Learning with Mixtures of Trees by Marina Meilă-Predoviciu

M.S. Automatic Control and Computer Science (1985) Universitatea Politehnica Bucureşti

Submitted to the Department of Electrical Engineering and Computer Science in partial fulfillment of the requirements for the degree of

Doctor of Philosophy

at the

MASSACHUSETTS INSTITUTE OF TECHNOLOGY

January 1999

© Massachusetts Institute of Technology 1999

Signature of Author . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Department of Electrical Engineering and Computer Science January 14, 1999

Certified by. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Michael I. Jordan Professor, Department of Brain Sciences Thesis Supervisor

Accepted by . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Arthur C. Smith Chairman, Departmental Committee on Graduate Students

2

Learning with Mixtures of Trees by Marina Meilă-Predoviciu

Revised version of a thesis submitted to the Department of Electrical Engineering and Computer Science on January 14, 1999, in partial fulfillment of the requirements for the degree of Doctor of Philosophy

Abstract

One of the challenges of density estimation as it is used in machine learning is that usually the data are multivariate and often the dimensionality is large. Operating with joint distributions over multidimensional domains raises specific problems that are not encountered in the univariate case. Graphical models are representations of joint densities that are specifically tailored to address these problems. They take advantage of the (conditional) independencies between subsets of variables in the domain which they represent by means of a graph. When the graph is sparse, graphical models provide an excellent support for human intuition and allow for efficient inference algorithms. However, learning the underlying dependence graph from data is generally NP-hard.

The purpose of this thesis is to propose and to study a class of models that admits tractable inference and learning algorithms yet is rich enough for practical applications. This class is the class of mixtures of trees models. Mixtures of trees inherit the excellent computational properties of tree distributions (themselves a subset of graphical models) but combine several trees in order to augment their modeling power, thereby going beyond the standard graphical model framework.

The thesis demonstrates the performance of the mixture of trees in density estimation and classification tasks. In the same time it deepens the understanding of the properties of the tree distribution as a multivariate density model. Among others, it shows that the tree classifier implements an implicit variable selection mechanism.

Learning mixtures of trees from data is a central subject of this thesis. The learning algorithm that is introduced here is based on the the EM and the Minimum Weight Spanning Tree algorithms and is quadratic in the dimension of the domain.

This algorithm can serve as a tool for discovering hidden variables in a special but important class of models where, conditioned on the hidden variable, the dependencies between the observed variables become sparse.

Finally, it is shown that in the case of sparse discrete data, the original learning algorithm can be transformed in an algorithm that is jointly subquadratic and that in simulations achieves speedups factors of up to a thousand.

Thesis Supervisor: Michael I. Jordan Title: Professor, Department of Brain Sciences

Acknowledgments

The years at MIT have been a fantastic experience and it is a joy to remember those who concurred in making it so and to thank those whose influence contributed to this thesis.

Michael Jordan, my thesis advisor, fostered my interest in reinforcement learning, statistics, graphical models, differential geometry and . . . who knows what next? He was the soul of the unforgettable “Jordan lab” and of its equally unforgettable group meetings. He supported me materially and morally during all these years while giving me complete freedom in pursuing my work. In spite of this freedom, my thesis owes enormously to his inspiring influence. I have deeply appreciated his relentless enthusiasm for learning and deepening one’s understanding, the high standards he set, the genuinely positive attitude enriched by a sense for beauty that is his approach to science and life.

I thank Alan Willsky and Paul Viola, the two other members of my committee, for the interest and support they gave to this project and especially for asking just the right questions to make this thesis a better one. I very much hope that these discussions will be continue. Paul suggested a direction of work which resulted in the accelerated tree learning algorithms. The same algorithms benefited greatly from a series of very stimulating meetings with David Karger. Eric Grimson and Alvin Drake gave me good advice from my fist days on, Tomaso Poggio and his group “adopted” me during my last semester of studentship, Peter Dayan, to whom I should have talked more, found the time to listen to me and an insightful comment on every subject that I could have brought up.

Quaid Morris shared my enthusiasm for trees, coded the first mixtures of trees program, did the digits and random trees experiments. David Heckerman and the Microsoft DTAS group hosted me in Seattle for four intense months, forcing me to take a distance from this work that proved to be entirely to its benefit. David with Max Chickering provided code and ran part of the Alarm experiments.

Carl de Marcken was the most insightful critic of my ideas and my writing, answered my questions and thought me uncountably many things I needed to know, pondered with me over dozens of problems as if they were his own and was always the first to share with me the joy of a success.

I have had countless opportunities to appreciate the quality of the education I received at my Alma Mater, the Polytechnic University of Bucureşti; I take this one to thank Vasile Brînzănescu, Paul Flondor, Dan Iordache, Theodor Dănilă, Corneliu Popeea, Vlad Ionescu, Petre Stoica for everything they thought me.

I chose the thesis topic, but chance chose my officemates. I couldn’t have been luckier: Greg Galperin, Tommi Jaakkola, Thomas Hofmann listened to my half baked ideas, answered patiently thousands of questions and let themselves be engaged in exciting discussions on every topic under the sun. They are now among my best friends and one of the reasons I find myself enriched by the years at MIT.

Finally, there is the circle of love that constantly and invisibly surrounds us with its strength. Gail, Butch, Paya and Natasha who welcomed me in their family. Felicia. Carl. My mother – teacher, friend and partner in adventures. My grandfather, Judge Ioan I. Predoviciu, to whose memory I dedicate this thesis.

This research was supported through the Center for Biological and Computational Learning at MIT funded in part by the National Science Foundation under contract No. ASC-92- 17041.

Contents

1 Introduction 15 1.1 Density estimation in multidimensional domains . . . . . . . . . . . . . . . 15 1.2 Introduction by example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 1.3 Graphical models of conditional independence . . . . . . . . . . . . . . . . . 17 1.3.1 Examples of established belief network classes . . . . . . . . . . . . . 17 1.3.2 Advantages of graphical models . . . . . . . . . . . . . . . . . . . . . 20 1.3.3 Structure learning in belief networks . . . . . . . . . . . . . . . . . . 21 1.3.4 Inference and decomposable models . . . . . . . . . . . . . . . . . . 22 1.4 Why, what and where? Goal, contributions and road map of the thesis . . . 23 1.4.1 Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 1.4.2 A road map for the reader . . . . . . . . . . . . . . . . . . . . . . . . 25

2 Trees and their properties 27 2.1 Tree distributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 2.2 Inference, sampling and marginalization in a tree distribution . . . . . . . . 29 2.2.1 Inference. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 2.2.2 Marginalization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30 2.2.3 Sampling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31 2.3 Learning trees in the Maximum Likelihood framework . . . . . . . . . . . . 31 2.3.1 Problem formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . 31 2.3.2 Fitting a tree to a distribution . . . . . . . . . . . . . . . . . . . . . 32 2.3.3 Solving the ML learning problem . . . . . . . . . . . . . . . . . . . . 35 2.4 Representation capabilities . . . . . . . . . . . . . . . . . . . . . . . . . . . 36 2.5 Appendix: The Junction Tree algorithm for trees . . . . . . . . . . . . . . 36

3 Mixtures of trees 41 3.1 Representation power of mixtures of trees . . . . . . . . . . . . . . . . . . . 43 3.2 Basic operations with mixtures of trees . . . . . . . . . . . . . . . . . . . . . 44 3.3 Learning mixtures of trees in the ML framework . . . . . . . . . . . . . . . 45 3.3.1 The basic algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . 45 3.3.2 Running time and storage requirements . . . . . . . . . . . . . . . . 47 3.3.3 Learning mixtures of trees with shared structure . . . . . . . . . . . 48 3.3.4 Remarks on the learning algorithms . . . . . . . . . . . . . . . . . . 49 3.4 Summary and related work . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

4 Learning mixtures of trees in the Bayesian framework 53 4.1 MAP estimation by the EM algorithm . . . . . . . . . . . . . . . . . . . . . 54 4.2 Decomposable priors for tree distributions . . . . . . . . . . . . . . . . . . . 55 4.2.1 Decomposable priors over tree structures . . . . . . . . . . . . . . . 55 4.2.2 Priors for tree parameters: the Dirichlet prior . . . . . . . . . . . . . 56

5 Accelerating the tree learning algorithm 61 5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61 5.2 Assumptions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62 5.3 Accelerated CL algorithms . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63 5.3.1 First idea: Comparing mutual informations between binary variables 63 5.3.2 Second idea: computing cooccurrences in a bipartite graph data representation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64 5.3.3 Putting it all together: the aCL-I algorithm and its data structures 67 5.3.4 Time and storage requirements . . . . . . . . . . . . . . . . . . . . . 69 5.3.5 The aCL-II algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . 70 5.3.6 Time and memory requirements for aCL-II . . . . . . . . . . . . . . 72 5.4 Generalization to discrete variables of arbitrary arity . . . . . . . . . . . . . 73 5.4.1 Computing cooccurrences . . . . . . . . . . . . . . . . . . . . . . . . 73 5.4.2 Presorting mutual informations . . . . . . . . . . . . . . . . . . . . . 74 5.5 Using the aCL algorithms with EM . . . . . . . . . . . . . . . . . . . . . . . 76 5.6 Decomposable priors and the aCL algorithm . . . . . . . . . . . . . . . . . 76 5.7 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77 5.8 Concluding remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80 5.9 Appendix: Bounding the number of lists N_L . . . . . . . . . . . . . . . . . . 80

6 An Approach to Hidden variable discovery 81 6.1 Structure learning paradigms . . . . . . . . . . . . . . . . . . . . . . . . . . 81 6.2 The problem of variable partitioning . . . . . . . . . . . . . . . . . . . . . . 83 6.3 The tree H model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86 6.4 Variable partitioning in the general case . . . . . . . . . . . . . . . . . . . . 87 6.4.1 Outline of the procedure . . . . . . . . . . . . . . . . . . . . . . . . . 87 6.4.2 Defining structure as simple explanation . . . . . . . . . . . . . . . . 87 6.5 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89 6.5.1 Experimental procedure . . . . . . . . . . . . . . . . . . . . . . . . . 89 6.5.2 Experiments with tree H models . . . . . . . . . . . . . . . . . . . . 89 6.5.3 General H models . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90 6.6 Approximating the description length of a model . . . . . . . . . . . . . . . 94 6.6.1 Encoding a multinomial distribution . . . . . . . . . . . . . . . . . . 94 6.7 Model validation by independence testing . . . . . . . . . . . . . . . . . . . 95 6.7.1 An alternate independence test . . . . . . . . . . . . . . . . . . . . . 95 6.7.2 A threshold for mixtures . . . . . . . . . . . . . . . . . . . . . . . . . 97 6.7.3 Validating graphical models with hidden variables . . . . . . . . . . 99 6.8 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

7 Experimental results 103 7.1 Recovering the structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103 7.1.1 Random trees, large data set . . . . . . . . . . . . . . . . . . . . . . 103 7.1.2 Random bars, small data set . . . . . . . . . . . . . . . . . . . . . . 104 7.2 Density estimation experiments . . . . . . . . . . . . . . . . . . . . . . . . . 107 7.2.1 Digits and digit pairs images . . . . . . . . . . . . . . . . . . . . . . 107 7.2.2 The ALARM network and data set . . . . . . . . . . . . . . . . . . . 108 7.3 Classification with mixtures of trees . . . . . . . . . . . . . . . . . . . . . . 111 7.3.1 Using a mixture of trees as a classifier . . . . . . . . . . . . . . . . . 111

7.3.2 The AUSTRALIAN data set . . . . . . . . . . . . . . . . . . . . . . 111 7.3.3 The MUSHROOM data set . . . . . . . . . . . . . . . . . . . . . . . 113 7.3.4 The SPLICE data set. Classification and structure discovery . . . . 113 7.3.5 The single tree classifier as an automatic feature selector . . . . . . . 119

8 Conclusion 121

8

List of Figures

1-1 The DNA splice junction domain. . . . . . . . . . . . . . . . . . . . . . . . . 17 1-2 An example of a Bayes net (a) and of a Markov net (b) over 5 variables. . 18 1-3 Structure of the thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

3-1 A mixture of trees with m = 3 and n = 5. Note that although b ⊥_T k c | a for all k = 1, 2, 3 this does not imply in general b ⊥ c | a for the mixture. . . . . 42 3-2 A Mixture of trees with shared structure represented as a graphical model. 42

5-1 The bipartite graph representation of a sparse data set. Each edge iv means “variable v is on in data point i”. . . . . . . . . . . . . . . . . . . . . . . . . 65 5-2 The mean (full line), standard deviation and maximum (dotted line) of Kruskal algorithm steps n_K over 1000 runs plotted against n log n. n ranges from 5 to 3000. The edge weights were sampled from a uniform distribution. 71 5-3 The aCL-II algorithm: the data structure that supplies the next weightiest candidate edge. Vertically to the left are the variables, sorted by decreasing N_u. For a given u, there are two lists: C_u, the list of variables v ≻ u, sorted in decreasing order of I_{uv} and (the virtual list) V_0(u) sorted by decreasing N_v. The maximum of the two first elements of these lists is inserted into an F-heap.The overal maximum of I_{uv} can then be extracted as the maximum of the F-heap. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71 5-4 Real running time for the accelerated (full line) and traditional (dotted line) TreeLearn algorithm versus number of vertices n for different values of the sparsity s. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78 5-5 Number of steps of the Kruskal algorithm n_K versus domain size n measured for the aCL-II algorithm for different values of s . . . . . . . . . . . . . . 79

6-1 The H-model (a) and a graphical model of the same distribution marginalized over h (b). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84 6-2 The tree H model used for training. . . . . . . . . . . . . . . . . . . . . . . 90 6-3 The models used for training: (a) S1, (b) S2. . . . . . . . . . . . . . . . . . 90 6-4 Description lengths and accuracies for models with fixed p = 2 and variable m = 2, 3, 4 learned from data generated by the tree H model in figure 6-2. For m = 3 and 4 all structures are correct. (a) general, (b) detail of the upper left corner of (a). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91 6-5 Model structures and their scores and accuracies, as obtained by learning tree H models with m = 3 and p = 3 on 10 data sets generated from structure S1. Circles represent good structures and x’s are the bad structures. A + marks each of the 5 lowest DL models. The x-axes measure the empirical description length in bits/example, the vertical axes measure the accuracy of the hidden variable retrieval, whose bottom line is at 0.33 . . . . . . . . . . 92

6-6 Model structures and their scores and accuracies, as obtained by learning tree H models with p = 3 and variable m = 2, 3, 4, 5 on a data set generated from structure S1. Circles represent good structures and x’s are the bad structures. The sizes of the symbols are proportional to m. The x-axis measures the empirical description length in bits/example, the vertical axis measures the accuracy of the hidden variable retrieval, whose bottom line is at 0.33. Notice the decrease in DL with increasing m. . . . . . . . . . . . . 93

7-1 Eight training examples for the bars learning task. . . . . . . . . . . . . . . 104

7-2 The true structure of the probabilistic generative model for the bars data. . 105

7-3 A mixture of trees approximate generative model for the bars problem. The interconnection between the variables in each “bar” are arbitrary. . . . . . . 105

7-4 Test set log-likelihood on the bars learning task for different values of the smoothing α and different m. Averages and standard deviations over 20 trials. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

7-5 An example of a digit pair. . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

7-6 Average log-likelihoods (bits per digit) for the single digit (a) and double digit (b) datasets. MT is a mixture of spanning trees, MF is a mixture of factorial distributions, BR is the base rate model, HWS is a Helmholtz machine trained by the Wake-Sleep algorithm, HMF is a Helmholtz machine trained using the Mean Field approximation, FV is fully visible fully connected sigmoidal Bayes net. Notice the difference in scale between the two figures. . . . . . . . . . . 109

7-7 Classification performance of different mixture of trees models on the Australian Credit dataset. Results represent the percentage of correct classifications, averaged over 20 runs of the algorithm. . . . . . . . . . . . . . . . . . 112

7-8 Comparison of classification performance of the mixture of trees and other models on the SPLICE data set. The models tested by DELVE are, from left to right: 1- nearest neighbor, CART, HME (hierarchical mixture of experts)-ensemble learning, HME-early stopping, HME-grown, K-nearest neighbors, Linear least squares, Linear least squares ensemble learning, ME (mixture of experts)-ensemble learning, MEearly stopping. TANB is the Tree Augmented Naive Bayes classifier of [24], NB is the Naive Bayes classifier, Tree represents a mixture of trees with m = 1, MT is a mixture of trees with m = 3. KBNN is the Knowledge based neural net, NN is a neural net. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

7-9 Cumulative adjacency matrix of 20 trees fit to 2000 examples of the SPLICE data set with no smoothing. The size of the square at coordinates ij represents the number of trees (out of 20) that have an edge between variables i and j. No square means that this number is 0. Only the lower half of the matrix is shown. The class is variable 0. The group of squares at the bottom of the figure shows the variables that are connected directly to the class. Only these variable are relevant for classification. Not surprisingly, they are all located in the vicinity of the splice junction (which is between 30 and 31). The subdiagonal “chain” shows that the rest of the variables are connected to their immediate neighbors. Its lower-left end is edge 2–1 and its upper-right is edge 60-59. . . . . . . . . . . . . . . . . . . . . . . . . . . 116

7-10 The encoding of the IE and EI splice junctions as discovered by the tree learning algorithm compared to the ones given in J.D. Watson & al., “Molecular Biology of the Gene”[69]. Positions in the sequence are consistent with our variable numbering: thus the splice junction is situated between positions 30 and 31. Symbols in boldface indicate bases that are present with probability almost 1, other A,C,G,T symbols indicate bases or groups of bases that have high probability (>0.8), and a – indicates that the position can be occupied by any base with a non-negligible probability. . . . . . . . . . . . . . . . . . 117 7-11 The cumulated adjacency matrix for 20 trees over the original set of variables (0-60) augmented with 60 “noisy” variables (61-120) that are independent of the original ones. The matrix shows that the tree structure over the original variables is preserved. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

12

List of Tables

7.1 Results on the bars learning task. . . . . . . . . . . . . . . . . . . . . . . . . 107 7.2 Average log-likelihood (bits per digit) for the single digit (Digit) and double digit (Pairs) datasets. Boldface marks the best performance on each dataset. Results are averaged over 3 runs. . . . . . . . . . . . . . . . . . . . . . . . . 108 7.3 Density estimation results for the mixtures of trees and other models on the ALARM data set. Training set size N_{train} = 10, 000. Average and standard deviation over 20 trials. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110 7.4 Density estimation results for the mixtures of trees and other models on a data set of size 1000 generated from the ALARM network. Average and standard deviation over 20 trials. . . . . . . . . . . . . . . . . . . . . . . . . 110 7.5 Performance comparison between the mixture of trees model and other classification methods on the AUSTRALIAN dataset. The results for mixtures of factorial distribution are those reported in [41]. All the other results are from [50]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112 7.6 Performance of mixture of trees models on the MUSHROOM dataset. m=10 for all models. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

Index of Algorithms

Absorb, 40 aCL-I, 70 aCL-I - outline, 70 aCL-II, 74 CollectEvidence, 41 DistributeEvidence, 41 H-learn – outline, 91 HMixTreeS, 90 ListByCooccurrence, 67 MixTree, 49 MixTree – outline, 49 MixTreeS, 51 PropagateEvidence, 42 TestIndependence, 104 TreeLearn, 37