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Abstract

This paper provides a new model of primate transitive
inference learning. We begin from the production-rule
model of Harris and McGonigle (1994), which was previ-
ously the best model at accounting for the performance of
squirrel monkeys (Saimiri sciureus) and human children
trained on transitive inference (e.g. given A > B and
B > C, then A > C) when presented with three items
from the training set. We have extended this model by
creating a version that learns, and in so doing have ac-
counted for more of the data, particularly subject’s fail-
ures to learn transitive inference. We demonstrate a two-
tier task-learning model which, in accounting for learning
the training pairs, generates ‘transitive inference’ in pairs
(but not triads) for free. In addition to replicating this
aspect of the Harris and McGonigle (1994) model in a
learning system, we provide a novel explanation for the
difficulty in acquiring the pairs in the first place and the
utility of the training regimes commonly used. We discuss
the biological plausability of our model and its relation-
ship to other popular models of the transitive inference
task.

1 Introduction

Transitive inference (TI) is the process of reasoning
whereby one deduces that if, for some quality, A > B
and B > C, then A > C. In some domains, such as
integers, this property will hold for any A, B or C. For
other domains, such as sporting competitions and primate
dominance hierarchies, the property does not necessarily
hold. For example, international tennis rankings, while in
general being a good predictor of the outcome of tennis
matches, may systematically fail to predict the outcome
of two particular players.

Many animals demonstrate TI without special train-
ing once they learn the ordered set of adjacent pairs (e.g.
A > B, B > C). There have been many attempts to

explain this phenomena via modeling (Wynne, 1998, for
a review). However, very few models account for the per-
formance of subjects presented with trigrams, the choice
between three rather than just two items from the trained
pairs (e.g. A,B, C). TI performance in this case is sys-
tematically degraded both from the two-item case and
from what standard TI models predict. Of the models
that do account for this data, that of Harris and McGo-
nigle (1994) provide the current best fit to data. The
Harris and McGonigle (1994) model is in the form of
a standard artificial intelligence learning representation
called a production-rule stack. If an agent learns a rule
stack that works correctly on all pairs, then TI for two
items is expressed as a simple consequence of the underly-
ing pair representation. Additionally, the Harris and Mc-
Gonigle (1994) model accounts for degraded three-item
performance data, providing matches for both aggregate
data and individual performance.

In this paper we present a new model which extends
Harris and McGonigle (1994) to include learning. To
model the data accounted for by Harris and McGonigle
(1994), we split the task of TI into two problems: learn-
ing an association between stimuli and actions; and pri-
oritizing stimuli. This two-tier learning mechanism is
able to perfectly learn the Harris and McGonigle (1994)
TI model. In addition, the two-tier model demonstrates
three interesting and unintended correlates to real sub-
jects:

• Human children and monkeys require training in or-
der to reliably learn TI. The two-tier model does not
reliably learn TI without a similar type of training.

• The performance of the two-tier model was more ro-
bust than that of the standard single-tier model of
TI. That is, TI learning in the two-tier model is sta-
ble over a larger set of training parameters.

• When the two-tier model fails to learn TI, it makes
errors similar to those observed in primates.
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In the following sections we summarize the current find-
ings on transitive inference, in particular the Harris and
McGonigle (1994) model. We then detail the two-tier
model and present our experimental methods and re-
sults. Finally we discuss the implications of the two-tier
model, including neural correlates and implications for
more general-purpose task learning.

1.1 Transitive Inference (TI)

Piaget described TI as an example of concrete operational
thought (Piaget, 1954). That is, children become capa-
ble of doing TI when they become capable of mentally
performing the physical manipulations they would use to
determine the correct answer. In the case of TI, this ma-
nipulation involves ordering the objects into a sequence
using the rules A > B and B > C, and then observing
the relative location of A and C.

Since the 1970’s, however, demonstrations of TI in chil-
dren and a variety of animals — apes, monkeys, rats and
pigeons (Wynne, 1998, for a review) — have suggested
that TI is a basic animal competence, not a skill involving
sequential operations or explicit logic. Further, Siemann
and Delius (1993) have shown that in adults who learned
to choose between pairs of doors during an exploration-
type computer game, there was no performance differ-
ence between individuals who formed explicit comparison
models and those who did not (N = 8 vs. 7 respectively).

1.2 Characteristic TI Effects

The following effects hold across experimental subjects,
whether they are children, monkeys, rats, pigeons, or
adult video-game players. Once a subject has learned
the ordering for a set of pairs (e.g. AB, BC, CD...), they
tend to show significantly above-chance results for tran-
sitive inference. They also show the following effects (see
Wynne, 1998, for review):

• The End Anchor Effect: subjects make an evaluation
faster and more accurately when a test pair contains
one of the ends. This is usually explained by the fact
they have learned only one behavior with regard to
the end points (e.g. nothing is > A).

• The Serial Position Effect: even taking into account
the end anchor effect, subjects do more poorly the
closer to the middle of the sequence they are.

• Symbolic Distance Effect: even compensating for the
end anchor effect, the further apart on the series two
items are, the faster and more accurately the sub-
ject makes the evaluation. This effect contradicts
any step-wise chaining model of transitive inference
(i.e. Piaget’s concrete operations) since distant items

would require more steps and therefore a longer re-
action time (RT).

1.3 Training Subjects for TI

Training a subject to perform transitive inference is not
trivial. Subjects are trained on a number of ordered
pairs, typically in batches. Because of the end anchor ef-
fect, there must be at least five items (A . . . E) to clearly
demonstrate transitivity on just one untrained pair (BD).
Obviously, seven or more items would give further infor-
mation, but training for transitivity is notoriously dif-
ficult. Even children who can master five items often
cannot master seven. This is true even for simple sort-
ing of conspicuously ordered items such as posts of dif-
ferent lengths (McGonigle and Chalmers, 1996). Indi-
vidual items are generally labeled in a deliberately non-
ordinal way, such as by color or pattern, and controlled
by varying the assignment of rank by subject (e.g. one
subject may learn blue < green < brown while another
brown < blue < green).

The subjects are first taught to use the testing appara-
tus; they are presented with an object and rewarded for
selecting it. Next, they are trained on the first pair DE,
where only one element, D is rewarded1 When the sub-
jects reach criterion, they are trained on CD. After all
pairs are trained, there is generally a phase of ordered re-
peated training on all the pairs, but with fewer exposures
per pair, which is then followed by a period of random
presentations of training pairs (See Figure 1).

Once a subject has been trained to criterion, they are
exposed to testing pairs. In testing, either choice is re-
warded in an effort to minimize the effects of further train-
ing. However, training (adjacent) pairs are often inter-
spersed with testing pairs during the testing phase, with
the training pairs still being differentially rewarded.

1.4 Standard Models of TI

The currently dominant way to model transitive inference
is in terms of the probability that an element will get
chosen. Probability is determined by a weight associated
with each element. During training, the weight is updated
using standard reinforcement learning rules. Normaliza-
tion of weights across rules is necessary to get results in-
variant on the order of training (whether AB is presented
first or DE). Taking into account some pair-specific con-
text information has proven useful for accuracy, and nec-
essary to explain the fact that animals can also learn a
looping end pair (e.g. E > A for 5 items). Wynne (1998)
provides the following as a summary model:

1The psychological literature is not consistent about whether A
or E is the ‘higher’ (rewarded) end. This paper uses A as high.
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P1 Each pair in order (ED, DC, CB, BA) repeated until 9 of 10
most recent trials are correct. Reject if requires over 200 trials total

P2a 4 of each pair in order. Criteria: 32 consecutive trials correct.
Reject if requires over 200 trials total

P2b 2 of each pair in order. Criteria: 16 consecutive trials correct.
Reject if requires over 200 trials total

P2c 1 of each pair in order. Criteria: 30 consecutive trials correct.
No rejection criteria.

P3 1 of each pair randomly ordered. Criteria: 24 consecutive trials correct.
Reject if requires over 200 trials total

T1 Bigram tests: 6 sets of 10 pairs in random order.
Reward unless failed training pair.

T2a As in P3 for 32 trials. Unless 90% correct, redo P3.
T2 Trigram tests: 6 sets of 10 trigrams in random order, reward for all.
T3 Extended version of T2.

Table 1: Phases of training and testing used for children (Chalmers and McGonigle, 1984). Monkeys are actually
easier to train. Trigram testing is described in Section 1.5

p(X|XY ) =
1

1 + e−α(2r−1)
(1)

r =
V (X) + V (Z) + γV (〈X|XY 〉)

V (X) + V (Y ) + 2V (Z) + γV (〈X|XY 〉) + γV (〈X|XY 〉)

where V (X) is the value of stimulus X, V (〈X|XY 〉) indi-
cates extra value for X given also the context XY , Z is a
normalizing term, and α and γ are free parameters. Such
models assume that reaction time somehow co-varies with
probability of correct response.

1.5 The Binary Sampling Model

In one of the earliest of the non-deductive TI papers, Mc-
Gonigle and Chalmers (1977) not only demonstrated ani-
mal learning of TI, but also proposed a model to account
for the errors the animals made. Their subjects were
squirrel monkeys (Saimiri sciureus). Like human chil-
dren, these monkeys tend to score only around 90% on the
pair BD. To explain this, McGonigle and Chalmers pro-
posed the binary-sampling theory. This theory assumes
that:

• Subjects consider not only the items visible, but also
items that might be expected to be visible. That is,
they take into account elements associated with the
current stimuli, especially intervening stimuli associ-
ated with both.

• Subjects consider only two of these possible elements,
choosing the pair at random. If they were trained on
that pair, they perform as trained; otherwise they
perform at chance, unless one of the items is an end
item, A or E, in which case they perform by selecting
or avoiding the item, respectively.

• If the subject chooses an item that is only expected,
not actually present, it obviously cannot act on that
selection (e.g. grasp the item). However, selection
reinforces consideration of that item, which makes it
likely the next pair the animal considers includes one
of the higher-valued of the items displayed.

Thus for the pair BD, this model assumes an equal
chance the monkey will focus on BC, CD, or BD. Either
established training pair results in the monkey selecting
B, while the pair BD results in an even (therefore 17%)
chance of either element being chosen. This predicts that
the subjects would select B about 83% of the time, which
is near to the average actual performance of 85%.

The binary-sampling theory is something of a näive
probabilistic model: it incorporates the concept of expec-
tation, but not in a full-fledged probabilistic framework.
More importantly, it contradicts the symbolic distance ef-
fect, since again further-apart pairs may require more op-
erations. However, it motivated McGonigle and Chalmers
to generate a data set showing the results of testing mon-
keys (and later children (Chalmers and McGonigle, 1984))
on trigrams of three items. The binary-sampling theory
predicts that for the trigram BCD there is a 17% chance
D will be chosen (half of the times BD is attended to),
a 33% chance C will be chosen (all of the times CD is
attended to) and a 50% chance of B (all of BC plus half
of BD). True TI would of course predict 0%, 0% and
100%. In fact, the monkeys showed 3%, 36%, and 61%,
respectively.
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1.6 The Production-Rule Stack Model

The trigram data has since been used by Harris and Mc-
Gonigle (1994) to create a better-fitting model, which is
based on the concept of a stack of production rules. This
model matches the performance of the monkeys very well
whether they are modeled as a group or as individuals.

The production-rule stack model requires the following
assumptions:

1. The subject learns a set of rules of the nature “if A
is present, select A” or “if D is present, avoid D”.

2. The subject learns a prioritization of these rules.

This process results in a rule stack, where the first rule
is applied if its trigger finds the context appropriate. If
not, the second, and so on.

For an example, consider a subject that has learned a
stack like the following:

1. (A present) ⇒ select A
2. (E present) ⇒ avoid E
3. (D present) ⇒ avoid D
4. (B present) ⇒ select B

Here the top item (1) is assumed to have the highest
priority. If the subject is presented with a pair CD it
begins working down its rule stack. Rules 1 and 2 do not
apply, since neither A nor E is present. However, rule 3
indicates the subject should avoid D, so consequently it
selects C. Priority is critical. For example, for the pair
DE, rules 2 and 3 give different results. However, since
rule 2 has higher priority, D will be selected.

Adding the assumption that in the trigram test cases,
an ‘avoid’ rule results in random selection between the
two remaining items, Harris and McGonigle (1994) model
the conglomerate monkey data so well that there is no sig-
nificant difference between the model and the data. For
example, over all possible trigrams, the stack hypothesis
predicts a distribution of 0, 25% and 75% for the low-
est, middle and highest items. Binary sampling predicts
3%, 35% and 63%, and logic of course 0%, 0% and 100%.
The monkeys showed 1%, 22% and 78%. Further, indi-
vidual performance of most monkeys were matched to a
particular stack.

Without trigram data, there would be no way to dis-
criminate which rule set the monkeys use. However, with
trigram data, the stacks are distinguishable because of
their errors. For example, a stack like

1′. (A present) ⇒ select A
2′. (B present) ⇒ select B
3′. (C present) ⇒ select C
4′. (D present) ⇒ select D

would always select B from the trigram BCD by using
rule 2′, while the previous stack would select B 50% of

the time and C 50% because it would base its decision on
rule 3.

There are 8 discernible correct rule stacks of three rules
each which will solve the initial training task. There are
actually 16 correct stacks of four rules, but trigram ex-
periments cannot discriminate whether the fourth rule
selects or avoids.

2 Model

Although Harris and McGonigle (1994) account amaz-
ingly well for the trigram data, their production-rule
model is somewhat unsatisfying, because its components
seem artificial. Why would subjects prioritize produc-
tions rather than items, particularly if there are the same
number of each? Why would a rule be triggered by only
a single stimulus rather than by both items of a trained
pair? Why are their only two possible actions, select and
avoid, one of which (avoid) has an arbitrary outcome?
In order to better understand the model and to further
test it for biological plausibility, we have built a learning
version of their system.

Consistent with the production-rule hypothesis, we
built a two tier system: one tier to learn the appropri-
ate rule associated with each item, and one to learn a
prioritization between items.

The Harris and McGonigle (1994) model provides for
only one rule per item and only two possible rules. Our
model consists of a list of items seen, each associated with
a weight and with a unique 2-item list of possible rules
(select or avoid) also associated with weights. When the
agent sees a new item, it adds it to its list of stimuli. The
biological plausibility of these assumptions is addressed
in the discussion.

All of the weights in a single list are normalized (they
sum to 1) — new items receive the weight 1/N (where N
is the current number of items). New items in the stim-
ulus list are also associated with a rule-list where both
select and avoid have weight 0.5. provided. When the
agent is given a trial, it examines its list for the rules as-
sociated with the stimuli present. For that set of rules,
the highest-priority stimulus determines the focus of the
agent’s attention. Then the highest priority rule in the
rule-list associated with that stimuli determines whether
the agent selects or avoids the object it has fixated on. In
the case of a tie, outcome is arbitrary.

Weights are updated after every trial, where a trial is a
presentation of a pair or trigram, a selection by the agent,
and a reward. In contrast to the complex update rule in
eq. 1, we use a simple step function. The subject learns
a weight vector v. For the pair XY, where X is selected
by the subject and vX and vY are the weights associated
with X and Y respectively:
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Figure 1: The two-tier model. When the agent observes a set of stimuli (a), a weight vector (b, the first tier)
determines which item present is most salient. This attracts visual attention (c) and determines which rule vector
(d, the second tier) selects the appropriate action (select or avoid) which controls the monkeys grasp (e). The two
vectors that were most recently active (a and one of d) are then updated as determined by the result and the learning
rule (Equation 2).

If X is correct and (vX − vY < Ξ), add δ to vX ;
else, if X is incorrect, subtract δ from vX . (2)

where Ξ and δ are free parameters. Ξ is a threshold over
which reward is so expected that it no longer prompts
learning. δ is the amount a weight is changed by a single
bout of learning. If a weight-change occurs, v is subse-
quently renormalized.

3 Methods

3.1 Model Testing through Artificial Life
Simulation

The experiments in this paper were performed in arti-
ficial life (ALife) simulations. ALife allows a researcher
to evaluate algorithms that are too complex to analyze
formally. ALife evaluations operate by running simula-
tions, then performing standard hypothesis testing to see
whether the simulated results are a good match to the
original data.

Once a model has been built, the process of simulation
also allows one to search broad parameter spaces that
would be relatively difficult or expensive to test in the
laboratory. These runs then serve as predictions from

the model, and a relatively sparse set of them can be
tested against real-world experiments to provide further
validation.

Further validation of an ALife model occurs when sim-
ulation results unexpectedly converge with previously-
observed, real-world phenomena. This is the case for the
experiments described below. The models were built to
test whether a biologically-plausible extension of the Har-
ris and McGonigle (1994) production-rule model could
learn the productions and their prioritization. That the
model not only learns but also unexpectedly reproduces
two aspects of error-production by real animals is, we feel,
a significant result.

3.2 Details of the Simulation

The ALife agents were written in the Common Lisp Ob-
ject System (CLOS) (Steele Jr., 1990), a standard pro-
gramming language frequently used for artificial intelli-
gence. The code was developed under the Behavior Ori-
ented Design methodology, developed by one of the au-
thors (Bryson and Stein, 2001; Bryson, 2001), and imple-
mented on top of a graphical software development envi-
ronment for CLOS called LispWorks (Xanalys, 2001). A
personal edition of LispWorks is available for free down-
load from its manufacturers, and all software used in this
paper is available from the authors by email. Develop-
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ment took place in a Linux environment (Red Hat, 2001)
and experiments were run under both Linux and Win-
dows (Microsoft, 2001).

The artificial intelligence (AI) program that runs the
simulations controls not only the agents, but also the op-
eration of the test apparatus including the recording of
results. The program is modular, and the knowledge in
the modules representing different real-world agents (the
subjects, apparatus and operator) is kept isolated from
the other agent’s modules.

On each trial, the training apparatus generates an n-
gram (either bigram or trigram) as appropriate to the
current phase of the experiment and places its element
in the test-board. The learning agent (or subject) then
selects one of the options by transferring it from the test-
board to its hand. The apparatus determines whether the
subject chose correctly and provides reinforcement with
either a ’peanut or a ’buzzer token. It also records the
results, and ends the test by clearing the testing area.
When the subject is presented with the test-board it se-
lects an object as illustrated in Figure 1. When it is given
reinforcement, it applies the learning rule from Section 2
based on its current variable state (its expectations) and
the presence or absence of the peanut reward.

In the first two conditions described below, an indef-
inite number of trials were run until the simulation was
terminated by the human experimenter. In the third con-
dition, the apparatus part of the agent was enhanced to
run the training and testing procedure shown in Table 1.

Details of the construction of the ALife simulation are
described by Bryson (2001). In order to support the anal-
ysis in this paper we have extended the simulation some-
what, but not in ways significant to the model.

4 Results

4.1 Single-Vector (Standard Model) Re-
sults

Before completely implementing the two-tier model (see
Section 2), we first tested our simulation and learning
rule with a single-tier model. This provides a rough repli-
cation of the standard, single-vector approach (see Sec-
tion 1.4). Figure 2 shows a typical result for standard
transitive inference modeling, when pairs have been pre-
sented in random order. Unlike real animals (including
children), these models perform well regardless of training
regime. Learning on this task is twice as fast and more re-
liable if the agent is initially presented only with training
pairs than if it is trained on every possible pair, presum-
ably because the training pairs provide more information
on the border conditions.

If Ξ > 0.1, then a stable solution for five items can-

0 100 200 300 400
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Figure 2: Typical results for single-vector learning (only
one rule — select). X-axis: trial number; Y-axis: weights
of stimuli vector (sum to one). Free variables are set to
Parameters: Ξ = .08, δ = .02. Key: A•, B−, C∗,D©,
E5.
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Figure 3: Single vector with ‘stupider’ parameters: Ξ =
.12, δ = .02. This fails to find a stable solution thus occa-
sionally giving wrong responses. Key: A•, B−, C∗,D©,
E5.

not be reached (see Equation 2 above). Because learn-
ing doesn’t stabilize, the model is open to a ‘hot hands’-
like phenomena (Gilovich et al., 1985). When there is a
chance reiteration of one particular pair, the higher ele-
ment of that pair can accumulate so much reinforcement
that its weight surpasses the element above it. Thus the
agent over-estimates the value of an item because of its
recent “winning streak”. This is illustrated in Figure 3.
These results provide one possible explanation for indi-
vidual differences in transitive task performance. Indi-
vidual differences in stable discriminations between pri-
orities can affect the number of items that can be reliably
ordered.

On the other hand, in the single-vector model the un-
stable competing weights often represent the two top-
priority stimuli. This violates the End Anchor Effect,
so is not biologically plausible. However, the other end
of the vector is reliably well-discriminated. Consequently,
the model might be fixed if instead of using a single vec-
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tor to represent the learned priority sequence we used a
dual-vector representation such as the Start-End model
proposed by Henson (1998) to reliably anchor each end.
Even so, this model would not explain performance on
trigram testing as well as Harris and McGonigle (1994)
have.

0 100 200 300
0

0.1

0.2

0.3

0.4

0.5

Figure 4: Rule learning with no training regime. Rules
learned in descending order of priority: select D©, avoid
C∗, avoid B−. The system cannot stabilize because it
is far from a complete solution, but it behaves correctly
for every training pair except CD. Parameters: Ξ = .08,
δ = .02.

4.2 Rule Learning Without Phased
Training

The two-tier model is an extension of the single-tier model
which learns not just priorities for stimuli, but also con-
nections between stimuli and actions. Figures 4 and 5
illustrate outcomes for the system with additional vec-
tors provided for representing rules, as described in Sec-
tion 2. Rule selection is made very early in training and
remains stable once established, so is not represented in
most figures except in the captions. Nevertheless, the
added complication of rule learning defeats the simple
learning regime used in the earlier experiments. Without
a training regime, the multi-vector model generally learns
either the solution shown in Figure 4 or a symmetric one
with the select (B) and avoid(C) fighting for top prior-
ity. These agents visually neglect the two endpoints, but
get the end pairs (AB and DE) correct 100% of the time
by associating the rule avoid with B and select with D.
However, this leaves them with no possible solution for
correctly learning both middle pairs. The learning sys-
tem fixates on trying to solve an impasse in the middle of
the sequence, always failing to learn one pair.

About one time in four agents without a training
regime do learn a correct solution. We tested learn-
ing across a range of parameter values: every combina-
tion of Ξ drawn from .08, .1, .12, .14 and δ drawn from

.01, .02, .04, .08, .12, .16. Correct solutions came evenly
from all parameter values, and seemed evenly distributed
across all possible correct solutions enumerated by Harris
and McGonigle (1994) (Table 2).

A correct stack must be either in sequence
[s(A)s(B)s(C)] or [a(E)a(D)a(C)] or an ordered
cross of these (e.g. [s(A)a(E)s(B)]). See Table 2 for a
complete list. Although the rules learned by the average
(failing) agents without a training regime have a very
different order, they still perform fairly well. Only one
training pair is incorrect: that of the two top priority
stimuli. For example, in Figure 4, the only training pair
which cannot be handled is BC. Fig. 4 does display
the End Anchor Effect. Agents quickly choose rules
which avoid making errors on the two end points, but
then are in a configuration where they cannot learn a
rule to complete the solution. Whether +B or -C is
highest priority, the outcome is exactly the same. These
solutions also display something of the Serial Position
Effect by confusing only central pairs.

It would be interesting to compare these results with
the outcomes of the real subjects who fail to meet crite-
rion in learning transitive inference. Although no trigram
results were reported for monkeys or children that missed
criterion, one monkey subject, Blue, passed criterion but
still showed a consistent error between the 3rd and 4th

item Harris and McGonigle (1994, p. 332). Blue’s errors
are in keeping with the results of this model.

0 50 100 150 200 250 300 350 400 450 500
0

0.1

0.2

0.3

0.4

0.5 P1 
P2a

P2b
P2c

P3 T1 T2a T2 

Figure 5: Rule Learning with Phased Training. Labeled
lines indicate the end of training and testing phases (see
Table 1). This agent arrives at different stable solutions
at different points, but they are all correct. Here the rules
are: select A•, avoid E5, avoid D©. The agent succeeds
with very ‘stupid’ parameters: Ξ = .12, δ = .06.

4.3 Rule Learning with Phased Training

Using the training regime for real children (Table 1), the
full model can learn far more reliably (Table 2, example
in Figure 5).

7



Regime starting w/ E, D Regime starting w/ A,B
Correct No Regime after after after after Harris &
Stacks (random) training testing training testing McGonigle

s(A) s(B) s(C) 4 51 41 – – –
s(A) s(B) a(E) 8 68 26 – – –
s(A) a(E) a(D) 3 – 1 4 2 2
s(A) a(E) s(B) 4 4 16 3 1 2
a(E) a(D) s(A) 5 – 1 57 50 –
a(E) a(D) a(C) 4 – – 59 47 1
a(E) s(A) a(D) 5 3 – 4 11 –
a(E) s(A) s(B) 1 1 13 – 3 –
Total Correct 34 127 98 127 114 5

Total 144 144 144 144 144 7

Table 2: Production-rule stack equivalents to solutions by monkey subjects and by two-tier models undergoing various
forms of training. The distribution of solutions is strongly determined by the order training pairs are presented.

The multi-vector model is somewhat more like the
squirrel monkeys than the children in that it more reliably
learns TI than children given the same training regime.
Nearly all successful agents converge quickly, and the ones
that fail to learn fail early, usually during Phase 2a. The
rule representation also allows for stable learning with ei-
ther more items or larger values of Ξ. This is because
some rules will never be compared. Notice for example
that during training, rules involving non-adjacent items
do not need to discriminate their weights since they are
never compared (Figure 5, P2b–P3).

Large values of δ result in less systematic convergence,
and provide a greater diversity of rule sets, though a few
more failures to reach criterion. Using the same array of
parameters as in Section 4.2, shows approximately 7 in 8
agents learning successfully. Convergence in this case is
highly dependent on δ; when δ was in .08, .12, .16, one in
four agents failed, otherwise there were only a very few
failures (3), all of which had δ = .01 (Nδ=.01 = 48). A
very low δ results in a slow learners. Even when such
agents make criterion, they may never find a stable solu-
tion (see e.g. Figure 6).

Note that significant learning occurs during testing
— another phenomena also reported with real monkeys
(Harris and McGonigle, 1994). Learning occurs because
rules that previously were never compared (e.g. those
triggered by any two non-adjacent items) will be now.
If their weights do not already happen to be at least Ξ
apart, learning is triggered, regardless of the reinforce-
ment scheme. This explains the utility of continuing to
reinforce training pairs, a common procedure during the
testing phase of the TI task.

Harris and McGonigle (1994) report improved perfor-
mance during trigram testing despite the fact the animals
were rewarded regardless of choice. This indicates the
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Figure 6: Phased Training where learning slips during
trigram testing. Rules are: select A•, select B−, and
either avoid E5 or select C∗. Parameters: Ξ = .12,
δ = .02

monkeys were also still learning. However, some two-tier
agents showed performance degradation during trigram
training (see “after training” columns in Table 2). Fig-
ure 6 shows one cause for this failure: a slow-learning
agent that fails to find a stable solution has two priorities
converge, which can lead to incorrect choices if these are
both selects or both avoids. Agents with larger values of
δ generally find a new stable though incorrect solution
during trigram testing, when any solution is reinforced
(during bigram testing, training pairs are still differen-
tially rewarded, giving the agent some useful feedback).
These phenomena were not reported by Harris and Mc-
Gonigle (1994). If they never occur, this would be a point
of inconsistency with the model.
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5 Discussion

The results of our model have not only met but exceeded
the goals of our simulation. We have achieved our goal by
showing that a system which performs like that of Harris
and McGonigle (1994) can be learned. Further, it can be
learned with a very simple learning mechanism. Unlike
backpropogation (a popular AI neural-network learning
algorithm often applied to psychological modeling Lillo
et al., 2001; McClelland et al., 1995), the learning rule we
used is uncontroversial in its neurological plausibility. It is
a simplified version of ‘delta learning’ (Widrow and Hoff,
Jr., 1960). The fact the model unexpectedly generates
errors in learning similar to those of real subjects further
validates both our two-tier model and the work by Harris
and McGonigle (1994).

5.1 Production Rules as Natural Repre-
sentations

Intuitively, the quality of the fit of the Harris and Mc-
Gonigle (1994) model is surprising. Why would subjects
focus only on a single item as the precondition of an ac-
tion? Why would a non-deterministic ‘avoid’ be one of
only two possible actions? Given the demonstrated qual-
ity of both the Harris and McGonigle (1994) model and
of the present two-tier model, these questions have been
transformed into open research questions.

We have come up with two possible explanations, which
are not necessarily mutually exclusive. First, focusing on
a single item as the precondition matches the precondi-
tion to the eventual goal. Grasping a single item is tightly
associated with receiving the reward. There is some ev-
idence that the representation underlying task learning
in primates is at least analogous, and perhaps identical,
to the machine-learning concept of a generative model
(e.g. Hinton and Ghahramani, 1997; Bishop et al., 1998).
That is, the same model which is attempting to learn
ways of classifying the world by observation can also be
driven forward to make predictions, or in the case of task
learning, to drive actions. This is a parsimonious way to
combine learning and control in the same system. Some
support for this hypothesis comes from neurophysiologi-
cal evidence that some individual neurons in the premo-
tor cortex are associated with both perception and action
(Miller, 2000; Rizzolatti et al., 2000). Since subjects learn
to grasp only one item, there may be a neurophysiological
bias towards having the perceptual indicator or releaser
for that action also be based on a single item.

The second possible explanation requires considering
the ontogenetic acquisition of the two-tier model. We
propose this account:

1. In the earliest phase of training, when the subjects
learn to grasp an object for a reward, they learn the

basic rule structure associating any stimulus and the
response select.

2. In the large blocks of ordered pair training, subjects
discover that they may select only one object. In this
phase they learn two things: to discriminate stimuli,
and also to inhibit the select stimulus in some con-
texts. This inhibition results in the avoid rule being
learned and associated with some objects that, for
whatever reason, are highly salient (hold the sub-
ject’s attention.)

3. As the blocks of stimuli change, subjects must learn
(or adjust) prioritization between neighboring inhi-
bition rules.

In this account, the origin of the single-item cue is the
original learned behavior pattern: the grasping of a single
item.

This account nearly provides for the entire set of TI
effects described in Section 1.2, except for the symbolic
distance effect. Accounting for this requires further as-
suming that the process of selecting between two rules
takes longer the more similar the two priorities are. For
example, the ‘decision’ to act on one rule may require a
buildup of activation that is inhibited by competing rules
in proportion to their priority. Thus when two compet-
ing rules are similarly weighted, this process is likely to
be both longer and more arbitrary. This is essentially an
elaboration of the common assumption of the sequence-
learning models (e.g. Wynne, 1998).

5.2 Other Models of Transitive Inference

We have already addressed the single-weight-vector
modeling approach that currently dominates this area
(Wynne, 1998), and McGonigle and Chalmers (1977) bi-
nary sampling theory. In this section we will address a
few other models.

Lillo et al. (2001) recently presented a backpropogation
model which displays the Symbolic Distance Effect (see
Section 1.2), but does not account for the McGonigle and
Chalmers (1977) trigram results. Backpropogation is a
machine-learning technique which allows weight changes
to be determined across layers of vectors simultaneously
(Hertz et al., 1991). Similar to the two-tier model, Lillo
et al. (2001) use a two-layered approach. The difference in
outcomes between these models shows the importance not
only of modularity (in this case, layers) within a network,
but also of configuration.

No learning system can operate successfully in a rea-
sonable amount of time without being provided with bias
(Wolpert, 1996). The very structure of a network, its
connectivity and its connections to sensing and action,
serves as that bias. If the two output units of the Lillo
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pair subject labelling two-tier
scores hypothesis hypothesis

A > B 88 100 100
A > C 52 50 50
A > D 85 100 88
B > C 27 0 13
B > D 50 50 50
C > D 87 100 100

Table 3: Comparison of results from de Boysson-Bardies
and O’Regan (1973) Experiment 4, their labeling hypoth-
esis, and the two-tier model. The subjects were deliber-
ately not trained to full performance on the training pairs
(AB and BD) but the models do not take this into ac-
count. See Table 4 for explanation of the two-tier values.

et al. (2001) model were connected to select and avoid
instead of ordinal positions on the board, their model
would be fairly similar to ours, and might even learn the
task. However, notice that for our simulation these ‘lay-
ers’ were separated in different modules, the results of
each of which were necessary for the action sequence. The
output of the first ‘layer’ determines not only which rule
is chosen, but also which item is being visually fixated
when that rule is chosen. This is critical to the operation
of the avoid rule, particularly in the trigram case. Also,
the learning rule we used functions more quickly and with
more biological plausibility than backpropagation.

Lillo et al. (2001) also compare the results of their
model with a study by de Boysson-Bardies and O’Regan
(1973). In this study, both children and adults
were presented the TI task with no phased learning.
Rather, they were given either pairs presented in ran-
dom order or iterations of ordered presentations (i.e.
AB,BC, CD, DE,AB, BC . . .). Adults learned the con-
dition with the ordered presentations better, but children
learned both conditions at the same rate. Both children
and the Lillo et al. (2001) model sorted a newly presented
element to be in the middle of their sequence.

Our single-vector model showed in Section 4.1 would
also sort a new item in the middle, for the trivial rea-
son that this is how we chose to set prior expectation for
a newly found item — to be the mean of all the other
weights. On the other hand, not every production rule
stack generated by our full model would necessarily do
this, though all possible rule sets might well do it in ag-
gregate.

de Boysson-Bardies and O’Regan (1973) do not give
much information on the procedure for training the
adults, but given their perfect accuracy levels it seems fair
to guess that the adults formed a full, explicit model of
the task in the case of ordered presentations and were per-
forming classic, logic-based transitive inference to solve

pair applicable individual aggregate
rules predictions prediction

A>B s(A) 100 100.0
a(B) 100 .

A > C s(A), s(C) 50 50.0
s(A) 100 .
s(C) 0 .

50 .
A > D s(A), a(D) 100 87.5

s(A) 100 .
a(D) 100 .

50 .
B > C s(B), a(C) 0 12.5

s(B) 0 .
a(C) 0 .

50 .
B > D a(B), a(D) 50 50.0

a(B) 0 .
s(D) 100 .

50 .
C>D s(C) 100 100.0

a(D) 100 .

Table 4: Explanation of two-tier predictions from Table 3.
For each training pair, we assume each agent is at chance
for learning one rule (either a select or an avoid) to solve
it. We also assume that when two rules with different
outcomes may be applied, which rule has higher priority
is at chance. ‘Individual’ predictions are based on possible
rule sets an individual might have acquired in training;
‘aggregate’ assumes an even distribution of individuals.

the problems. On the other hand, they may not have
received enough training to form the implicit rule-based
model the children formed in either condition.

de Boysson-Bardies and O’Regan (1973) have their own
hypothesis for explaining the children’s strategies, which
they call the “labeling strategy”. This is somewhat like
the binary sampling theory, in that it first assumes the
children associate the labels “big” and “small” with items
in pairs, and then posits a complicated set of transforma-
tions to explain performance on the middle items. They
test their theory in their fourth experiment by training
children only on the pairs A > B and C > D, then test-
ing them on all possible combinations of stimuli. Their
labeling-strategy model successfully predicts that most
children consider that A > D and B < C, rather than
coming up with a complete ordering of the pairs (e.g.
A > B > C > D or C > D > A > B).

The two-tier model gives the related but not identical
prediction that for each pair the children learn 1) to focus
on an item and 2) to either select or avoid that item. We
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assume they learn no rule for the other item. Given this
model, and assuming that all rules are equally likely to be
learned across all items, aggregate data for two-tier model
actually matches the de Boysson-Bardies and O’Regan
(1973) data better than their own model does on the two
pairs where the predictions differ (see Table 3). Note
though that for individuals, our model predicts 75% of
children will consistently choose A > D and B < C, while
25% will be completely at chance for the first presentation
of these pairs, because they will have no applicable rule.

Finally, another model related to the labeling strat-
egy is the value-transfer model (Siemann et al., 1996).
This model proposes that the agents learn through sim-
ple reinforcement that A is good, E (or whatever the
final element is) is bad, and all the other elements are
neutral, since they are equally likely to be rewarded or
punished. However, the value associated with A leaks to
its neighbor B, which is seen in common association with
A (in fact, in every training pair containing A.) Siemann
et al. (1996) have demonstrated conclusively that value
transfer happens between frequently associated pairs of
stimuli. However, again this model fails to explain the
trigram data. It is worth noting that most value-transfer
models have been fitted to pigeon TI data. We have no ev-
idence to date that pigeon TI would be well accounted for
by the two-tier model; pigeons certainly learn sequences
very differently from primates (Terrace and McGonigle,
1994).

5.3 Possible Neurological Correlates

The clearest aspect of our model is that it splits the prob-
lem of task-learning into two parts:

1. learning to associate actions with environmental cues

2. learning to prioritize these cues when more than one
set holds.

Because the Harris and McGonigle (1994) model indicates
that the subjects never learn multiple rules for the same
cue contexts, determining a prioritization for the cues /
items is identical with determining a prioritization for the
rules.

Neuroscience indicates that long-term rule learning, in-
cluding categorization for action selection, seems to be de-
pendent on both the prefrontal cortex (Freedman et al.,
2001; Wallis et al., 2001) and the hippocampus. In par-
ticular, the entorhinal cortex seems necessary for form-
ing episodic or event memory necessary for such tasks
as paired association, while the hippocampal formation
proper is necessary for learning more complex relations
(Alvarado and Bachevalier, 2000; Baxter and Murray,
2001).

The hippocampus has long been implicated in memory
consolidation. Its very sparse, redundant coding system

seems ideally suited to recording memories in real time
which can then be consolidated — saved to long term
storage in an integrated representation — using a slower
learning mechanism (McClelland et al., 1995; Louie and
Wilson, 2001). Thus the following might be a reason-
able neurobiological explanation of the model presented
in this paper. The basic association between stimuli and
behaviors would be performed by the prefrontal cortex
generalizing from associations learned by the entorhinal
cortex. The hippocampal formation would learn prioriti-
zations between these associations.

5.4 Relationship to AI and Cognitive Sci-
ence

We should point out that our model is hardly the first
nor the most wide-ranging documentation of the efficacy
of production-rules as cognitive models. There is an enor-
mous literature produced by the Soar community (Newell,
1990) and by the ACT-R community (Anderson, 1993) on
this subject.

Our model is also relevant to the problem of action se-
lection. It has been suggested that robust, reactive agent
control requires, among other things, focused action-
selection competencies based on prioritized lists of sub-
goals, each guarded by context-dependent triggers (Nils-
son, 1994; Bryson and Stein, 2001). This research shows
the difficulty even clever learners such as monkeys and
human children have acquiring such rules through unin-
formed search. This would seem to emphasize the impor-
tance of providing plans for intelligent agents, whether
such plans are innate (in AI, preprogrammed) or acquired
socially through imitation or instruction (Schaal, 1999).

6 Conclusions and Predictions

This paper has presented a model of TI learning in
monkeys and humans. The model presented here com-
bines several prior models (Wynne, 1998; McGonigle and
Chalmers, 1977; Harris and McGonigle, 1994) to provide
a novel extension in the form of a two-tiered learning sys-
tem.

By showing that the model of Harris and McGonigle
(1994) can be learned in a biologically plausible way,
we have further strengthened the validity of their model,
which was already by far the best-fitting model of trigram
TI performance. By finding further correlations between
our new model and real animal learning, particularly in
the error conditions, we believe we have provided further
insight into general task learning in primates. We have
also suggested a neurologically-based explanation of why
production rule models are so often successfully used for
cognitive modeling in humans and other animals.
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Our model makes a number of testable predictions. For
example:

• Visual attention should settle on the item associated
with a rule just before the grasp is made — in the
case of an avoid rule, this would not be the same item
as the one selected.

• In general, reaction times and visual scanning behav-
ior should be different for select and avoid rules.

• For individuals, the ordering of a new item (as
in de Boysson-Bardies and O’Regan (1973) experi-
ment 3) should be determined by the existing rule
stack. For example, if the rule stack is all selects as
in Eq. 1.6, a new item would be positioned last or
second to last, if they were all avoids it would be
positioned first.

Testing these predictions requires running trigram experi-
ments after TI pair training in order to discriminate which
rules were learned by individual subjects.

In our own future work, we are attempting to gener-
alize the two-tier model to explain primate performance
on more types of specialized task learning, such as the
invisible-displacement task (Hood et al., 2000; Hauser
et al., 2001) or the object-retrieval task (Diamond, 1990;
Santos et al., 1999). We hope the insight from this model
will help explain both abilities and deficits in learning
performance on these sorts of tasks.
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