DRAFT DOCUMENT The arti-game Algorithm for ariable Resolution Reinforcemen Learning in Multidimensional State-spaces Andrew W. Mo ore Christopher G. tk eson Carnegie Mellon Univ ersit Massac usetts Institute of ec hnology Sc ho ol of Computer Science Arti�cial In telligence Lab Rob otics Institute Brain Cognitiv Sciences 5000 orb es Av 545 ec hnology Square Pittsburgh, 15213 Cam bridge, MA 02139 wm@cs.cm u.edu cga@ai.mit.edu Jan uary 22, 1994 ABSTRA CT arti-game is new algorithm for learning from dela ed rew ards in high dimensional con tin uous state-spaces. In high dimensions it is essen tial that learning do es not explore or plan er state-space uniformly arti- game main tains decision-tree partitioning of state-space and applies tec hniques from game-theory and computational geometry to e�cien tly and adaptiv ely concen trate high resolution only on critical areas. The curren ersion of the algorithm is designed to �nd feasible solutions to high dimensional problems. uture ersions will designed to �nd solution that optimizes real-v alued criterion. Man sim ulated problems ha een tested, ranging from o-dimensional to nine-dimensional state-spaces, including mazes, path planning, non-linear dynamics, and planar snak rob ots in restricted spaces. In all cases, go solution is found in less than en trials and few min utes.

Reinforcemen Learning Reinforcemen learning Mic hie and Cham ers, 1968, Sutton, 1984, atkins, 1989, Barto et al. 1991 is promising metho for rob ots to program and impro themselv es. This pap er addresses one of reinforcemen learning’s biggest stum bling blo ks: the curse of dimensionalit Bellman, 1957 in whic costs increase exp onen tially with the um er of state ariables. These costs include oth the computational e�ort required for planning and the ph ysical amoun of data that the con trol system ust gather. Muc ork has een erformed with discrete state-spaces: in particular class of Mark decision tasks kno wn as grid orlds atkins, 1989, Sutton, 1990a Most oten tially useful appli- cations of reinforcemen learning, ho ev er, tak place in ultidimensional con tin uous state-spaces. The ob vious to transform suc state-spaces in to discrete problems in olv es quan tizing them: partitioning the state-space in to ultidimensional grid, and treating eac within the grid as an atomic ob ject. Although this can e�ectiv (see, for instance, the ole balancing exp erimen ts of Mic hie and Cham ers, 1968, Barto et al. 1983 whic break state-space up in this y), the naiv grid approac has um er of dangers whic will detailed in this pap er. This pap er studies in detail the pitfalls of discretization during reinforcemen learning and then in tro duces the parti-game algorithm. Some earlier ork Simons et al. 1982, Mo ore, 1991, Chapman and Kaelbling, 1991, Da an and Hin ton, 1993 considered recursiv ely partitioning state- space while learning from dela ed rew ards. The new ideas in the parti-game algorithm include i) game-theoretic splitting criterion to robustly ho ose spatial resolution, ii) real-time incremen tal main tenance and planning with database of all previous exp eriences, and iii) using lo cal greedy con trollers for high-lev el \funneling" actions. Assumptions The parti-game algorithm applies to learning con trol problems in whic h: 1. State and action spaces are con tin uous and ultidimensional. 2. \Greedy" and hill-clim bing tec hniques can ecome stuc k, nev er attain- ing the goal. 3. Random exploration can in tractably time-consuming. 4. The system dynamics and con trol la ws can ha discon tin uities and are unkno wn: they ust learned. Ho ev er, do assume that all paths that the system can tra el through state space are con tin uous.

The exp erimen ts rep orted later all ha prop erties 1{4. Ho ev er, the initial algorithm, describ ed and tested here, has the follo wing restrictions: 5. Dynamics are deterministic. 6. The task is sp eci�ed goal state, not an arbitrary rew ard function. 7. The goal state is kno wn. 8. feasible solution is found, not necessarily path whic optimizes particular criterion. 9. lo cal greedy con troller is ailable, whic can ask to mo greedily to ards an desired state. There is no guaran tee that request to the greedy con troller will succeed. or example, in maze greedy path to the goal ould quic kly hit all. This pap er egins giving series of algorithms of increasing sophistication, culminating in parti- game. then giv results for um er of exp erimen tal domains and conclude with discussion of ho constrain ts 5{9 ma relaxed. The arti-game Algorithm The parti-game learns con troller from start region to goal region in con tin uous state- space. no giv four increasingly e�ectiv algorithms whic attempt to erform this discrete partitionings of state-space. Algorithms (1) and (2) are non-learning: they plan route to the goal giv en a-priori kno wledge of the orld. Algorithms (3) and (4) ust learn, and hence explore, the orld while planning route to the goal. Algorithm (1) is planner whic assumes that state transitions egin at the cen ter of partitions, and generalizes this to the assumption of starting randomly within partition. Algorithm (2) oids some of (1) ’s mistak es means of orst-case planning. Algorithm (3) is learning ersion of (2) Algorithm (4) is the parti-game algorithm. It dev elops ariable resolution partitioning in conjunction with the planning and learning of Algorithm (3) 3.1 Algorithm (1) Non-learning and �xed partitions artitioning of con tin uous state-space is �nite set of disjoin regions lab eled :::N suc that the whole of state space is co ered the union of all partitions. Throughout this pap er will assume the partitions are all axis-aligned yp errectangles, though this assumption is not strictly necessary It is imp ortan to clarify oten tial confusion et een real-v alued states and partitions. al-value state is real-v alued ector in ultidimensional space. or example, states from the maze depicted in Figure are o-dimensional x; co ordinates. partition is discrete en tit and Figure is brok en in to six partitions with iden ti�ers 6. Eac real-v alued state is in one partition and eac partition con tains con tin uous set of real-v alued states. De�ne NEIGHS as the set of partitions whic are adjacen to In Figure NEIGHS (1) Figure 1: o-dimensional con tin uous maze with one barrier: the blac olygonal region near the ottom righ t. state-space has een dis- cretized in to six square partitions. Algorithm (1) tak es as input an en vironmen tal mo del and partitioning The en vironmen tal mo del can an mo del (for example, dynamic or geometric) whic can use to tell us for an real-v alued state, con trol command and time in terv al, what the subsequen real-v alued state will e. The algorithm outputs olicy mapping from partition iden ti�ers to the neigh oring partitions whic should aimed for. The algorithm dep ends up on the NEXT-P AR TITION function, whic de�ne �rst. NEXT-P AR TITION tells us whic partition end up in if start at giv en real-v alued state and eep mo ving to ard the cen ter of giv en partition (using lo cal greedy con troller) un til either exit our initial partition or get stuc k. Let the partition con taining real alued state Con tin ue applying the lo cal greedy con troller \aim at partition either un til partition is exited or un til ecome ermanen tly stuc in Then NEXT-P AR TITION s; if ecame stuc the partition con taining the exit state otherwise (1) The test for stic king can simply implemen ted as test to see if the system has not exited the partition after prede�ned time in terv al. Dep ending up on the application other stic king detectors are ossible, suc as an obstacle sensor on mobile rob ot. Algorithm (1) orks constructing discrete, deterministic Mark decision task (MDT) Bell- man, 1957, Bertsek as and Tsitsiklis, 1989 in whic the discrete MDT states corresp ond to parti- tions. Actions corresp ond to neigh ors th us: action in partition corresp onds to starting at the cen ter of partition and greedily aiming at the cen ter of partition

ALGORITHM (1) Giv en partitions, construct deterministic MDT with discrete states The set of actions of partition is precisely NEIGHS ). De�ne NEXT i; as NEXT i; NEXT-P AR TITION CENTER (2) where CENTER is the real-v alued state at the cen ter of partition The shortest path to the goal from eac partition denoted ), is determined solving the set of equations: if GO AL min NEIGHS NEXT i; )) Otherwise (3) The equations are solv ed shortest-path metho suc as dynamic programming Bellman, 1957, Bertsek as and Tsitsiklis, 1989 or Dijkstra’s algorithm Kn uth, 1973 The follo wing olicy is returned: Alw ys aim for the neigh or with the lo est () alue. This simple algorithm has immediate dra wbac ks. It will minimize the um er of partitions to the goal, not the real distance. And the discretization can easily �nd imp ossible solutions or fail to �nd alid solutions. As an example of the former, in Figure Algorithm (1) ould �nd solution path 3. This is ecause it is ossible to tra el from the cen ter of and en ter (in the part of to the left of the obstacle), and it is ossible to tra el from the cen ter of and en ter 3. An extension to Algorithm (1) migh initially app ear to solv the problem. could remo the assumption that all paths et een partitions egin at the cen ter of the source partition. Supp ose pro duce sto hastic Mark decision task. Let ij an appro ximation of the probabilit of transition to partition giv en ha started in and aimed at the cen ter of ij is de�ned the probabilit end up in partition from uniformly randomly hosen legal start oin in partition The dynamic programming step of the previous algorithm is altered so that it no solv es the sto hastic MDT: if GO AL min NEIGHS =1 ij Otherwise (4) Although in tuitiv ely app ealing, this re�nemen do es not help. In the example of Figure the resultan olicy from state will still to aim for 6. As see from Figure 2, 56 65, and from

Figure 3, 63 91. The olicy is in terpreted as the transition graph in Figure whic has exp ected length 65 91 64, and so is preferred er the longer but guaran teed olicy of 3. Figure 2: Appro ximately 65% of the starting states (those in the shaded region) in partition are suc that they will en ter partition if aim for the cen ter of 6. Th us 56 65. Figure 3: In similar fashion to Figure 2, 63 91. Figure 4: The partition transition probabilities if follo the olicy according to the assumptions in the text. Other arian ts of this sto hastic appro ximation approac are ossible, but they all su�er from the same problem. They are using Mark decision formalism for something whic do es not ha the Mark prop ert This is ecause from giv en partition, the neigh ors whic can successfully reac hed dep ends on more than ", they also dep end on the curren lo cation within 3.2 Algorithm (2) Assuming the orst case Instead of appro ximating the steps-to-goal alue of partition the erage steps-to-goal of all real-v alued states in the partition, appro ximate it the orst alue. As efore, eac partition has an asso ciated set of actions, eac lab eled neigh oring partition. Also, eac action no has set of ossible outc omes The outcomes of an action in partition are de�ned as the set of ossible next partitions. OUTCOMES i; there exists real alued state in partition for whic NEXT-P AR TITION s; (5) In Figure 5, the actions are denoted blac solid arro ws and the outcomes the thin lines. or example, partition has three actions: \aim at 4", \aim at 2" and \aim at 6". The \aim at 6" action has, in turn, ossible outcomes. migh mak it if are luc ky or else will remain in 5. The OUTCOMES () sets are decisions whic an imaginary adv ersary will allo ed to mak e, seen in (2) Figure 5: The sym olic represen tation of the original problem as partitions (circles), actions (solid arro ws) and outcomes (thin arro ws). ALGORITHM (2) De�ne as the orst case um er of partitions to the goal assuming that whenev er ha sp eci�ed our curren partition and our in tended next partition an adv ersary is ermitted to place us in the orst osition within partition prior to the lo cal con troller eing activ ated.

Solv the follo wing set of minimax equations: if GO AL min NEIGHS max OUTCOMES i; Otherwise (6) where is allo ed to tak the alue to denote partition from whic our adv ersary can ermanen tly prev en us reac hing the goal. Call suc partition losing partition. The follo wing olicy is returned: Alw ys aim for the neigh or with the lo est () alue. The function can computed standard minimax algorithm Kn uth, 1973 whic is in turn closely related to deterministic dynamic programming algorithms. This algorithm is essimistic, but if it tells us that the curren partition is partition transitions to the goal then can sure that if follo its olicy will indeed tak or few er partition transitions. The trivial inductiv pro of is omitted. In Figure Algorithm (2) will decide that partition is four steps from the goal and will rec- ommend heading to ards 4. It oids partition ecause the minimax assumption scores partition as eing steps from the goal. This is ecause if, in partition 6, decide to use action \aim for 3" the adv ersary will start us in the ottom left of partition 6. And if use action \Aim for 5", the adv ersary will start us in the ottom righ of partition 6. It should observ ed just ho essimistic the algorithm is. In the almost en tirely empt maze of Figure the start partition will considered losing partition. So although the minimax assumption ensures guaran teed success if it �nds solution, it ma often prev en us from solving easy problems. will see that Algorithm (3) reduces the sev erit of this problem ecause instead of considering the orst of all ossible outcomes, the planner only considers the orst of all empirically observ ed outcomes. Th us blo in piece of partition whic nev er as actually visited ould not iden ti�ed as an outcome ailable to the adv ersary Algorithm (4) fully solv es the remaining asp ects of the problem increasing the resolution of losing partitions. 3.3 Algorithm (3): learning ersion of Algorithm (2) An imp ortan aim of this ork is to ha con troller whic do es not egin with an en vironmen tal mo del, but whic manages instead to learn purely from exp erience. Algorithm (2) can extended to ermit this. The set of OUTCOMES i; for eac partition and neigh or can obtained empirically Whenev er an OUTCOMES i; is altered, the game is solv ed with the new outcomes set. still assume that the lo cation of the partition con taining the goal is kno wn.

Figure 6: artition is scored as losing ecause if it aims for the adv ersary can place it elo the upp er triangular blo and if it aims for the adv ersary can place it to the left of the lo er triangular blo k. further detail ust resolv ed. In the early stages, what should done for those actions whic ha not et een exp erienced? The answ er is to assume default that an neigh or aimed for can attained. Algorithm (3) based on these ideas, tak es three inputs: The curren real-v alued system state partitioning of state-space, database, of all previously observ ed partition-transitions in the lifetime of the system. This is set of triplets: (starting in aimed for and actually arriv ed in (starting in aimed for and actually arriv ed in The algorithm returns outputs: The �nal system state after execution and binary signal indicating SUCCESS or AILURE. The database is also up dated according to exp erience. ALGORITHM (3) REPEA OREVER Compute the OUTCOMES i; set for eac partition and eac neigh or NEIGHS th us: If, for an i; then: OUTCOMES i; i; (7)

Else, use the optimistic assumption in the absence of exp erience: OUTCOMES i; (8) Compute () for eac partition using minimax. Let := the partition con taining If GO AL then exit, signaling SUCCESS. If then exit, signaling AILURE. Else 6.1 Let := argmin NEIGHS ). 6.2 WHILE not stuc and still in partition 6.2.1 Actuate lo cal con troller aiming at 6.2.2 := new real-v alued state 6.3 Let new := the iden ti�er of the partition con taining 6.4 := i; new LOOP An addition to the algorithm can reduce the computational load. If real time constrain ts do not ermit full recomputation of after an outcome set has hanged, then the up dates can tak place incremen tally in series of �nite time in terv als in terlea ed with real-time con trol decisions. ec hniques lik this are describ ed in Sutton, 1990b, eng and Williams, 1993, Mo ore and tk eson, 1993 The follo wing theorem has not een pro ed but exp ect few di�culties: If solution exists from all real-v alued states in all partitions, according to Algorithm (2) then Algorithm (3) will, in few er than partition transitions, also �nd solution, where is the um er of partitions. �nal note ab out Algorithm (3) is necessary More general systems than mazes will pro duce more in teresting games. Later will see examples of non-uniform partitionings and of dynamics that pro duce curv ed tra jectories through space. Both cases can pro duce more detailed game struc- tures than stuc k/non-stuc transitions, and Algorithm (3) is applicable in these cases to o. Suc structure is sho wn in Figure 7. 10

Figure 7: artitions and are losers ecause the adv ersary can force ermanen lo op e- een them. 3.4 Algorithm (4) arying the Resolution do not wish the system to giv up when it disco ers it is in partition for whic The correct in terpretation of losing partition is that the planner needs higher resolution, and parti-game giv es it that dividing some coarse partitions in o. In terestingly it is not necessarily orth increasing the resolution of the partition the system is in, nor is it necessarily orth splitting all partitions whic ha Figure sho ws case in whic the curren state is in partition whic it will not help to split. This is ecause there is no path to non-losing state from the curren partition an yw (other losing partitions blo us) and no matter ho high mak its resolution our curren partition will remain loser. Figure 8: 12-cell partitioning in whic it will not help to split the partition con- taining the curren state. It is the partitions on the order et een losing and not losing whic should split. Under 11 the assumption that all paths through state space are con tin uous, and also assuming that path to the goal actually exists, there ust curren tly hole in one of the order partitions whic has een missed the er-coarseness. This motiv ates the �nal algorithm whic presen t. The algorithm tak es three inputs: The curren real-v alued system state, partitioning of state-space, database, of all empirically exp erienced start aimed-for actual-outcome triplets. It returns outputs: new partitioning of state-space and new database. ALGORITHM (4) (P AR TIGAME). WHILE not in the goal partition Compute () for eac partition using minimax. Run Algorithm (3) on and retrieving the resulting additions to the database plus the new real-v alued state and success/failure signal. If AILURE as signaled 3.1 Let := All partitions in for whic 3.2 Let := Mem ers of who ha an non-losing neigh ors 3.3 Let 00 := and all non-losing neigh ors of mem ers of 3.4 Construct new set of partitions from 00 of wice the size, pro duced splitting eac partition in half along its longest axis. Call this new set 3.5 := 00 3.6 Recompute all new neigh or relations and delete those mem ers of database whic con tain mem er of 00 as start oin t, an aim-for or an actual-outcome. LOOP 3.5 artigame Details Initialization Before the ery �rst trial, parti-game is initialized as just partitions: goal partition co ering 12 the goal region, and one other large partition co ering the rest of state-space. that oin t, Algorithm (4) is called. Unless the system is ery luc ky this trivial partitioning will not adequate to reac the goal using the greedy con troller. the oin when this is detected the initial, trivial partitioning will quic kly start splitting. Increasing the resolution Notice that this algorithm increases the resolution at oth sides of the win/lose order. This prev en ts enormous partitions from ordering tin partitions. There could other algorithms in whic the partitions to split are hosen di�eren tly The question of whic alternativ is est remains op en for further in estigation. Planning and learning in parti-game artigame erforms planning and learning sim ultaneously In terestingly these comp onen ts are of great help to eac other. The learning consists of gathering data to build up the sets of kno wn ossible outcomes of transitions et een partitions. This data is gathered planning paths to \in teresting" partitions and executing \in teresting" actions. partition seems in teresting if, according to the optimistic assumption that an ything ha en’t tried will ork (Equation in Algorithm (3) ), the partition lies on the shortest path to the goal. The planning is help ed the learning ecause the computation and represen tation are con- cen trated on the parts of the state space whic h, according to the database of exp eriences, are most critical. The goal partition The goal partition is sp ecial. It nev er hanges or gets split. The task is de�ned to solv ed when the system en ters an part of the goal partition. In the exp erimen tal diagrams in Section it is the mark ed \Goal". When other partitions are split, eac new partition has to recompute all the neigh ors that it is next to. An new partition whic in tersects the goal partition also includes the goal partition as one of its neigh ors. Exp erimen ts All these exp erimen ts are brok en in to trials. On eac trial the system is placed at the start state and the trial pro ceeds un til the system en ters the goal region. 13

Figure 9: o-dimensional maze problem. The oin rob ot ust �nd path from start to goal without crossing an of the barrier lines. Remem er that initially it do es not kno where an obstacles are, and ust dis- co er them �nding impassable states. Figure 10: The path tak en during the en- tire �rst trial. It egins with in tense explo- ration to �nd route out of the almost en- tirely enclosed start region. Ha ving ev en tu- ally reac hed su�cien tly high resolution, it disco ers the gap and pro ceeds greedily to- ards the goal, only to stopp ed the goal’s barrier region. The next barrier is tra- ersed at uc lo er resolution, mainly e- cause the gap is larger. 4.1 Maze na vigation Figure sho ws o-dimensional con tin uous maze. Figure 10 sho ws the erformance of the rob ot during the ery �rst trial. Figure 11 sho ws the second trial, started from sligh tly di�eren osition. The olicy deriv ed from the �rst trial gets us to the goal without further exploration. The tra jectory has unnecessary ends. This is ecause the con troller is discretized according to the curren partitioning. If necessary lo cal optimizer could used to re�ne this tra jectory The system do es not explore unnecessary areas. The barrier in the top left remains at lo resolution ecause the system has had no need to visit there. Figures 12 and 13 sho what happ ens when no start the system inside this barrier. Another metho is to increase the resolution along the tra jectory Mo ore, 1991 14

Figure 11: The second trial. Figure 12: Starting inside the top left barrier. Figure 13: The trial after that. 4.2 Non-linear dynamics Figure 14 depicts frictionless puc on bump surface. It can thrust left or righ with maxim um thrust of Newtons. Because of gra vit there is region near the cen ter of the hill at whic the maxim um righ ard thrust is not strong enough to accelerate up the slop e. Th us if the goal is at the top of the slop e, strategy whic pro ceeded greedily ho osing actions to thrust to ards the goal ould get stuc k. Figure 14: frictionless puc acted on gra vit and hor- izon tal thruster. The puc ust get to the goal as quic kly as os- sible. There are ounds on the maxim um thrust. This is made clearer in Figure 15, phase sp ac diagr am The puc k’s state has comp onen ts, the osition and elo cit The hairs sho the next state of the puc if it ere to thrust righ ards with the maxim um legal force of Newtons. Notice that at the cen ter of state space, ev en when this thrust is applied, the puc elo cit decreases and it ev en tually slides left ards. The optimal 15

Figure 15: The state transition function for puc whic constan tly thrusts righ with maxim um thrust. Figure 16: The \minim um-time" path from start to goal for the puc on the hill. The optimal alue function is sho wn the bac k- ground dots. The shorter the time to goal, the larger the blac dot. Notice the discon ti- uit at the escap elo cit solution for the puc task, depicted in Figure 16, is to initially thrust from the goal, gaining negativ elo cit un til it is on the far left of the diagram. Then it thrusts hard righ t, to build up su�cien energy to reac the top of the hill. The lo cal greedy con troller whic parti-game uses is bang-bang. aim for partition \north" in state space|a partition with greater elo cit y|it thrusts with the maxim um ermissable force of +4 aim for lo er elo cit partition it thrusts with aim for \east" or \w est" partition, the lo cal con troller merely con trols its elo cit to equal to the elo cit of the cen ter of the destination partition. Notice that if the curren partition’s elo cit is greater than zero it is hop eless to greedily aim for the partition on the left. It is also hop eless to aim at the partition on the righ if the curren partition has negativ elo cit In the exp erimen ts elo arti-game is giv en this extra information. orcing parti-game to learn this from exp erience appro ximately doubles the learning time. Figure 17 sho ws the tra jectory through state space during the ery �rst learning trial, while it is exploring and dev eloping its initial partitioning. Figure 18 sho ws the resulting partitioning and the subsequen tra jectory on its second trial it has already learned the basic strategy of \b egin Careful insp ection of this diagram rev eals that the tra jectory hanges direction not at the orders of cells but instead within cells. This is ecause the curren implemen tation aits un til it is ell within cell efore applying the cell’s recommended action. 16 getting negativ elo cit mo ving bac kw ards, and only then heading forw ard with full thrust". Figure 19 sho ws the in teresting result of running man more tra jectories, eac starting at random parts of state space. Man partitions are created and re�ned, but only around the critical order in state space whic serv es as the escap elo cit of the problem (also visible as the discon tin uit in Figure 16). This high resolution line arises not out of an pre-programmed kno wledge of the escap elo cit but ecause the system do es not need to increase the resolution of partitions whic fail to in tersect the escap elo cit region. Figure 17: The tra jectory of the ery �rst trial, while the system erformed its initial ex- ploration of state space. Figure 18: The tra jectory and partitioning of the second trial. Figure 19: The partitioning af- ter it has learned the task from 200 random start ositions. 4.3 Higher dimensional state spaces Figure 20 sho ws three-dimensional state-space problem. If standard grid ere used, this ould need an enormous um er of states ecause the solution requires detailed maneuv ers. arti-game’s total exploration to ok 18 times as uc mo emen as one run of the �nal path obtained. Figure 21 sho ws four-dimensional problem in whic ball slides on tra with steep edges. The goal is on the other side of ridge. The maxim um ermissible force is lo w. Greedy strategies, or globally linear con trol rules, get stuc in limit cycles within alley The lo cal greedy con troller to na vigate et een adjacen partitions is bang-bang con troller. arti-game’s solution runs to the far end of the tra to build up enough elo cit to mak it er the ridge. The exploration-length ersus �nal-path-length ratio is 24. Figure 22 sho ws 9-join snak e-lik rob ot manipulator whic ust mo to sp eci�ed con�gu- ration on the other side of barrier. Again, no kinematics mo del or kno wledge of obstacle lo cations are giv en: the system ust learn these as it explores. It tak es sev en trials efore con erging on the solution sho wn, whic requires ab out min utes run-time on SP AR C-I orkstation. The 17

Figure 20: problem with planar ro eing guided past obstacles. The state-space is three- dimensional: alues sp ecify the osition of the ro d’s cen ter, and the third sp eci�es the ro d’s angle from the horizon tal. The angle is constrained so that the ole’s dotted end ust alw ys elo the other end. The ole’s cen ter ma mo ed short distance (up to 40 of the diagram width) and its angle ma altered up to degrees, pro vided it do es not hit barrier in the pro cess. arti-game con erged to the path sho wn elo after trials, with 18 times as man exploration steps as there are steps in the �nal path. The partitioning lines on the second diagram only sho o-dimensional slice of the full partitioning. Trials 10 Steps 2975 189 187 no further Partitions 149 149 149 change 18

Figure 21: puc sliding er hilly surface (hills sho wn con tours elo w: the surface is wl shap ed, with the start and goal states at the ottoms of distinct alleys). The state-space is four- dimensional: osition and elo cit ariables. The con trols consist of force whic ma applied in an direction, but with ounded magnitude. Con ergence time as trials, with 24 times as uc exploration as there are steps in the �nal path. Trials 10 Steps 2609 115 no further Partitions 13 13 change exploration-length ersus �nal-path-length ratio is 60. In terestingly the �nal um er of partitions is only 85. This compares ery fa orably with the 512 partitions whic ould needed if the coarsest non-trivial uniform grid ere used: 2. Unsurprisingly for the 9-join snak e, this 512 uniform grid is to coarse, and in exp erimen ts erformed with suc grid the system ecame stuc k, ev en tually deciding the problem as imp ossible. Related ork few other researc hers in Reinforcemen Learning ha attempted to ercome dimensionalit problems decomp ositions of state space. An early attempt as Simons et al. 1982 who at- tempted it for 3-degree-of-freedom force con trol. Their metho gradually learned recording cu- ulativ statistics of erformance in partitions. More recen tly pro duced ariable resolution dynamic programming metho Mo ore, 1991 This enabled con en tional dynamic programming to erformed in real alued ultiv ariate state spaces where straigh tforw ard discretization ould fall prey to the curse of dimensionalit This is another approac to partitioning state space but 19

Figure 22: nine-degree-of-freedom planar rob ot ust mo from the sho wn start con�guration to the goal. The join ts are sho wn small circles on the left-hand diagram whic depicts con�gurations of the arm: the start osition and the goal osition. The solution en tails curling, rotating and then uncurling. It ma not in tersect with an of the barriers, the edge of the orkspace, or itself. Con ergence ccurred after sev en trials, with 60 times as uc exploration as there are steps in the �nal path. Trials 10 Steps 1090 430 353 330 739 200 52 no further Partitions 41 66 67 69 78 85 85 change 20 has the dra wbac that, unlik parti-game, it requires guess at an initially alid tra jectory through state space. Chapman and Kaelbling, 1991 prop osed an in teresting algorithm whic used more sophisticated statistics to decide whic attributes to split. Their ob jectiv es ere ery hard ecause they wished to oid remem ering transitions et een cells and they did not assume con tin uous paths through state space, and so they obtained only limited empirical success. In Da an and Hin ton, 1993 2-dimensional hierarc hical partitioning as used on grid with 64 discrete squares, and Kaelbling, 1993 giv es another hierarc hical algorithm. These references oth attempt di�eren goal than parti-game: they try to accelerate Q-learning atkins, 1989 pro viding it with pre-programmed abstraction of the orld. The abstraction, it is noted in oth cases, ma sometimes indeed lead to faster learning and can impro Q-learning if there are ultiple goals in the problem. In con trast, parti-game is able to build its wn abstraction using geometric reasoning and so learns more quic kly (t ypically in few er than ten trials and few min utes of real time) and on signi�can tly higher dimensional problems than ha een attempted elsewhere. The price parti-game pa ys is that it is limited to geometric abstractions, whereas oth Kaelbling’s and Da an’s metho ds ma ev en tually applicable to other abstraction hierarc hies. Geometric Decomp ositions ha also een used fairly extensiv ely in Rob ot Motion Planning (e.g. Bro oks and Lozano-P erez, 1983, Kam bhampati and Da vis, 1986 ), summarized in Latom e, 1991 The principal di�erence is that the Rob ot Motion Planning metho ds all assume that mo del of the en vironmen (t ypically in the form of pre-programmed list of olygons) is supplied to the system in adv ance so that there is no learning or exploration capabilit The exp erimen ts in Bro oks and Lozano-P erez, 1983 in olv 3-degree-of-freedom na vigation problem and in Kam bhampati and Da vis, 1986 fairly di�cult 2-dimensional maze. Finally some relation can seen et een parti-game and ultigrid metho ds (e.g. Hopp e, 1986 used in umerical analysis to accelerate the con ergence of solutions to partial di�eren tial equations. Multigrid metho ds ypically increase the resolution of the grid ev erywhere, and lik rob ot motion planning, do not learn: the correct system dynamics ust programmed in. Discussion 6.1 Splitting Giv en partition ha decided to split, whic axis should split? Algorithm (4) states that should split along the longest axis. This egs the question of where to split in the case of ties. The curren algorithm resolv es ties with �xed ordering on axes, but could clev erer. In Figure 23 it is clear that ertical split ould more useful than horizon tal split. This kind of 21 in telligen split hoice, whic pa ys atten tion to the lo cations of outcomes, ould not di�cult to incorp orate. Figure 23: ha had exp eriences of attempting to mo North from dif- feren oin ts in the partition. Only one succeeded. 6.2 Not forgetting When partition is split, the outcomes of its hildren are initialized to empt and so old data is forgotten. This is not desirable or necessary Old tra jectories could retained and used to initialize the OUTCOMES () sets of those hildren within whic earlier tra jectory segmen ts la 6.3 Learning the lo cal greedy con trollers The parti-game algorithm requires that the user de�nes lo cal greedy con trollers. Is this not large sacri�ce of autonom y? argue not: learning greedy con trollers merely requires gathering enough lo cal exp erience to form lo cal linear map of the lo lev el system dynamics. This can done with relativ ease, oth in statistical and computational sense. 6.4 Dealing with an unkno wn goal state There is no di�cult for parti-game in remo ving the assumption that the lo cation of the goal state is kno wn. Con ergence will considerably slo ed do wn if it is not giv en, but this is not the fault of the algorithm. If there are state ariables and the goal is signaled when all state ariables are sim ultaneously within of an unkno wn goal alue, then it is clear that an exploration of at 22 least 100 (9) oin ts on grid in state-space are needed to ensure the goal is reac hed ev en once, whatev er the learning algorithm. simple supplemen to parti-game can made to implemen this kind of uniform exploration. It egins with uniform grid partition with 100 (10) breaks on eac axis and encourages exploration estimating the alue of all un visited par- titions as zero. 6.5 ttaining Optimalit arti-game is designed to �nd solutions to dela ed rew ard con trol problems in reasonable time without needing help in the form of initial uman-supplied tra jectories. The algorithm orks hard to �nd solution but mak es no attempt to optimize it. Empirically all solutions found ha een go d. There are um er of kinds of sub optimalit whic parti-game will not pro duce. In the case of na vigation, for example, parti-game cannot pro duce lo ops or meanders, as sho wn in Figure 24. Figure 24: artigame cannot pro- duce either of these kinds of sub- optimalit No lo ops, and no un- blo ed adjacen partitions whic con tain separate parts of solution tra jectory The lac of guaran teed optimalit in parti-game is concession to the fact that there is unlik ely to su�cien time in the lifetime of reinforcemen learning system to explore ev ery ossible solution. uture researc ma rev eal ys to ac hiev eak er optimalit guaran tees: That the solution is lo cally optimal. pro of that ev en if the solution is not globally optimal, the global solution can no etter than factor (in terms of cost units for the task eing learned) er parti-game’s solution. Both these optimalit statemen ts will require extra assumptions ab out the state space. In the case of na vigational problems, this can come in the form of geometric reasoning. In dynamics problems 23 it will means of lo cal linearizations within partitions, and subsequen Linear Quadratic Gaussian (LQG) lo cal con trol design (see, for example, Sage and White, 1977 ). It is also ossible that other domains will able to use similar reasoning means of admis- sible heuristics classical metho in AI for formally reasoning ab out the optimalit of prop osed solutions Nilsson, 1971 6.6 Multiple Goals Because it builds an explicit mo del of all the ossible state transitions et een partitions, it is trivial matter for parti-game to hange to new goal. ha erformed um er of exp erimen ts (not rep orted here) that con�rm this. 6.7 Sto hastic Dynamics This is the hardest issue for parti-game to cop with. If giv en action in giv en partition pro duces ultiple results, ho do decide if this is due to inheren randomness or due to erly coarse partitions? In the latter case it will helpful to increase the resolution and in the former case it will not. The easiest case will noise in the form of next-state state action noise-signal () (11) An example is an en vironmen whic randomly jogs mobile rob ot et een eac mo emen t. ha erformed some exp erimen ts with parti-game under this scenario (not rep orted here), and ha not et seen it get stuc ev en when quite substan tial noise as added. In principal, though, an amoun of noise could break the partigame algorithm|if trials ere run inde�nitely ev en tually all of state space ould ecome partitioned to un oundedly high resolution. An impro emen to parti-game migh use statistical tests whic try to explain outcomes in terms of lo cation within the partition. This migh help, but further researc is needed. If the randomness is something whic ccasionally telep orts the system to random place (breaking the assumption of paths eing con tin uous through state space), then partigame ould probably need an en tirely di�eren splitting criterion. One ossibilit is ersion of the \G" splitting rule of Chapman and Kaelbling, 1991 6.8 The Curse of Dimensionalit �nish noting promising sign in olving series of snak rob ot exp erimen ts with di�eren um ers of links (but �xed total length). In tuitiv ely the problem should get easier with more links, 24 but the curse of dimensionalit ould mean that (in the absence of prior kno wledge) it ecomes exp onen tially harder. This is orne out the observ ation that random exploration with the three-link arm will stum ble on the goal ev en tually whereas the nine link rob ot cannot exp ected to do so in tractable time. Ho ev er, Figure 25 indicates that as the dimensionalit rises, the amoun of exploration (and hence computation) used parti-game do es not rise exp onen tially It is conceiv able (but not supp orted further evidence in this pap er) that real-w orld tasks ma often ha the same prop ert y: the complexit of the ultimate task remains roughly constan as the um er of degrees of freedom increases. If so, this migh the Ac hilles’ heel of the curse of dimensionalit Figure 25: The um er of partitions �- nally created against degrees of freedom for set of snak e-lik rob ots. The parti- tionings built ere all highly non-uniform, ypically ha ving maxim um depth no des of wice the dimensionalit The relation e- een exploration time and dimensional- it (not sho wn) had similar shap e. Conclusion This pap er egan with the problems of coarse partitionings of state space. It then sho ed ho orst-case assumptions can solv these problems, and ery e�ectiv ely iden tify partitions whic need to ha their resolutions increased. There are man in teresting en ues arising from these ideas whic remain op en for further in estigation. References Barto et al. 1983 A. G. Barto, R. S. Sutton, and C. W. Anderson. Neuronlik Adaptiv elemen ts that that can learn di�cult Con trol Problems. IEEE ans. on Systems Man and Cyb ernetics 25

13(5):835{846, 1983. Barto et al. 1991 A. G. Barto, S. J. Bradtk e, and S. Singh. Real-time Learning and Con trol us- ing Async hronous Dynamic Programming. ec hnical Rep ort 91-57, Univ ersit of Massac usetts at Amherst, August 1991. Bellman, 1957 R. E. Bellman. Dynamic Pr gr amming Princeton Univ ersit Press, Princeton, NJ, 1957. Bertsek as and Tsitsiklis, 1989 D. Bertsek as and J. N. Tsitsiklis. Par al lel and Distribute Com- putation Pren tice Hall, 1989. Bro oks and Lozano-P erez, 1983 R. A. Bro oks and T. Lozano-P erez. Sub division Algorithm in Con�guration Space for Findpath with rotation. In Pr dings of the 8th International Confer enc on rti�c al Intel ligenc 1983. Chapman and Kaelbling, 1991 D. Chapman and L. Kaelbling. Learning from Dela ed Rein- forcemen In Complex Domain. ec hnical Rep ort, eleos Researc h, 1991. Da an and Hin ton, 1993 Da an and G. E. Hin ton. eudal Reinforcemen Learning. In S. J. Hanson, J. Co an, and C. L. Giles, editors, dvanc es in Neur al Information Pr essing Sys- tems Morgan Kaufmann, 1993. Hopp e, 1986 R. H. W. Hopp e. Multi-Grid Metho ds for Hamilton-Jacobi-Bellman Equations. Numeric al Mathematics 49, 1986. Kaelbling, 1993 L. Kaelbling. Hierarc hicial Learning in Sto hastic Domains: Preliminary Results. In Machine arning: Pr dings of the enth International Workshop Morgan Kaufman, June 1993. Kam bhampati and Da vis, 1986 Subbarao Kam bhampati and Larry S. Da vis. Multiresolution ath Planning for Mobile Rob ots. IEEE Journal of ob otics and utomation, ol. RA-2, No. 2(3), 1986. Kn uth, 1973 D. E. Kn uth. Sorting and Se ar ching Addison esley, 1973. Latom e, 1991 J. Latom e. ob ot Motion Planning Klu er, 1991. Mic hie and Cham ers, 1968 D. Mic hie and R. A. Cham ers. BO XES: An Exp erimen in Adaptiv Con trol. In E. Dale and D. Mic hie, editors, Machine Intel ligenc Oliv er and Bo yd, 1968. 26

Mo ore and tk eson, 1993 A. W. Mo ore and C. G. tk eson. Prioritized Sw eeping: Reinforcemen Learning with Less Data and Less Real Time. Machine arning 13, 1993. Mo ore, 1991 A. W. Mo ore. ariable Resolution Dynamic Programming: E�cien tly Learning Action Maps in Multiv ariate Real-v alued State-spaces. In L. Birn baum and G. Collins, editors, Machine arning: Pr dings of the Eighth International Workshop Morgan Kaufman, June 1991. Nilsson, 1971 N. J. Nilsson. Pr oblem-solving Metho ds in rti�cial Intel ligenc McGra Hill, 1971. eng and Williams, 1993 J. eng and R. J. Williams. E�cien Learning and Planning Within the Dyna ramew ork. In Pr dings of the Se ond International Confer enc on Simulation of daptive Behavior MIT Press, 1993. Sage and White, 1977 A. Sage and C. C. White. Optimum Systems Contr ol Pren tice Hall, 1977. Simons et al. 1982 J. Simons, H. an Brussel, J. De Sc utter, and J. erhaert. Self-Learning Automaton with ariable Resolution for High Precision Assem bly Industrial Rob ots. IEEE ans. on utomatic Contr ol 27(5):1109{1113, Octob er 1982. Sutton, 1984 R. S. Sutton. emp oral Credit Assignmen in Reinforcemen Learning. Phd. thesis, Univ ersit of Massac usetts, Amherst, 1984. Sutton, 1990a R. S. Sutton. In tegrated Arc hitecture for Learning, Planning, and Reacting Based on Appro ximating Dynamic Programming. In Pr dings of the 7th International Confer enc on Machine arning Morgan Kaufman, June 1990. Sutton, 1990b R. S. Sutton. In tegrated Arc hitecture for Learning, Planning, and Reacting Based on Appro ximating Dynamic Programming. In Pr dings of the 7th International Confer enc on Machine arning Morgan Kaufman, June 1990. atkins, 1989 C. J. C. H. atkins. Learning from Dela ed Rew ards. PhD. Thesis, King’s College, Univ ersit of Cam bridge, Ma 1989. 27