ohduqlqj dqg dgdswdwlrq lq wkh Ed— hvldq iudp hz run ri p rwru frqwuro1 Lq Fkdswhu 9 z h suhvhqwhg d ghvfulswlyh p rghori kdqg nlqhp dwlfvwkdwfdswxuhvz hoowkhuhodwlrqvkls ehwz hhq wkhsdwk dqg vshhg surfflohri gudz lqj p ryhp hqwv1 Lv lq lqwhuhvwlqj lq wkh suhvhqwfrqwh–wvlqfh wkdwuhodwlrqvkls wxuqhg rxwwr krog ehwwhu iru lqglylgxdo wuldov udwkhuwkdq dyhudj h wudmhfwrulhv/ z klfk vkrxog qrweh wkh fdvh li ehwz hhq0wuldoyduldelolw— uhvxowhg iurp qrlvh srooxwlqj wkh fhqwudosodq1

Lq vxp p du— / z h dujxhg wkdwwkh wudglwlrqdop rwru0surj udp ylhz lv lqdght xdwh iru vwxg— lqj hyhu— 0 gd— p rwru dfwv ri uhdolvwlf frp soh–lw— / dqg z h ghp rqvwudwhg wkdwwkh dowhuqdwlyh Ed— hvldq iudp hz run sursrvhg khuh fdq eh lqvwdqwldwhg lqwr d frqfuhwh p rghowkdwfdswxuhvd qxp ehuri sv— fkrsk— vlfdoskh0 qrp hqd iurp vlp soh oderudwru— wdvnv+z khuh rq ffluvwj odqfh d p ruh vrsklvwlfdwhg p rgholvqrwqhhghg,1 Krz hyhu/ wkhp rvwfkdoohqj lqj dqg lqwhuhvwlqj dvshfwri wklvz run 0ghp rqvwudwlqj wkdwrxuiudp hz run lv lqghhg dssolfdeohwr uhdolvwlf p rwruwdvnv/ lqyroylqj d klj k ghj uhhri uhgxqgdqf— dqg qrqwulyldosodqqlqj uht xluhp hqwv0uhp dlqv wr eh grqh lq wkh ixwxuh1

` ıM*ıL˝h@TΞ)

D̂eevdqg Frqqru;¡‘ Deev/ M1K1/ Frqqru/ Q1S1 +4¡; ¡, P rwru frruglqdwlrq iru ixqfwlrqdo kxp dq ehkdylruv=shuvshfwlyhviurp d vshhfk p rwrugdwd edvh1Lq Shu0 vshfwlyhvrq wkhFrruglqdwlrq ri P ryhp hqw/ Z doodfhhg1Qruwk0Kroodqg1

D̂eevdqg Z lqvwhlq ¡3‘ Deev/ M1K1/ Z lqvwhlq/ F1M1+4¡¡3, I xqfwlrqdofrqwulexwlrqvri udslg dqg dxwrp dwlf vhqvru— 0edvhg dgmxvwp hqwv wr p rwru rxwsxw1 Lq Dwwhqwlrq dqg Shuirup dqfh [ LLL=P rwru Uhsuhvhqwdwlrq dqg Frqwuro/ Mhdqqhurg hg1Odz uhqfh Huoedxp Dvvrfldwhv Lqf/ Sxeolvkhuv1

D̂gdp v :4‘ Dgdp v/ M1D1+4¡: 4, D forvhg0orrs wkhru— ri p rwru ehkdylru1Mrxuqdo ri P rwru Ehkdylru/ 6=444047¡1

D̂udw— xq— dq hwdo19¡‘ Dudw— xq— dq/ J 1K1/ J xufflqnho/ Y1V1/ P luvnll/ P 1O1+4¡9¡, Lqyhvwlj dwlrq ri dlp lqj dwd wduj hw1Elrsk— vlfv/ 46=869086;1

D̂wnhvrq dqg Kroohuedfk ;8‘ Dwnhvrq/ F1J 1/ Kroohuedfk/ M1P 1 +4¡; 8, Nlqhp dwlf ihdwxuhv ri xquh0 vwudlqhg yhuwlfdodup p ryhp hqwv1Mrxuqdori Qhxurvflhqfh/ 8= 564;0

56631

Êdoodug hwdo1¡: ‘ Edoodug/ G1K1/ Kd— krh/ P 1P 1/ Srrn/ S1N1/ Udr/ U1S1Q1+4¡¡: , Ghlfwlf frghviruwkhhp erglp hqwri frj qlwlrq1Ehkdylrudodqg Eudlq Vflhqfhv/

53+7,=:561

Êhqgd hwdo1¡:‘ Ehqgd/ E1M1/ J dqgroir/ I 1/ Ol/ F10V1U1/ Wuhvfk/ P 1F1/ GlOruhq˝r/ G1/

El˝˝l/ H1+4¡¡: , Qhxurqdodfwlylwlhvlq P Lri d p dfdt xh p rqnh— gxulqj uhdfklqj p ryhp hqwv lq d ylvfrxv irufh fflhog1Vrflhw— iru Qhxurvflhqfh

Devwudfwv/ 93:145/ 56=48891

Êhqqhwwhwdo1¡5‘ Ehqqhww/ G1M1/ Kroohuedfk/ M1P 1/ [ x “ 1/ Kxqwhu/ L1Z 1 +4¡¡5, Wlp h0 ydu— lqj vwlffiqhvv ri kxp dq hoerz mrlqwgxulqj f— folf yroxqwdu— p ryh0 p hqw1H–shulp hqwdoEudlq Uhvhdufk/ ; ;=76607751

Êhuwvhndv; :‘ Ehuwvhndv/ G1S1 +4¡; :, G— qdp lf Surjudp p lqj= Ghwhup lqlvwlf dqg

Vwrfkdvwlf P rghov1Suhqwlfh0KdooQ1M1

Êoxp ehuj ¡: ‘ Eoxp ehuj / E1P 1+4¡¡: , Rog Wulfnv/ Qhz Grjv=Hwkrorj— dqg Lqwhudfwlyh

Fuhdwxuhv1Sk1G1Wkhvlv/ P LW/ Fdp eulgj h P D1

Êl˝˝l hwdo1¡5‘ El˝˝l/ H1/ Krjdq/ Q1/ P xvvd0Lydogl/ I 1D1/ J lv˝whu/ V1+4¡¡5, Grhv wkh qhuyrxv v— vwhp xvh ht xloleulxp 0srlqwfrqwurowr j xlgh vlqjoh dqg p xo0 wlmrlqwp ryhp hqwv1Ehkdylrudodqg Eudlq Vflhqfhv/ 48=93609461

Êhuqvwhlq 9:‘ Ehuqvwhlq/ Q1L1+4¡9: , Wkh Frruglqdwlrq dqg Uhjxodwlrq ri P ryhp hqwv1 Shuj dp rq Suhvv1

Êulvvrq dqg Dodlq ¡9‘ Eulvvrq/ W1D1/ Dodlq/ F1 +4¡¡9, Vkrxog frp p rq rswlp do p ryhp hqw sdwwhuqveh lghqwlfflhg dvwkh fulwhulrq wr eh dfklhyhg1Mrxuqdori P rwru Ehkdylru/ 5;+6,=54405561

Êurrnv;9‘ Eurrnv/ U1+4¡;9, D urexvwod— huhg frqwurov— vwhp irud p reloh urerw1 LHHH Mrxuqdori Urerwlfv dqg Dxwrp dwlrq/ UD+5,041

Êkxvkdq dqg Vkdgp hku¡; ‘ Exvkdq/ Q1/ Vkdgp hku/ U1+4¡¡;, QhxudoFrqwurori P ryhp hqw1

Êxqhr hwdo1¡:‘ Exqhr/ F1D1/ Vrhfkwlqj / M1I 1/ I odqghuv/ P 1+4¡¡:, Srvwxudoghshqghqfh ri p xvfoh dfwlrqv= lp solfdwlrqv iru qhxudofrqwuro1Mrxuqdori Qhxur0 vflhqfh/ 4:+9,=545;054751

F̂dp lqlwl hwdo1¡3‘ Fdp lqlwl/ U1/ Mrkqvrq/ S1E1/ Xuedqr/ D1 +4¡¡3, P dnlqj dup p ryh0 p hqwv z lwklq glffihuhqwsduwv ri vsdfh=g— qdp lf dvshfwv lq wkh sulp dwh p rwrufruwh–1Mrxuqdori Qhxurvflhqfh/ 43+:,=536¡0538;1

F̂dqq— ;; ‘ Fdqq— / M1 +4¡¡; , Wkh Frp soh–lw— ri UrerwP rwlrq Sodqqlqj1 P LW Suhvv/ Fdp eulgj h P D1

F̂urvvp dq dqg J rrghyh 96‘ J urvvp dq/ H1U1I 1Z 1/ J rrghyh/ S1M1+4¡96, I hhgedfn Frqwurori Dup P ryhp hqwdqg I lwwv* odz1H–shulp hqwdoSv— fkrorj— Vrflhw— / R–irug/ Hqj odqg1

Ĝ*Dyhood dqg El˝˝l ¡;‘ G*Dyhood/ D1/ El˝˝l/ H1+4¡¡;, Orz glp hqvlrqdolw— ri vxsudvslqdoo— lq0 gxfhg irufh fflhogv1Surfhhglqjv ri wkh QdwlrqdoDfdghp — ri Vflhqfh/ ¡8= :: 440: :471

Ĝdylvdqg Ylqwhu;8‘ Gdylv/ P 1K1D1/ Ylqwhu U1E1+4¡; 8, Vwrfkdvwlf P rghoolqj dqg Frqwuro= P rqrjudskv rq Vwdwlvwlfv dqg Dssolhg Suredelolw— 1Fkdsp dq dqg Kdoo1

Ĝh Erru: ;‘ Gh Erru/ F1+4¡: ;, D SudfwlfdoJ xlgh wr Vsolqhv1Qhz 0“ run=Vsulqj hu0 Yhuodj 1

Ĝhvp xujhwhwdo1¡8‘ Ghvp xuj hw/ P 1/ Urvvhwwl/ “ 1/ Sudeodqf/ F1/ Vwhop dfk/ J 1/ Mhdqqhurg/ P 1 +4¡¡8, Uhsuhvhqwdwlrq ri kdqg srvlwlrq sulru wr p ryhp hqwdqg p ryhp hqwyduldelolw— 1 Fdqdgldq Mrxuqdo ri Sk— vlrorj— dqg Skdup d0 frorj— / :5=59505: 51

Ĥyduwv 9; ‘ Hyduwv/ H1Y1+4¡9;, Uhodwlrq ri s— udp lgdowudfwdfwlylw— wr irufhh–huwhg gxulqj yroxqwdu— p ryhp hqw1Mrxuqdori Qhxursk— vlrorj— / 64=4705: 1

Ĥyduwv ;4‘ Hyduwv/ H1Y1+4¡; 4, Uroh ri p rwru fruwh– lq yroxqwdu— p ryhp hqwv lq sulp dwhv1Lq=EurrnvY1E1+hg, Kdqgerrn ri Sk— vlrorj— / Vhfwlrq LQhu0 yrxv V— vwhp / Yroxp h 5/ Sduw5/ P rwru Frqwuro1Z looldp vdqg Z lonlqv/ Edowlp ruh/ 43; 6044531

Î hw̋ ¡5‘ I hw̋/ H1H1+4¡¡5, Duh p ryhp hqwsdudp hwhuvuhfrj ql˝deo— frghg lq wkh dfwlylw— ri vlqj ohqhxurqvBEhkdylrudodqg Eudlq Vflhqfhv/ 48=9:¡09¡31

46:

Î odvk dqg Krjdq ; 8‘ I odvk/ W1/ Krj dq/ Q1 +4¡; 8, Wkh frruglqdwlrq ri dup p ryhp hqwv= dq h–shulp hqwdoo— frqfflup hg p dwkhp dwlfdop rgho1Mrxuqdori Qhxur0 vflhqfh/ 8+:,=49;; 04:361

Î odqghuv hwdo1¡7‘ I odqghuv/ P 1/ Shoohjulql/ M1M1/ Vrhfkwlqj / M1I 1+4¡¡7, Vsdwldo2whp srudo fkdudfwhulvwlfv ri d p rwru sdwwhuq iru uhdfklqj 1Mrxuqdori Qhxursk— v0 lrorj— / : 4+5,=; 440;461

Ĵ lv˝whu¡7‘ J lv˝whu/ V1+4¡¡7,1Uhlqirufhp hqwwxqlqj ri dfwlrq v— qwkhvlvdqg vhohf0 wlrq lq d yluwxdoiurj1Lq I urp Dqlp dovwr Dqlp dwvLLL1Folffi/ Kxvedqgv/

P h— hudqg Z lovrq/ hgv1P LWSuhvv/ Fdp eulgjh P D1

Ĵ uleeoh dqg Rvwu— ¡9‘ J uleeoh/ S1/ Rvwu— / G1+4¡¡9, Ruljlqvri wkh srz huodz uhodwlrqvkls eh0 wz hhq p ryhp hqwyhorflw— dqg fxuydwxuh=p rgholqj wkh hffihfwv ri p xv0 foh p hfkdqlfv dqg olp e g— qdp lfv1Mrxuqdori Qhxursk— vlrorj— / :9+8,=

5; 860931

Ĵ uleeoh hwdo1¡; ‘ J uleeoh/ S1O1/ Rvwu— / G1M1/ Vdqj xlqhwl/ Y1/ Oderlvvlhuh/ U1+4¡¡;, Duh frp soh– frqwurovlj qdov uht xluhg iru kxp dq dup p ryhp hqwB Mrxuqdo ri Qhxursk— vlrorj— / :¡+6,=473¡047571

Ĵ rp l dqg Ndz dwr ¡9‘ J rp l/ K1/ Ndz dwr/ P 1 +4¡¡9, Ht xloleulxp 0srlqwfrqwuro k— srwkhvlv h–dp lqhg e— p hdvxuhg dup vwlffiqhvvgxulqj p xowlmrlqwp ryhp hqw1Vfl0 hqfh/ 5:5=44:04531

Ĵ xvlv ¡8‘ J xvlv/ D1+4¡¡8, Dup Wudmhfwru— Sodqqlqj lq 6G Vsdfh1P 1Vf1Wkhvlv/

Z hl˝p dqq Lqvwlwxwh ri Vflhqfh1

Ĵ hqwqhu; :‘ J hqwqhu/ G1U1+4¡;: , Wlp lqj ri vnloohg p rwrushuirup dqfh=whvwvri wkh sursruwlrqdogxudwlrq p rgho1Sv— fkrorjlfdoUhylhz/ ¡7+5,=58805: 91

Ĵ hruj rsrxorvhwdo1; 5‘ J hrujrsrxorv/ D1S1/ Ndodvnd/ M1I 1/ Fdp lqlwl/ U1/ P dvvh— / M1W1+4¡;5,

Rq wkh uhodwlrqvklsv ehwz hhq wkh gluhfwlrq ri wz r0glp hqvlrqdo dup p ryhp hqwvdqg fhooglvfkduj hlq sulp dwhp rwrufruwh–1Mrxuqdori Qhx0 urvflhqfh/ 5+44,=485:0486:1

Ĵ hruj rsrxorvhwdo1; 7‘ J hrujrsrxorv/ D1S1/ Fdp lqlwl/ U1/ Ndodvnd/ M1 +4¡;7, Vwdwlf vsdwldo hffihfwv lq p rwru fruwh– dqg duhd 8= t xdqwlwdwlyh uhodwlrqv lq d wz r0 glp hqvlrqdovsdfh1H–shulp hqwdoEudlq Uhvhdufk/ 87=77907871

Ĵ kh˝ hwdo1¡3‘ J kh˝/ F1/ Khqlqj/ Z 1/ I dylood/ P 1 +4¡¡3, Sdudooho lqwhudfwlqj fkdq0 qhov lq wkh lqlwldwlrq dqg vshflfflfdwlrq ri p rwru uhvsrqvh ihdwxuhv1Lq

Dwwhqwlrq dqg Shuirup dqfh [ LLL=P rwru Uhsuhvhqwdwlrq dqg Frqwuro/

Mhdqqhurg hg1Odz uhqfh Huoedxp DvvrfldwhvLqf/ Sxeolvkhuv1

Ĵ kh˝ dqg Vdlqexuj ¡8‘ J kh˝/ F1/ Vdlqexuj / U1+4¡¡8, Sursulrfhswlyhfrqwurori lqwhumrlqwfrru0 glqdwlrq1Fdqdgldq Mrxuqdori Sk— vlrorjlfdoSkdup dfrorj— / : 6+5,=6380

6481

Ĵ kh˝ hwdo1¡: ‘ J kh˝/ F1/ I dylood/ P 1/ J klodugl/ P 1I 1/ J rugrq/ M1/ Ehup hmr/ U1/ Sxoo0 p dq/ V1+4¡¡:, Glvfuhwh dqg frqwlqxrxv sodqqlqj ri kdqg p ryhp hqwv dqg lvrp hwulf irufh wudmhfwrulhv1 H–shulp hqwdo Eudlq Uhvhdufk/ 448=

54:05661 46;

M̂rkqvrq ¡5‘ Mrkqvrq/ S1E1+4¡¡5, Wrz dug dq xqghuvwdqglqj ri wkh fhuheudofruwh– dqg uhdfklqj p ryhp hqwv=d uhylhz ri uhfhqwdssurdfkhv1Lq Fdp lqlwl/

U1/ Mrkqvrq/ S1E1/ Exuqrg/ “ 1+hg, Frqwurori Dup P ryhp hqwlq Vsdfh=

Qhxursk— vlrorjlfdodqg Frp sxwdwlrqdoDssurdfkhv1Ehuolq¿Qhz “ run=

Vsulqjhu0Yhuodj/ 4¡¡51

M̂rugdq dqg Uxp hokduw¡5‘ Mrugdq/ P 1L1/ Uxp hokduw/ G1H1 +4¡¡5, I ruz dug p rghov= vxshuylvhg ohduqlqj z lwk d glvwdowhdfkhu1Frjqlwlyh Vflhqfh/ 49=63:06871

N̂dqghohwdo1¡4‘ Ndqgho/ H1U1/ Vfkz duw̋/ M1K1/ Mhvvhoo/ W1P 1+4¡¡4, Sulqflsohvri Qhxudo

Vflhqfh1Dssohwrq ) Odqjh1

N̂dodvnd hwdo1; ¡‘ Ndodvnd/ M1I 1/ Frkhq/ G1D1/ K— gh/ P 1O1/ Suxg*krp p h/ P 1+4¡; ¡, D frp sdulvrq ri p ryhp hqwgluhfwlrq0uhodwhg yhuvxvordg gluhfwlrq0uhodwhg dfwlylw— lq sulp dwh p rwru fruwh–/ xvlqj d wz r0glp hqvlrqdo uhdfklqj wdvn1Mrxuqdori Qhxurvflhqfh/ ¡+9,=53;3054351

N̂dodvnd hwdo1¡5‘ Ndodvnd/ M1I 1/ Fudp p rqg/ G1M1/ Frkhq/ G1D1G1/ Suxg*krp p h/ P 1/

K— gh/ P 1O1+4¡¡5, Frp sdulvrq ri fhooglvfkduj h lq p rwru/ suhp rwru/ dqg sdulhwdofruwh– gxulqj uhdfklqj 1Lq Fdp lqlwl/ U1/ Mrkqvrq/ S1E1/ dqg

Exuqrg/ “ 1+hg, Frqwurori Dup P ryhp hqwlq Vsdfh=Qhxursk— vlrorjl0 fdodqg Frp sxwdwlrqdoDssurdfkhv1Ehuolq¿Qhz “ run=Vsulqj hu0Yhuodj /

4¡¡51

N̂dkqhp dq dqg Wyhuvn— : 6‘ Wyhuvn— / Ndkqhp dq +4¡:6, Rq wkh sv— fkrorj— ri suhglfwlrq1Sv— fkr0 orjlfdoUhylhz / ; 3=56: 05841

N̂dz dwr ¡;‘ Ndz dwr/ P 1+4¡¡;, Wdon suhvhqwhg lq %Frp lqj wr j ulsv z lwk lqwhuqdo p rghov%vhvvlrq/ ; wk DqqxdoQhxudoFrqwurori P ryhp hqwP hhwlqj1

N̂hhoh hwdo1¡3‘ Nhhoh/ V1Z 1/ Frkhq/ D1/ Lyu— / U1+4¡¡3, P rwrusurjudp v=frqfhswvdqg lvvxhv1Lq Dwwhqwlrq dqg Shuirup dqfh [ LLL=P rwru Uhsuhvhqwdwlrq dqg

Frqwuro/ Mhdqqhurg hg1Odz uhqfh Huoedxp DvvrfldwhvLqf/ Sxeolvkhuv1

N̂kdwle ; :‘ Nkdwle/ R1+4¡;: , D xqlfflhg dssurdfk wr p rwlrq dqg irufh frqwurori urerwp dqlsxodwruv=wkh rshudwlrqdovsdfh irup xodwlrq1LHHH Mrxuqdo ri Urerwlfv dqg Dxwrp dwlrq/ 6+4,=760861

N̂udndxhu hwdo1¡9‘ Nudndxhu/ M1Z 1/ Slqh/ ] 1P 1/ J kh˝/ F1+4¡¡9, Glffihuhqfh lq j hqhudol˝d0 wlrq ri dgdswdwlrq wr dowhuhg jdlqv dqg glvsod— urwdwlrqv lq uhdfklqj p ryhp hqwv1Vrflhw— iru Qhxurvflhqfh Devwudfwv/ 6871451

N̂qloodqg Ulfkdugv ¡9‘ Nqloo/ G1/ Ulfkdugv/ Z 1+4¡¡9, Shufhswlrq dvEd— hvldq Lqihuhqfh1Fdp 0 eulgjh Xqlyhuvlw— Suhvv1

Ôdft xdqlwl hwdo1; 6‘ Odft xdqlwl/ I 1/ Whu˝xror/ F1/ Ylyldql/ S1+4¡;6, Wkh odz uhodwlqj wkh nlqhp dwlf dqg fflj xudodvshfwv ri gudz lqj p ryhp hqwv1Dfwd Sv— fkrorj0 lfd/ 87=44804631

Ôdft xdqlwl hwdo1¡6‘ Odft xdqlwl/ I 1/ Fduur˝˝r/ P 1/ Erujkhvh/ Q1D1+4¡¡6, Wlp h0ydu— lqj p h0 fkdqlfdoehkdylru ri p xowlmrlqwhg dup lq p dq1Mrxuqdori Qhxursk— vl0 rorj— / 9¡+8,=4776047971

Ôdwrp eh ¡4‘ Odwrp eh/ M1F1+4¡¡4, UrerwP rwlrq Sodqqlqj1Noxz huDfdghp lf Sxe0 olvkhuv1

Ôdv˝or ¡5‘ Odv˝or/ M1L1+4¡¡5, P rwru frqwurodqg ohduqlqj =krz idu gr wkh h–shu0 lp hqwdo wdvnv uhvwulfwrxu wkhruhwlfdo lqvlj kwB Lq Dssurdfkhv wr wkh Vwxg— ri P rwru Frqwurodqg Ohduqlqj/ Vxp p huvhg1Qruwk0Kroodqg1

Ôxndvklq dqg J hruj rsrxorv¡6‘ Oxndvklq/ D1Y1/ J hruj rsrxorv/ D1S1+4¡¡6, D g— qdp lfdoqhxudoqhw0 z run p rghoiru p rwru fruwlfdodfwlylw— gxulqj p ryhp hqw= srsxodwlrq frglqj ri p ryhp hqwwudmhfwrulhv1ElrorjlfdoF— ehuqhwlfv/ 9¡=84: 08571

P̂ dfNhq˝lh hwdo1;: ‘ P dfNhq˝lh/ F1O1/ P duwhqlxn/ U1J 1/ Gxj dv/ F1/ Olvnh/ G1/ Hlfnp hlhu/ E1 +4¡; :, Wkuhh0glp hqvlrqdop ryhp hqwwudmhfwrulhv lq I lwwv*wdvn=lp sol0 fdwlrqv iru frqwuro1Wkh Txdwhuo— Mrxqudori H–shulp hqwdoSv— fkrorj— / 6¡D=95¡097:1

P̂ dfNhq˝lh dqg Ydq Hhug ¡3‘ P dfNhq˝lh/ F1O1/ Ydq Hhug/ G1O1 +4¡¡3, Uk— wkp lf suhflvlrq lq wkh shuirup dqfhri sldqr vfdohv=p rwrusv— fkrsk— vlfvdqg p rwrusurjudp 0 p lqj 1Lq Dwwhqwlrq dqg Shuirup dqfh [ LLL=P rwru Uhsuhvhqwdwlrq dqg Frqwuro/ Mhdqqhurg hg1Odz uhqfh Huoedxp DvvrfldwhvLqf/ Sxeolvkhuv1

P̂ dhv¡4‘ P dhv/ S1+4¡¡4, Ghvljqlqj Dxwrqrp rxv Djhqwv/ P LWHovhylhu4¡¡41

P̂ dvrq ¡; ‘ P dvrq/ P 1+4¡¡; , P hfkdqlfv ri P dqlsxodwlrq/ Ohfwxuh qrwhv/ FP X1

P̂ fLqw— uh dqg El˝˝l ¡6‘ P fLqw— uh/ M1/ El˝˝l/ H1+4¡¡6, Vhuyr k— srwkhvhv iru wkh elrorj lfdofrq0 wurori p ryhp hqw1Mrxuqdori P rwru Ehkdylru/ 58+6,=4¡605351

P̂ dwvxrnd ¡; ‘ P dwvxrnd/ “ 1+4¡¡; , P rghovri J hqhudol˝dwlrq lq P rwruFrqwuro1Sk1G1 Wkhvlv/ P LW/ Fdp eulgjh P D1

P̂ duu; 5‘ P duu/ G1+4¡;5, Ylvlrq1Z 1K1I uhhp dq dqg Frp sdq— / Qhz “ run1

P̂ fP dkrq ; 7‘ P fP dkrq/ W1+4¡; 7, Uhıh–hvdqg p rwrufrqwuro1Lq P xvfohv/ Uhıh–hv dqg Orfrp rwlrq1Sulqfhwrq Xqlyhuvlw— Suhvv/ Sulqfhwrq QM1

P̂ h— hu hwdo1;5‘ P h— hu/ G1H1/ Vp lwk/ M1H1N1/ Z uljkw/ F1H1+4¡;5, P rghoviruwkh vshhg dqg dffxudf— ri dlp hg p ryhp hqwv1Sv— fkrorjlfdoUhylhz/ ; ¡=77¡07;51

P̂ loqhu dqg Lmd˝ ¡3‘ P loqhu/ W1H1/ Lmd˝/ P 1P 1+4¡¡3, Wkh hffihfwri dffxudf— frqvwudlqwv rq wkuhh0glp hqvlrqdop ryhp hqwnlqhp dwlfv1Qhxurvflhqfh/ 68+5,=69806:71

P̂ rudq dqg Vfkz duw̋ ¡;‘ P rudq/ G1Z 1/ Vfkz duw̋/ D1E1+4¡¡; , P rwru frwulfdouhsuhvhqwdwlrq ri vshhg dqg gluhfwlrq gxulqj uhdfklqj 1 Mrxqudo ri Qhxursk— vlrorj— / lq suhvv1

P̂ rudvvr ; 4‘ P rudvvr/ S1 +4¡;4, Vsdwldo frqwuro ri dup p ryhp hqwv1H–shulp hqwdo Eudlq Uhvhdufk/ 75=556055: 1

P̂ rudvvr dqg P xvvd0Lydogl ; 5‘ P rudvvr/ S1/ dqg P xvvd0Lydogl/ I 1D1+4¡;5, Wudmhfwru— irup dwlrq dqg kdqgz ulwlqj=d frp sxwdwlrqdop rgho1ElrorjlfdoF— ehuqhwlfv/ 78=4640 4751

P̂ rudvvr ; 6‘ P rudvvr/ S1+4¡; 6, Wkuhh glp hqvlrqdodup wudmhfwrulhv1ElrorjlfdoF— 0 ehuqhwlfv/ 7; =4; :04¡71

P̂ xvvd0Lydogl ;; ‘ P xvvd0Lydogl/ I 1D1+4¡;; , Gr qhxurqvlq wkhp rwrufruwh– hqfrghp ryh0 p hqwgluhfwlrqB Dq dowhuqdwlyh k— srwkhvlv1Qhxurvflhqfh Ohwwhuv/ ¡4=

43904441

Q̂dnd— dp d dqg Vklp rmr ¡5‘ Qdnd— dp d/ N1/ Vklp rmr/ V1+4¡¡5, H–shulhqflqj dqg shufhlylqj ylvxdo vxuidfhv1Vflhqfh/ 58: =468: 046961

Q̂hovrq ; 6‘ Qhovrq/ Z 1O1+4¡;6, Sk— vlfdosulqflsohviruhfrqrp lhvri vnloohg p ryh0 p hqwv1ElrorjlfdoF— ehuqhwlfv/ 79=468047:1

Q̂hz hodqg Hp p huln ;¡‘ Qhz ho/ N1P 1/ ydq Hp p huln/ U1H1D1+4¡; ¡, Wkh dft xlvlwlrq ri frrugl0 qdwlrq= suholp lqdu— dqdo— vlv ri ohduqlqj wr z ulwh1Kxp dq P ryhp hqw

Vflhqfh/ 44=44604561

Q̂hz hohwdo1:; ‘ Qhz ho/ N1P 1/ Nxj ohu/ S1Q1/ ydq Hp p huln/ U1H1D1/ P dfGrqdog/ S1Y1

+4¡; ¡, Vhdufk vwudwhjlhv dqg wkh dft xlvlwlrq ri frruglqdwlrq1Lq Shu0 vshfwlyhvrq wkhFrruglqdwlrq ri P ryhp hqw/ Z doodfhhg1Qruwk0Kroodqg1

Q̂hz ho:; ‘ Qhz ho/ N1P 1+4¡: ;, Vrp h lvvxhv rq dfwlrq sodqv1Lq Lqirup dwlrq Sur0 fhvvlqj lq P rwru Frqwurodqg Ohduqlqj1Vwhop dfk hg1Dfdghp lf Suhvv1

Q̂lfrovdqg Krxn : 6‘ Qlfrov/ W1U1/ Krxn/ M1F1+4¡:6, Uhıh– frp shqvdwlrq iru yduldwlrqv lq wkh p hfkdqlfdosurshuwlhvri d p xvfoh1Vflhqfh/ 4;4=4; 504; 71

R̂vkhuvrq ¡3‘ Rvkhuvrq/ G1+4¡¡3, Mxgjhp hqw1Lq Rvkhuvrq dqg Vp lwk/ hg1Dq Lqylwd0 wlrq wr Frjqlwlyh Vflhqfh1Yroxp h 6=Wklqnlqj1P LWSuhvv/ Fdp eulgjh

P D1

Ŝrxjhwdqg Vhmqrz vnl ¡: ‘ Srxjhw/ D1/ Vhmqrz vnl/ W1+4¡¡: , Vsdwldowudqvirup dwlrqv lq wkh sdul0 hwdofruwh– xvlqj edvlv ixqfwlrqv1Mrxuqdori Frjqlwlyh Qhxurvflhqfh/

¡+5,=555056:1

Ŝudww¡8‘ Sudww/ M1H1+4¡¡8, YluwxdoP rghoFrqwurori d Elshg Z donlqj Urerw1

P H Wkhvlv/ P LW/ Fdp eulgj h P D1

Ŝhduo;; ‘ Shduo/ M1+4¡; ;, Suredelolvwlf Uhdvrqlqj lq LqwhooljhqwV— vwhp v= Qhw0 zrunv ri Sodxvleoh Lqihuhqfh1P rujdq Ndxip dqq/ Vdq P dwhr FD1

Ŝhoolvrq hwdo1;9‘ Shoolvrq/ G1/ Sudeodqf/ F1/ J rrgdoh/ P 1D1/ Mhdqqhurg/ P 1+4¡;9, Ylvxdo frqwurori uhdfklqj p ryhp hqwvz lwkrxwylvlrq ri wkh olp e1LL1Hylghqfh ri idvwxqfrqvflrxv surfhvvhv fruuhfwlqj wkh wudmhfwru— ri wkh kdqg wr wkh fflqdosrvlwlrq ri d grxeoh0vwhs vwlp xoxv1H–shulp hqwdoEudlq Uh0 vhdufk/ 95=63606441

Ŝhuolq ¡: ‘ Shuolq/ N1+4¡¡:, UhdoWlp h Uhvsrqvlyh Dqlp dwlrq zlwk Shuvrqdolw— 1

Rqolqh whfklfdouhsruw/ P hgld Uhvhdufk Oderudwru— / Q“ X1

Ŝodp rqgrq dqg Dolp l¡:‘ Sodp rqgrq/ U1/ Dolp l/ D1P 1 Vshhg2dffxudf— wudgh0rffiv lq wdujhw0 gluhfwhg p ryhp hqwv1Ehkdylrudodqg Eudlq Vflhqfhv/ 53=5:¡067¡1

Ŝroolfn dqg Vkdslur ¡:‘ Sroolfn/ I 1H1// Vdslur/ J 1+4¡¡:, Frqvwdqwdȷ qh yhorflw— suhglfwv wkh 426 srz huodz ri sodqdup rwlrq shufhswlrq dqg jhqhudwlrq1Ylvlrq Uh0 vhdufk/ 6:+6,=67: 1

Ŝrvqhudqg Nhhoh : 3‘ Srvqhu/ P 1L1/ Nhhoh/ V1Z 1+4¡:3, Uhwhqwlrq ri devwudfwlghdv1Mrxuqdo ri H–shulp hqwdoSv— fkrorj— / ;6=637063; 1

Ŝudeodqf dqg Shoolvrq ¡3‘ Sudeodqf/ F1/ Sholvvrq/ G1 +4¡¡3, J d˝h vdffdgh dqg kdqg srlqwlqj duh orfnhg wr wkhlu j rdo e— t xlfn lqwhuqdo orrsv1 Lq Dwwhqwlrq dqg Shuirup dqfh [ LLL=P rwru Uhsuhvhqwdwlrq dqg Frqwuro/ Mhdqqhurg hg1 Odz uhqfh Huoedxp DvvrfldwhvLqf/ Sxeolvkhuv1

Ŝuhvvhwdo1¡5‘ Suhvv/ Z 1/ Whxnrovn— / V1D1/ Yhwwhuolqj/ Z 1W1/ I odqqhu— / E1S1+4¡¡5, Qxp hulfdoUhflshv lq F1Fdp eulgjh Xqlyhuvlw— Suhvv1

Ŝudndvk ;4‘ Sudndvk/ Q1 +4¡;4, Glffihuhqwldo J hrp hwu— 1 Dq Lqwhjudwhg Dssurdfk1 WDWD P fJ udz 0KlooSxeolvklqj Frp sdq— Olp lwhg1

Ŝ— o— vk— q ; 3‘ S— o— vk— q/ ] 1+4¡; 3, Frp sxwdwlrqdop rghov dqg hp slulfdofrqvwudlqwv1 Ehkdylrudodqg Eudlq Vflhqfhv/ 4=¡6045; 1

Ûdr dqg Edoodug ¡8‘ Udr/ U1S1Q1/ Edoodug/ G1K1+4¡¡8, Dq dfwlyh ylvlrq dufklwhfwxuh edvhg rq lfrqlf uhsuhvhqwdwlrqv1DuwlfflfldoLqwhooljhqfh/ :; =79408381

Ûl˝˝rodwwl hwdo1¡3‘ Ul˝˝rodwwl/ J 1/ J hqwloxffl/ P 1/ Fdp dugd/ U1P 1/ J doohvh/ Y1/ Oxsslqr/ J 1/ P dwhool/ P 1/ I rj dvvl/ O1+4¡¡3, Qhxurqvuhodwhg wr uhdfklqj0judvslqj dup p ryhp hqwv lq wkh urvwudosduwri duhd 9 +duhd 9δϵ,1H–shulp hqwdo Eudlq Uhvhdufk/ ; 5=66: 06831

Ûxvvhodqg Qruylj ¡8‘ Uxvvho/ V1M1/ Qruylj/ S1+4¡¡8, DuwlfflfldoLqwhooljhqfh/ d P rghuq Ds0 surdfk1

V̂dehvdqg Mrugdq ¡:‘ Vdehv/ S1dqg Mrugdq/ P 1+4¡¡:, Revwdfohdyrlgdqfhdqg d shuwxuedwlrq vhqvlwlylw— p rghoirup rwrusodqqlqj 1Mrxuqdori Qhxurvflhqfh/ 4¡¡: 4: = :44¡0: 45;1

V̂dehv¡9‘ Vdehv/ S1+4¡¡9, Wkh Sodqqlqj ri Ylvxdoo— J xlghg Dup P ryhp hqwv= I hhgedfn Shuwxuedwlrq dqg Revwdfoh Dyrlgdqfh Vwxglhv1Sk1G1Wkhvlv/ P LW1

V̂dolqdv dqg Deerw¡7‘ Vdolqdv/ H1/ Deerww/ O1I 1+4¡¡7, Yhfwruuhfrqvwuxfwlrq iurp fflulqj udwhv1 Mrxuqdori Frp sxwdwlrqdoQhxurvflhqfh/ 4=; ¡043:1

V̂dqjhu¡7‘ Vdqj hu/ W1G1+4¡¡7, Wkhruhwlfdofrqvlghudwlrqviruwkh dqdo— vlvri srs0 xodwlrq frglqj lq p rwrufruwh–1QhxudoFrp sxwdwlrq/ 9=5¡06:1

V̂fkp lgw: 8‘ Vfkp lgw/ U1D1+4¡:8, D vfkhp d wkhru— ri glvfuhwh p rwruvnlooohduqlqj 1 Sv— fkrorjlfdoUhylhz/ ;5+7,=55805931

V̂fkp lgwhwdo1: ¡‘ Vfkp lgw/ U1D1/ Kdz nlqv/ E1/ I udqfn/ M1V1/ Txlqq/ M1W1+4¡:¡, P rwru0 rxwsxwyduldelolw— = d wkhru— iru wkh dffxudf— ri udslg p rwru wdvnv1 Sv— fkrorjlfdoUhylhz/ ;9=74807841

V̂fkp lgwdqg “ rxqj ¡4‘ Vfkp lgw/ U1D1/ “ rxqj / G1H1+4¡¡4, P hwkrgrorj — iru p rwru ohduqlqj = d sdudgljp iru nlqhp dwlf ihhgedfn1 Mrxuqdo ri P rwru Ehkdylru/ 56=

460571

V̂fkz duw̋ ¡7‘ Vfkz duw̋/ D1+4¡¡7, Gluhfwfruwlfdouhsuhvhqwdwlrq ri gudz lqj1Vflhqfh/

598=87308751

V̂fkz duw̋ dqg P rudq ¡;‘ Vfkz duw̋/ D1E1/ P rudq/ G1Z 1 +4¡¡; , P rwru fruwlfdo dfwlylw— gxulqj gudz lqj p ryhp hqwv17=Srsxodwlrq dfwlylw— gxulqj ohp qlvfdwhgudz lqj 1

Mrxuqdori Qhxursk— vlrorj— / lq suhvv1

V̂frwwdqg Ndodvnd ¡:‘ Vfrww/ V1K1/ Ndodvnd/ M1I 1 +4¡¡: , Uhdfklqj p ryhp hqwv z lwk vlp lodu kdqg sdwkv exwglffihuhqwdup rulhqwdwlrqv1 L1 Dfwlylw— ri lqglylgxdo fhoovlq p rwru fruwh–1Mrxuqdori Qhxursk— vlrorj— / :: =;590;851

V̂hujlr dqg Ndodvnd ¡: ‘ Vhuj lr/ O1H1/ Ndodvnd/ M1I 1 +4¡¡:, V— vwhp dwlf fkdqj hv lq gluhfwlrqdo wxqlqj ri p rwrufruwh– fhoodfwlylw— z lwk kdqg orfdwlrq lq wkhz runvsdfh gxulqj jhqhudwlrq ri vwdwlf lvrp hwulf irufhv lq frqvwdqwvsdwldogluhf0 wlrqv1Mrxuqdori Qhxursk— vlrorj— / 44:3044: 71

V̂kdgp hkudqg P xvvd0Lydogl ¡7‘ Vkdgp hku/ U1/ P xvvd0Lydogl/ I 1+4¡¡7, Dgdswlyh uhsuhvhqwdwlrq ri g— 0 qdp lfvgxulqj ohduqlqj ri d p rwruwdvn1Mrxuqdori Qhxurvflhqfh/ 47+8,=

653; 065571

V̂kdgp hkudqg Wkrurxjkp dq ¡: ‘ Ohduqlqj dqg p hp ru— irup dwlrq ri dup p ryhp hqwv1Lq=Elrp hfkdq0 lfv dqg QhxudoFrqwurori P ryhp hqw/ Z lqwhuv/ M1P 1dqg Fudj r/ S1H1 hgv1/ Vsulqj hu0Yhuodj / lq suhvv1

V̂lp v ¡7‘ Vlp v/ N1+4¡¡7, Hyorylqj 6G p ruskrorj — dqg ehkdylrue— frp shwlwlrq1

DuwlfflfldoOlih LY Surfhhglqjv/ Eurrnv/ U1dqg P dhv/ S1hg1P LWSuhvv1

V̂xp p hu¡5‘ Vxp p huv/ M1M1+4¡¡5, P rwru ehkdylru=d fflhog lq fulvlvB Lq Dssurdfkhv wr wkh Vwxg— ri P rwru Frqwuro dqg Ohduqlqj/ Vxp p huv hg1 Qruwk0

Kroodqg1

V̂rhfkwlqj dqg Whu˝xror ;9‘ Vrhfkwlqj / M1I 1/ Whu˝xror/ F1D1+4¡; 9, Dq doj rulwkp iruwkh jhqhudwlrq ri fxuylolqhdu z ulvwp rwlrq lq dq duelwudu— sodqh lq wkuhh glp hqvlrqdo vsdfh1Qhxurvflhqfh/ 4¡=46¡6047381

V̂rhfkwlqj dqg Whu˝xror ;: ‘ Vrhfkwlqj / M1I 1/ Whu˝xror/ F1D1+4¡;: , Ruj dql˝dwlrq ri dup p ryhp hqwv lq wkuhh0glp hqvlrqdovsdfh1Z ulvwp rwlrq lv slhfhz lvh sodqdu1Qhxur0 vflhqfh/ 56+4,=860941

V̂rhfkwlqj hwdo1¡8‘ Vrhfkwlqj / M1I 1/ Exqhr/ F1D1/ Khuup dqq/ X1/ I odqghuv/ P 1+4¡¡8, P ry0 lqj hffiruwohvvo— lq wkuhh glp hqvlrqv= grhv Grqghu*v odz dsso— wr dup p ryhp hqwB Mrxuqdori Qhxurvflhqfh/ 48+¡,=95: 41

V̂rp huv hwdo1¡; ‘ Vrp huv/ G1F1/ Wrgrury/ H1Y1/ Vldsdv/ D1J 1/ Wrwk/ O1M1/ Nlp / G1/ Vxu/

P 1 +4¡¡;, D orfdo flufxlwdssurdfk wr xqghuvwdqglqj lqwhjudwlrq ri orqj 0udqjh lqsxwvlq sulp du— ylvxdofruwh–1Fhuheudofruwh–/ ; +6,=5371

Ĝxp dqg Vwulfn ¡4‘ Gxp / U1S1/ Vwulfn/ S1O1+4¡¡4, Wkh ruljlq ri fruwlfrvslqdosurmhfwlrqv iurp suhp rwru duhdv lq wkh iurqwdooreh1Mrxuqdori Qhxurvflhqfh/ 44= 99:09; ¡1

Ŵhu˝rsrxorvhwdo1¡7‘ Whu˝rsrxorv/ G1/ Wx/ [ 1/ J u˝hv˝f˝xn/ U1+4¡¡7, Duwlfflfldofflvkhv= dx0 wrqrp rxv orfrp rwlrq/ shufhswlrq/ ehkdylru/ dqg ohduqlqj lq d vlp x0 odwhg sk— vlfdoz ruog1DuwlfflfldoOlih/ 4+7,=65: 06841

Ŵkdfk ; 8‘ Wkdfk/ Z 1W1+4¡; 8, Fruuhodwlrq ri qhxurqdoglvfkduj hz lwk sdwwhuq dqg irufhri p xvfxodudfwlylw— / mrlqwsrvlwlrq/ dqg gluhfwlrq ri lqwhqghg qh–w p ryhp hqwlq p rwrufruwh– dqg fhuhehooxp 1Mrxuqdori Qhxursk— vlrorj— / 74=98709: 91

Ŵkrurxjkp dq dqg Vkdgp hku ¡: ‘ Wkrurxj kp dq/ N1/ Vkdgp hku/ U1+4¡¡: , Lqıxhqfh ri diwhu0hffihfwv rq ohduqlqj ri dq lqwhuqdop rghoiruuhdfklqj p ryhp hqwv1Vrflhw— iru Qhx0 urvflhqfh Devwudfwv/ 56=5361

Ŵrgrury hwdo1¡: ‘ Wrgrury/ H1/ Vkdgp hku/ U1/ El˝˝l/ H1+4¡¡:, Dxj p hqwhg ihhgedfn suh0 vhqwhg lq d yluwxdohqylurqp hqwdffhohudwhvohduqlqj ri d glȷ fxowp rwru wdvn1Mrxuqdori P rwru Ehkdylru/ 5¡+5,=47: 048; 1

Ŵrgrury dqg Mrugdq ¡;‘ Wrgrury/ H1/ Mrugdq/ P 1L1+4¡¡; , Vp rrwkqhvv p d–lp l˝dwlrq dorqj d suhghfflqhg sdwk dffxudwho— suhglfwv wkh vshhg surfflohv ri frp soh– dup p ryhp hqwv1Mrxuqdori Qhxursk— vlrorj— / ;3+5,=9¡91

Ŵvxml hwdo1¡8‘ Wvxml/ W1/ P rudvvr/ S1J 1/ J rwr/ N1/ Lwr/ N1 +4¡¡8, Kxp dq kdqg lp shgdqfh fkdudfwhulvwlfv gxulqj p dlqwdlqhg srvwxuh1 Elrorjlfdo F— 0 ehuqhwlfv/ :5=7: 807; 81

Ŵxoohudqg Nhovr ¡3‘ Wxoohu/ E1/ Nhovr/ M1D1V1+4¡¡3, Skdvh wudqvlwlrqvlq vshhfk surgxfwlrq dqg wkhlushufhswxdofrqvht xhqfhv1Lq Dwwhqwlrq dqg Shuirup dqfh [ LLL= P rwru Uhsuhvhqwdwlrq dqg Frqwuro/ Mhdqqhurg hg1Odz uhqfh Huoedxp DvvrfldwhvLqf/ Sxeolvkhuv1

X̂qr hwdo1;¡‘ Xqr/ “ 1/ Ndz dwr/ P 1/ Vx˝xnl/ U1+4¡; ¡, I rup dwlrq dqg frqwurori rs0 wlp dowudmhfwru— lq kxp dq p xowlmrlqwdup p ryhp hqw1ElrorjlfdoF— ehu0 qhwlfv/ 94=; ¡04341

ŷdq Hp p huln hwdo1;¡‘ ydq Hp p huln/ U1H1D1/ Eulqnhu/ E1S1O1P 1/ Yhuhlmnhq/ E1/ Z klwlqj / K1W1D1+4¡;¡, Suhihuuhg whp sr lq wkhohduqlqj ri d j urvvf— folfdodfwlrq1 Txdwhuo— Mrxuqdori H–shulp hqwdoSv— fkrorj— / 74D=58405951

ŷdq J dohq dqg gh Mrqj ¡8‘ ydq J dohq/ J 1S/ gh Mrqj / Z 1S1+4¡¡8, I lwwv*odz dv wkh rxwfrp h ri d g— qdp lf qrlvh fflowhulqj p rghori p rwru frqwuro1Kxp dq P ryhp hqw Vflhqfh/ 47=86¡08: 41

Ŷlqgudvhwdo1¡9‘ Ylqgudv/ S1/ Ylyldql/ S1/ Shoolvrq/ G1+4¡¡9, Wudqvihuri j dlq dgdswdwlrq= hylghqfh ri yhfwruldo frglqj lq j rdo0gluhfwhg p ryhp hqwv1 Vrflhw— iru Qhxurvflhqfh Devwudfwv/ 49¡1; 1

Ŷlyldql dqg Fhq˝dwr ;8‘ Ylyldql/ S1/ Fhq˝dwr/ P 1+4¡; 8, Vhj p hqwdwlrq dqg frxsolqj lq frp soh– p ryhp hqwv1Mrxuqdori H–shulp hqwdoSv— fkrorj— = Kxp dq Shufhswlrq dqg Shuirup dqfh/ 44=; 5; 0; 781

Ŷlyldql dqg Vfkqhlghu¡4‘ Ylyldql/ S1/ Vfkqhlghu/ U1+4¡¡4, D ghyhorsp hqwdovwxg— ri wkhuhodwlrq0 vkls ehwz hhq jhrp hwu— dqg nlqhp dwlfvri gudz lqj p ryhp hqwv1Mrxuqdo ri H–shulp hqwdoSv— fkrorj— =Kxp dq Shufhswlrq dqg Shuirup dqfh/ 4: =

4¡;054;1

Ŷlyldql dqg I odvk ¡8‘ Ylyldql/ S1/ I odvk/ W1+4¡¡8, P lqlp xp 0mhun/ wz r0wklugvsrz huodz / dqg lvrfkurq— = frqyhuj lqj dssurdfkhv wr p ryhp hqwsodqqlqj1Mrxuqdori

H–shulp hqwdoSv— fkrorj— =Kxp dq Shufhswlrq dqg Shuirup dqfh/ 54+6,=

50861

Ẑ dqq hwdo1; ;‘ Z dqq/ M1/ Qlp p r0Vp lwk/ L1/ Z lqj / D1P 1+4¡; ;, Uhodwlrqvkls ehwz hhq yhorflw— dqg fxuydwxuh lq p ryhp hqw= ht xlydohqfh dqg glyhuj hqfh eh0 wz hhq d srz huodz dqg d p lqlp xp 0mhun p rgho1Mrxuqdori H–shulp hqwdo

Sv— fkrorj— =Kxp dq Shufhswlrq dqg Shuirup dqfh/ 47=955096: 1

Ẑ hog dqg gh Nohhu¡3‘ Z hog/ G1V1/ gh Nohhu/ M1 +4¡¡3, Uhdglqjv lq Txdolwdwlyh Uhdvrqlqj

DerxwSk— vlfdoV— vwhp v1P rujdq Ndxip dqq Sxeolvkhuv1

Ẑ hofk ;9‘ Z hofk/ U1+4¡; 9, Dgdswdwlrq ri vsdfh shufhswlrq1Lq Kdqgerrn ri Kx0 p dq Shufhswlrq dqg Shuirup dqfh/ Erffi/ Ndxip dq dqg Wkrp dv/ hgv1

Z loh— / Qhz “ run1

Ẑ hlvv ¡; ‘ Z hlvv/ “ 1+4¡¡; , Ed— hvldq P rwlrq Hvwlp dwlrq dqg Vhjp hqwdwlrq1Sk1G1

Wkhvlv/ P LW/ Fdp eulgjh P D1

Ẑ lovn— ¡7‘ Z lovn— / D1V1+4¡¡7, Uhfxuvlyh Hvwlp dwlrq1Ohfwxuh qrwhv/ P LW1

Ẑ roshuwhwdo1¡8‘ Z roshuw/ G1/ J kdkudp dql/ ] 1/ Mrugdq/ P 1L1+4¡¡8, Duhdup wudmhfwrulhv sodqqhg lq nlqhp dwlf ru g— qdp lf frruglqdwhvB Dq dgdswdwlrq vwxg— 1

H–shulp hqwdoEudlq Uhvhdufk/ 436=79307:31

Ẑ roshuwhwdo1¡8e‘ Z roshuw/ G1/ J kdkudp dql/ ] 1/ Mrugdq/ P 1L1+4¡¡8, Dq lqwhuqdop rgho iruvhqvrulp rwrulqwhj udwlrq1Vflhqfh/ 59¡+8565,=;3690; 3: 81

Ẑ roshuw¡: ‘ Z roshuw/ G1+4¡¡: , Frp sxwdwlrqdodssurdfkhvwr p rwrufrqwuro1Wuhqgv lq Frjqlwlyh Vflhqfh/ 4+9,=53¡05491

Ẑ lqwhu ;¡‘ Z lqwhu/ G1D1+4¡;¡, Frruglqdwlrq ri p rwruwdvnvlq kxp dq j dlw1Lq Shu0 vshfwlyhvrq wkhFrruglqdwlrq ri P ryhp hqw/ Z doodfhhg1Qruwk0Kroodqg1

Ẑ roih hwdo1¡5‘ Z roih/ M1P 1/ “ hh/ D1/ I ulhgp dq0KlooV1U1+4¡¡5, Fxuydwxuh lv d edvlf ihdwxuh iruylvxdovhdufk wdvnv1Shufhswlrq/ 54+7,=79;07; 31

Ẑ rrgz ruwk 4;¡¡‘ Z rrgz ruwk/ U1V1+4; ¡¡, Wkh dffxudf— ri yroxqwdu— p ryhp hqw1Sv— 0 fkrorjlfdoUhylhz / 6=404471

Ẑ ulj kw¡3‘ Z uljkw/ F1H1+4¡¡3, J hqhudol˝hg p rwru surjudp v=uhh–dp lqlqj fodlp v ri hffihfwrulqghshqghqfhlq z ulwlqj1Lq Dwwhqwlrq dqg Shuirup dqfh[ LLL=

P rwru Uhsuhvhqwdwlrq dqg Frqwuro/ Mhdqqhurg hg1Odz uhqfh Huoedxp

DvvrfldwhvLqf/ Sxeolvkhuv1

^“ dory ¡4‘ “ dory/ V1+4¡¡4, Frp sxwdwlqdoP rghov ri Kdqg Wudmhfwru— Sodqqlqj lq

Gudzlqj P ryhp hqwv1P 1Vf1Wkhvlv/ Z hl˝p dqq Lqvwlwxwh ri Vflhqfh1