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Abstract

Previous work [5], [2] have developed an approach
for estimating shape and albedo from multiple im-
ages assuming Lambertian reflectance with single light
sources. The main contributions of this paper are: (1)
to show how the approach can be generalized to include
ambient background illumination, (i) to demonstrate
the use of the integrability constraint for solving this
problem, and (111) an iterative algorithm which is able
to improve the analysis by finding shadows and reject-
ing them.

1 Introduction

In recent years there has been growing interest in
understanding realistic imaging models for objects.
This stems from the realization that accurate imaging
(or lighting) models are needed to design vision sys-
tems which can recognize objects in complex lighting
situations, and for the related reconstruction problem
of photometric stereo. In both problems — learning
object models and photometric stereo ~ the input is a
set of images of the object, or scene, taken under dif-
ferent lighting conditions. The task is to estimate the
shape of the object or scene, its reflection function,
and its albedo.

Previous work has shown the use of Singular Value
Decomposition (SVD) as a tool to solve this problem
provided that the reflectance function is Lambertian
[5],[2]. SVD, however, is only able to solve the prob-
lem up to an unknown constant linear transform in the
shape and albedo of the viewed object(s) and further
assumptions must be made to resolve this ambiguity.
In addition, the SVD approach ignores shadows, back-
ground ambient illumination, and specularities.

The main contributions of this paper are: (i) to
show how the approach can be generalized to include
ambient background illumination, (ii) to clarify the
nature of the linear transformation ambiguity and
demonstrate ways to solve it using the surface con-
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sistency condition, and (iii) to demonstrate an itera-
tive algorithm which is able to improve the analysis
by finding and rejecting shadows.

2 Previous Work

There have been many important papers on pho-
tometric stereo [11], [12],[8] and on learning lighting
models for objects [3], [9]. In this paper we are mainly
concerned with the work of [5] and [2].

Suppose we have a set of images generated by a
Lambertian model where the lighting conditions vary.
We use x to label positions in the image plane £ and
let |©2] be the number of these positions (we assume a
finite grid). The light source directions are unknown
and are labeled by g =1, ..., M. This gives us a set of
M images:

I(x, 1) = a(x)n(x) - s(3) M)

where a(x) is the albedo of the object, n(x) is its sur-
face normal, b(x) = a(x)n(x) (observe that a(x)

[b(x)| and n(x) = b(x)), and s(p) is the light source
direction. We will typically work with b(x) instead
of a(x) and n(x). Equation (1), however, has several
limitations. It ignores shadows, ambient illumination,
and specularities.

We wish to solve equation (1) for the albedo, shape,
and light source directions. To do this, we define a
least squares cost function:

b(x) - s,

Elb,sl= Y {Ix ) = Y bis (0P (2)

i=

It is possible to minimize this cost function to solve
for b(x) and s(p) up to a constant linear transform
using Singular Value Decomposition (SVD) [5],[2].

To see this, observe that the intensities {I(x,u)}
can be expressed as a M x || matrix J where M is
the number of images (light sources) and |Q] is the
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Figure 1: (a) shows four images of an object with the
albedo of a parrot and ambient lighhting of a tree.
(b) shows that our approach manages to dtermine
the albedo (left) and the ambient illumination (right).
Moreover, the z,y and z components of the normals of
the object are also found correctly. This nice separa-
tion between albedo and ambient will start degrading
if there are many shadows in the images.

number of points x.. Similarly we can express the
surface properties {b;(x)} as a |Q] x 3 matrix B and
the light sources {s;(¢)} as a 3 x M matrix S. SVD
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implies that we can write J as:

J=UDV7, (3)
where D is a diagonal matrix whose elements are the
square roots of the eigenvalues of JJT. The columns
of U correspond to the normalized eigenvectors of the
matrix J7J. The ordering of these columns corre-
sponds to the ordering of the eigenvalues in D. Simi-
larly, the columns of 'V correspond to the eigenvectors
of JJT.

If our image formation model is correct then there
will only be three nonzero cigenvalues of JJ7 and
so D will have only three nonzero elements. We do
not expect this to be true for our dataset because
of shadows, ambient background, specularities, and
noise. But SVD is guaranteed to gives us the best
least squares solution in any case. Thus the biggest
three eigenvalues of X, and the corresponding columns
of U and V represent the Lambertian part of the re-
flectance function of these objects. We define the vec-
tors {f(u) : p = 1,..., M} to be the first three columns
of U and the {e(x)} to be the first three columns of
V.

This assumption enables us to use SVD to solve for
b and s up to a linear transformation. The solution
is:

Il

Pse(x), V x,
Qsf(n), V 1, (4)

where P3 and Q3 are 3 x 3 matrices which are con-
strained to satisfy P3 Qs = D3, where D3 is the 3 x 3
diagonal matrix containing the square roots of the
biggest three eigenvalues of JJT. There is an am-
biguity P3 — AP3, Qs +— A~! TQjz where A is an
arbitrary invertible matrix.

This ambiguity is inherent in the original Lamber-
tian equation (1), where it is clear that the equation
is invariant to the transformation b(x) — Ab(x) and

T
s(p) = A7V s(u).

Hayakawa [5] proposed assuming that the light
source had constant magnitude for six or more im-
ages. By equations (4), we have s(u) - s(p)
£7(1)Q¥ Qsf (1) Imposing the constraint that this is
constant only allows us to solve for QgQg and hence
there is a further ambiguity Qs — RQgs, where R is
a rotation matrix satisfying RTR = I. Hayakawa as-
sumes that this rotation R is the identity, which as is
shown in [13] is equivalent to making assumptions of
symmetry about the dataset which are only appropri-
ate for very special situations. An alternative assump-
tion suggested by Hayakawa ~ that the magnitude of



the surface reflectance was known for six or more sur-
face points — would lead to knowledge of PIP3 and
hence to an equivalent ambiguity P3 — RP3.

Epstein, Yuille and Belhumeur [2] described sev-
eral techniques of solving for the linear transforma-
tion some of which assume prior knowledge of the ob-
ject class. More importantly, they argued for use of
the surface integrability constraint as a way of con-
straining the linear transform. They showed that,
in theory, the constraint restricted the ambiguity to
a three-dimensional family of transformations which
send bi(x) = Abi(x) + abs(x), ba(x) — Aba(x) +
Bbs(x), and bsz(x) > 7bs(x). This transformation,
the generalized bas relief transform (GBR), has been
further investigated 1] and shown to apply even when
shadows are present. In our previous work, however, it
was only possible to check surface integrability rather
than directly using it {2].

3 Generalization to include ambient il-
lumination

In this paper we generalize the model to include
a background ambient illumination term. This will
mean that we can obtain the albedo, shape, and am-
bient term even if the ambient term is highly complex
such as projecting another image onto the object, see
figure (1).

This means we modify the equations to be:
I(x, p) = b(x) - s(u) + a(x), (5)

where @(x) is the ambient illumination which we as-
sume to be independent of . (L.e. we assume that the
ambient illumination stays constant while the Lamber-
tian light sources vary).

We define a cost function for estimating b, s, and

a:

Elb,s,d =Y {I(x,p) — (b(x) -s(p) + ﬁ(X))}z-(6)

It is straightforward to generalize our previous ap-
proach and apply SVD to estimate b, s, and @. The
important difference is that we now rely on the first
four eigenvalues of JJT. We can generalize equa-

tion (4) to:
b(x) = Pze(x) + paea(x),
a(x) = v - e(x) + vaesa(x),
s(p) = Qaf () + aafalp),
1=w-f(p) +wafa(p) (7)

As before, there is a linear ambiguity. The differ-
ence is that it is now a four by four linear transforma-

Il
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tion instead of a three by three. It will turn out, how-
ever, that the integrability constraint in combination
with assuming constant magnitude of the light source
will be sufficient to remove this ambiguity. Note that
the last equation of (7) already gives conditions on w
and wg.

4 Using Surface Integrability

From the analysis in [13] we conclude that symme-
try assumptions on the dataset place powerful con-
straints on the linear transformation, but are not gen-
erally applicable.

However, there is another constraint which can al-
ways be applied. This is the surface integrability equa-
tions, see various chapters such as Frankot and Chel-
lappa in [6]. These integrability equations are used
to ensure that the set of surface normals forms a
consistent surface. As discussed in [2],[1] these con-
straints are powerful enough, theoretically, to deter-
mine the surface and albedo up to a generalized bas
relief transformation (GBR). In this section we intro-
duce a method for imposing integrability and demon-
strate that it will indeed work in practice.

The integrability constraints are usually expressed
in terms of the surface normals but, as shown in [2],
they can be generalized to apply to the b(x) vectors.
The constraints can be expressed in differential form:

6 b2 (X) )

)
EE(bg(x) -

Ty

) ®)

Expanding this out we get
0by 0bs ab; Obs

by — by = by — by 2

9
Oz Oz Oy Oy )
For simplicity of mathematics, we now define P to
be a 3 x 4 matrix equal to (Pg, p4), where Pz and p4y
are defined in equation (7). The three rows of P are
three four-vectors which we denote by p;, P2, Ds-

Now we substitute the following values for b(x),

bi(x) = Yty Pirer(x), i=1,2,3.
Ey(V{P3yP2V_P2pP3V} {ell.%gf _el’aa_ex' —
S APsuPro = PuPa} {en B = e 5} (10)

This gives us || linear equations for twelve un-
knowns. These equations are therefore over con-
strained but they can be solved by least squares to
determine the Ps, Py, — Py, Ps, and P3, Py, — Py, Ps,
up to a constant scaling factor. These correspond to
the cross products in four dimensions p; x ps, and



P2 X P3, . By inspection, the only transformation
which preserves these cross products is:

P1 — AP1+aPs

Pz — AP2+fP3

o 1,

pPs — XPS (11)

which corresponds to the GBR [2],[1].

This means, consistent with the generalized bas re-
lief ambiguity, that knowing these cross products will
only allow us to solve for the P up to a generalized
bas relief transformation. We now describe an explicit
procedure to solve for the P in terms of the cross prod-
ucts.

First, observe that the cross product terms include
some of the co-factors of the three by three submatrix
Ps. Recall that this matrix is related to co-factors:

-1

Py Py Pis Ay Ay Az
k|l Pop Poy Poz | = | A1z Ay As
P3; P3y Pss A1z Agz Asz J(12)

where the co-factors are given by Ay; = PyaPsz —
Py3 P39, etc. and k is a normalization constant.

In fact, the cross products determine the co-factors
A11,A12,A13,A21,A22, A23. The remaining three co-
factors Agy, Agy, Agz are unknown. These correspond
to the parameters A, «, 8 of the generalized bas relief
transformation. Specific choices of them will corre-
spond to specific transformations. We therefore select
values for Agzy, Asy, Asz which will later be modified
as we solve for the generalized bas relief ambiguity.

We can now solve equation (12) to determine Pg3
up to GBR. To determine the remaining values of P,
the p4, we use the remaining cross product terms and
least squares.

The results show that we can reconstruct the b up
to a GBR. Figure (2) shows the result of the recon-
struction in (a), but also shows the deformations that
might arrise due to a GBR in (b).

5 The Full SVD solution

The previous section has shown how we can use
integrability to solve for P, and hence b, up to a GBR.
This means that the full solution is given by GP3 Gp}
where G is an arbitrary GBR and P} and p} are the
output of our algorithm imposing integrability.

In this section, we show that additional assump-
tions can be used to determine the full solution. There
are several possible choices. The one we describe here
assumes that the magnitude of the light source is con-
stant.
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(b)

Figure 2: Figure (a) shows the face reconstructed up
to an unknown GBR using integrability. Observe that
the reconstruction is accurate. In figure (b) we in-
troduced a GBR by hand to demonstrate the type of
deformations which might arise.

First, observe that we can directly solve for w and
wy using the last equation of (7) and applying least
squares. This gives:

we = falp), w= > ().

In addition, we can use the assumption that the
light sources have constant magnitude which, with-
out loss of generality, can be set equal to 1. Using
equation (7) we find that we can express the magni-
tude squared of the s(u) - s(¢) in terms of unknown
quantities such as Q% Qs, Q7 q4, and q¥ q4 and known
quantities such as the eigenvectors. This, extending
our analysis of Hayakawa, allows us to determine Q3
and q4 up to an arbitrary rotation matrix R (using
a least squares cost function solved by a mixture of
SVD and steepest descent).

By now, we have solved for the P up to a GBR G,
the w and w4, and Q3 and q4 up to a rotation R. We
have, as yet, no knowledge of v and v,.

(13)



But we still have the constraint that PTQ = D.
We see that G and R only appear in this equation in
the form M = GTR.. Indeed the equations PTQ =
D reduce to linear equations for M, v,vs. They can
therefore be solved by least squares.

It now remains to determine G and R from M. Re-
call that M = GTR, where G is a GBR and R is a ro-
tation matrix. We therefore have that MM? = GGT
and so we can determine GGT. From the form of
a GBR it can be shown that G can be determined
uniquely from GG apart from a square root ambigu-
ity (corresponding to the well-known concave/convex
ambiguity). Now that G is known we can solve
M = GTR by least squares while imposing the con-
dition that R is a rotation matrix. Figures (3 shows
the results on the face.

Albedo

Ambient

(b)

Figure 3: The full SVD on the face. (a) shows the es-
timated albedo and ambient term. (b) shows the true
lighting positions (left) and the estimated light source
positions (right). (c) shows the z,y and z components
of the surface normals.
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6 Locating and Rejecting Shadows

So far, we have assumed that there are no shadows,
or specularities, in the image. But it is clear from
our dataset that this is a poor assumption. The least
squares techniques we impose have given us some pro-
tection against the effect of shadows, but inevitably
biases have been introduced.

In this section, we show that we can modify our
method and eliminate shadows by an iterative process
starting with the results given by the SVD method.
Our strategy is to treat the shadows as outliers which
can be removed by techniques from Robust Statistics
[7]. We introduce a binary indicator variable V(x, u)
which can be used to indicate whether a point x is
in shadow when the illuminant is s{u). This variable
V(x,p) must be estimated. To do so, we can use
our current estimates of b(x) and s(x) to determine
whether x is likely to be in shadow from light source
s(p). This will be determined by setting V(x, ) =0
if n(x) - s(¢) < T, where T is a threshold. We then
re-estimate b(x) and s(u) and repeat.

More precisely, we define a modified energy func-
tion:

E[V(x, p), b(x), a(x)) S(H)] =
Z{I(X; p) = V(x, p)b(x) - s(p) — a(x)}?

0by 6() by b

+C1Z{ (bs—— ;) (b38 —bzas)}

ca 2{1 —s(p)-s(p)}? (14)
where ¢; and ¢, are constants.
We set
0 ifb(x)-s(u)<T

A% = - 15
Gen) {1 b -s(u) > )

Then we minimize with respect to the variables
b(x), s(y), and a(x).

The energy is quadratic in @(x) and can be mini-
mize directly,

?E);) = -2 Z{I(x,,u)
()" = 5 Y {Lx, ) — Vb (x) - s(1)

= V(x,p)b(x) - s(p) — @(x)}

(16)

Where N is the number of images.



To minimize with respect to s(p) requires steepest
descent.

0F

0s(u)
> _AT(x, )=V (x, p)b(x)-s(w)~E(x)}(~2V (x, u)b(x))

—4e2{l —s(p) -s(p)}s(p) (17)

For b(x) we also need steepest descent. Because
of the derivative in b(x) we need to descretize the
integrability terms.

OF
b(x)

9
> AT, 1) =V (x, 1)b(x) s() -

a

(x) H=2V(x, p)s(p))

+ integrability terms  (18)

The integrability energy terms are
0b 6b

(bsa—y1 by _673) = {63 (b 41 — b1 5) — b7 (6341 — BF
b 0b

(636_;: - b2a—;) — {03 (b7 11,5 — b7 5) — b7 ;(bpr 5 — BF
The derivatives are given by:
ol.
6b}’ ;

-2 Z{b?,j(b},j+l — b ;) = b5 (3540 — 82))
i,j

= (07 (61,5 — b7 ) = 7 ;63405 — 03 5)))
(341~ 035) (19)
and similarly for the derivatives with respect to b?’j
and 2.
We repeat this process several times and obtain the

shadows, see figure (4) and the albedo, ambient, and
light source direction, see figure (5).

7 Conclusion

We have shown that the SVD approach can be gen-
eralized to include ambient background illumination.
Furthermore, we have demonstrated the power of the
integrability constraint and shown that it can reduce
the amount of assumptions needed to solve for shape
and albedo and light source directions. Finally, we
have demonstrated that a robust version of SVD can
be used to deal with shadows and specularities.

Our current work involves extending this algorithm
to deal with more complex reflectance functions. In
particular, by using bidirectional reflectance distri-
bution functions (BRDF’s) to model non-Lambertian
components of the reflection.

i)}
i)}

(b)

Figure 4: The top four images show the shadows ex-
tracted by our approach for the corresponding four
input images at the bottom.
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Abedo

Figure 5: The albedo and ambient of the rarrot image
and the face image are obtained using our shadow re-
Jection technique. They are more accurate that those
shown in figure 3. The bottom row shows the true
lighting (left), the estimated lighting for the parrot
(center) and the estimated lighting for the face (right).
Again these are more accurate than in figures 3.
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