To appear in: Proceedings of the Conference on Prerational Intelligence�Adaptive and Learning Behavior,Bielefeld, Germany, April 1994Nonparametric Regression for LearningStefan SchaalDepartment of Brain and Cognitive Sciences, Massachusetts Institute of TechnologyATR Human Information Processing Research LaboratoriesAbstract: In recent years, learning theory has been increas-ingly influenced by the fact that many learning algorithmshave at least in part a comprehensive interpretation in terms ofwell established statistical theories. Furthermore, with littlemodification, several statistical methods can be directly castinto learning algorithms. One family of such methods stemsfrom nonparametric regression. This paper compares non-parametric learning with the more widely used parametriccounterparts and investigates how these two families differ intheir properties and their applicability.1IntroductionThis paper will investigate learning in a very restrictedsense in that it only focuses on a low level of learning,i.e., how to establish a transformation from input data tooutput data under a given performance criterion. Instatistics, such a mapping is called regression if the out-put variables are continuous, and it is called classifica-tion if the outputs are discrete. In learning theory, theacquiring of such input-output mappings is called su-pervised learning. Due to the focus on these topics, thispaper will not address many of the other importantquestions in learning, for example, where the definitionsof the input and output variables come from, whetherthey should be defined on a microscopic or macroscopiclevel, how performance criteria can be developed, andhow learning modules can be arranged in a competitiveand/or hierarchical way. Nevertheless, the input-outputmapping problem, formulated as the search for nonlinearcorrelation, is one of the main issues of the formation ofstructured processes, and despite the research progress inthe recent years, many details have yet not been solvedin a satisfying way.The major difference between statistical dataanalysis of input-output mappings and the approachtaken by learning theory is that statistical analysis triesto incorporate as much domain knowledge as possible tointerpret the data, while in learning theory a �black box�approach is preferred. The notion �black box� expressesthe desire for autonomy: Is it possible to have a generalsystem that is fed with a stream of input and output datain order to �self-organize� to reflect the nonlinear corre-lation between inputs and outputs? The various forms ofneural network architectures are an attempt to addressthis question, but so far no positive answer has beenfound.˚Every method has serious weaknesses in certainclasses of problems, be it the perceptron on non linearlyseparable tasks (Minsky & Papert, 1969), the ordinaryfeedforward multi—layer neural network in terms ofcatastrophic interference, and the Boltzman machine interms of learning speed. However, the understanding ofthe appropriateness of an algorithm for a given problemhas always significantly advanced at the moment atwhich statistical theories could be found to apply. TheHopfield net (Hopfield, 1982) and the Boltzman ma-chine (Hinton & Sejnowski, 1983), for instance, havetheir foundations in statistical mechanics, the Kohonenalgorithm can be formulated as a Fokker-Planck equa-tion (Ritter & Schulten, 1988), and multi—layer linearfeedforward networks can be analyzed using linear re-gression methods.If statistical theories underlie the understandingof many learning algorithms, it is consistent to also tryto derive learning algorithms directly from the statisticalviewpoint by grounding their development in a statisticalframework from the very beginning. As an advantage,probabilistic assumptions of the learning framework aremade explicit (e.g., MacKay, 1993, Jordan & Jacobs,1993). A drawback, on the other hand, is that these algo-rithms often lose the connection to a desired hardware,for instance, the neurons of a brain, and focus instead ona purely computational theory of learning. However, itmight subsequently be possible to reconcile these theo-ries with more biologically motivated processes by try-ing to find biological structures that approximate thecomputations of the developed method, as it has oftenbeen possible to find statistical methods which explainthe behavior of biologically motivated algorithms. Evenif this is not possible�or often also not intended�theinsight into what is achievable by a certain learningtheory will always provide valuable benchmark perfor-mance for comparisons and will be useful in the devel-opment of artificial systems.The emphasis of this paper lies on a strand ofstatistical learning methods from nonparametric regres-sion analysis. One of the key characteristic of thesemethods (as investigated in the current context) is theirrelatively large insensitivity to the structural complexityof the input-output function to be learned. The resultingadvantages and disadvantages of nonparametric learningin comparison to the more well-known parametric meth-ods will be the topic of this paper. Before starting thiscomparison, it should be noted that despite the attemptto review a certain amount of related work in the follow-ing sections, it is absolutely impossible to cover the vastliterature on this topic. Hence, this paper can only at-tempt to briefly point to some references in the literaturewhich could lead the interested reader to more informa-tion.2Parametric vs. Nonparametric LearningIn order to compare different learning approaches for in-put-output mappings, it is useful to base the comparisonon properties which are generally accepted to be impor-tant for this type of learning. The following list is notmeant to be complete, but it should cover a large numberof the important issues:

2—Autonomy: How many parameters of the learning ap-proach need human or heuristic adjustment, like, forinstance, learning rates?—Bias: Is the learning algorithm inherently biased to-wards certain solutions, or, if desired, can bias be in-corporated easily?—Complexity Control: Can the learning approach useregularization to avoid overfitting?—Consistency: Does the learning result become in-creasingly less biased when the number of learningexperiences goes to infinity?—Continuous Learning: Can the learning system betrained forever without reaching a limit of its adapta-tion capacity or degrading its performance?—Capacity: How many parameters are required to rep-resent a given amount of experience?—Flexibility: How well can learning follow a dynami-cally changing environment?—Generalization: How well does the learning box inferan appropriate output to an unknown input?—Incremental Learning: Is learning possible in an ex-perience by experience way?—Interference: Does previously learned knowledgedegrade if new data is incorporated in the learningbox?—Interpretation: When opening the �black box�, is itpossible to interpret the way the correlation betweeninput and output data has been established? In bio-logical modeling as well as in statistical modeling,this is often a desirable property in order to gain abetter understanding of the underlying processes.—Lookup Speed: How quickly can a response to aquery be formed, i.e., what is the computationalcomplexity of a lookup?—Scaling: How well does the learning approach scalewhen increasing the dimensionality of the problem?—Real-Time Learning: How quickly can the learningbox extract the relevant information from new expe-riences and incorporate it into its representation?—Statistical Measures: Is it possible to make qualita-tive and quantitative, usually statistical statementsabout the quality of what has been learned?This list of criteria forms the basis of most of the discus-sions in the following sections. Due to space limitations,however, not all the issues will receive the attentionwhich they actually deserve.2.1Global Parametric LearningThe most common approach to learning an input-outputmapping has been to fit a global parametric function

y = f(x,θ)

(1)with finite length parameter vector

θ

to the data

(x,y)

.The fitting procedure minimizes some error function

J

such that

θ * = minθ ∑ Ji( )

for all data pairs

(xi ,yi )

in atraining set. Very often,

J

is a least squares criterion. If

f

is linear in the parameters

θ

, least squares minimiza-tion corresponds to linear regression and the parameterscan be calculated in closed form. In more interestingapplications, however,

f

is nonlinear in the parametersand the error function

J

must be minimized iteratively.Parametric learning methods have found wideapplication in the form of neural networks, and most ofthe following discussions will relate to this. In neuralnetworks, a weight matrix

W

is adjusted with the helpof backpropagation or other methods to model the train-ing data (e.g., Hertz, Krogh, & Palmer, 1992); theweights in

W

are another way to write the parametervector

θ

above. Ripley (1992) gives an extensive dis-cussion of various forms of neural networks from astatistician�s viewpoint.AdvantagesGenerally, parametric learning has been very successfulif the assumed structure of the function

f(x,θ)

is suffi-ciently close to the function which generated the data tobe modeled. However, in contrast to the approach of astatistician, who would spend a large amount of time oncomparing different kinds of structures before decidingon a particular one, learning approaches avoid this prob-lem. The hope is that a general structure rich enough tomodel a large fraction of all possible functions couldtake care of the model selection issue and automaticallyadjust to the given problem by means of a learning algo-rithm. The reason for such hope was based on the workof Kolmogorov (1957) and Sprecher (1965), who provedthat a certain kind of network can exactly represent anycontinuous function

g

from

[0,1]n → ℜ m

. This workwas adapted to the standard neural network representa-tion by Hecht-Nielson (1989), Cybenko (1989),Funahashi (1989), and others, who, in various steps ofimprovements of the theories, finally showed that a one-hidden-layer neural network can approximate any con-tinuous function.An appealing advantage of parametric methodslies in the computational cost to perform a lookup, i.e.,the generation of a predicted output

ŷq

to a new input

xq

; the speed of lookup is proportional to the complex-ity of the model structure and is usually rather fast. Twopleasant properties of parametric learning are also to bementioned. The first one is the high degree of data com-pression which can be accomplished in reasonably cho-sen networks. Second, there is a fair chance that the in-ternal representations evolved by the parameters can beinterpreted to some extent; examples are Hinton�s(1986) �family relationship� network, or Zipser andAnderson�s (1988) work in which hidden neurons mod-eled the activation characteristics as observed in neuronsof parietal cortex of monkeys. Generally, however, it ishard to interpret the parameters of a complex parametriclearning box: It has often been observed that training aninitially randomized system on the same data anew leadsto quite different values of the parameters for everytraining run.DisadvantagesDespite this list of benefits of parametric learning, a va-riety of disadvantages remain. The proof of universallearning capability for continuous functions does notimply that the model selection problem in parametriclearning was solved by sigmoidal neural networks: Noneof these results makes any statements about the appro-

3priate size of the network for a given problem nor aboutwhether it is possible to learn the weights. In order toachieve acceptable generalization, which is at the heartof each learning system, the number of parameters mustnot be too large since this would significantly reduce thegeneralization quality due to overfitting of the data. Onthe other hand too few parameters will not suffice toapproximate the data well enough. The work of Vapnik(1982) and Barron (1994), for example, addresses the is-sues of bounds on the generalization error in parametriclearning and, hence, the selection of an appropriatenumber of parameters.A further problem which parametric learningmethods have to face is the so-called �catastrophic inter-ference�. If learning takes place incrementally, nonuni-form sampling of the input space often leads to a strongdegradation of the mapping

f

in regions of the inputspace where good learning results were achieved before.In global parametric learning, training on any data pointcauses a change in all the parameters, i.e., it has a globaleffect. Hence, if a block of training data stems from onlya small subregion of the entire input space, the globalparametric learning system will tend to model this sub-region very well by changing all its parameters in favorof modeling this subregion. In doing so, however, theperformance degrades for other regions of the inputsspace. A variety of methods have been suggested toavoid these properties, for example pre-training the net-work on more general data before finally incrementallytraining it on more specialized data, or trying to sharpenthe receptive fields of the neurons to make them as localas possible. All these methods, however, are more orless of a heuristic nature and will be successful in somecases and fail in others. The structure of global paramet-ric learning algorithms possesses the property of catas-trophic interference as an inherent property, and it willremain a hard task to overcome this problem in a generaland principled way without backing away from globallearning methods.To complete the list of disadvantages of paramet-ric learning, the problems of time-consuming iterativelearning procedures as well as sensitivity towards somemeta parameter settings has to be addressed. The latterproblem concerns parameters like learning rates, mo-mentum terms, decreasing temperatures, regularizationterms, etc., which are often tuned manually or by someheuristic processes (e.g., Hertz, Krogh, & Palmer).However, faster computer hardware and better algo-rithms (e.g., Sutton, 1992; Jacobs, 1988) may overcomethese problems in the near future.Iterative learning methods often suffer from get-ting captured in local minima, and the fact that they mayhave extremely slow convergence rates has been re-ported quite frequently and will not be addressed here.One particularly unfavorable side-effect of the time con-suming training, however, is that the assessment of sta-tistical quantities, such as measuring the generalizationerror by means of crossvalidation methods (Stone, 1974;Wahba & Wold, 1975), becomes computationally ex-pensive. For instance, the calculation of one crossvalida-tion error requires the retraining of the entire system,and in order to achieve statistically valid results severalsets of cross validation must be performed. Thus, crossvalidation and other statistics (e.g., Cohn, 1993) becomealmost impossible to compute for complex parametriclearning systems. As a final point it should be mentionedthat in general many nonlinear global parametric learn-ing systems lack a body of useful statistics to assess thequality of what has been learned by the learning box.2.2Local Parametric LearningIn order to avoid some of the problems of global para-metric learning, local parametric methods may offer aninteresting solution. Instead of finding a complicatedparametric function

y = f(x,θ)

which is capable ofmodeling all the data in the entire input space, the inputspace may be divided into many partitions. In each ofthe partitions, a much simpler parametric model can besought to fit the data. If the number of partitions is fixed,one obtains a local parametric (or piecewise parametric)learning system, usually preferred to be of an additiveform

y = fi (x,θi ) i∑

(2)If the number of the partitions can grow, so can thenumber of parameters, and the learning method entersthe realm of nonparametric learning, which is the topicof the next section. The function

fi

need not have iden-tical structure, and quite often they are again the sum orproduct of other simple functions. Importantly, the

are only valid for a subset of the inputs space and, in thecase of the summation (2), they are zero elsewhere.AdvantagesThe key intent of local parametric learning is to keep theconstituent functions

as simple as possible in order toremove the need for cumbersome iterative training andto avoid interference of the functions by ensuring thatthey are only locally valid. Moreover, if the

havesimple statistical properties, the entire learning systemmay be characterized by statistical measures.The purest form of a local parametric learningsystem is a fixed-grid lookup table with a parametricfunction inside of each partition. It avoids any kind ofinterference during incremental learning since new train-ing data only affects a parameter change in the partitionit falls into. An overlapping fixed-grid lookup-table likeAlbus� Cerebellar Model Articulation Controller(CMAC) (Albus, 1975) is very close to this pure form,although parameter changes also affect neighboringpartitions. As soon as the partitioning is allowed tochange during learning, a global component is added tothe local parametric learning system. This is the case forthe most traditional members of local parametric learn-ing systems, the spline methods (e.g., de Boor, 1978).Kohnen vector quantizers in which each template vectorlearns a local linear model of the input-output relation inaddition of the input tessellation (Ritter et al., 1992) alsohave this global component.While in all the aforementioned approaches theglobal component results from the propagation of pa-rameter changes over an increasing neighborhood of par-titions (like in a diffusion process), there is a class of lo-cal parametric learning systems which make explicitly

4use of a global process, a gating process, to learn thepartitioning. A large field of such local parametricmodels are finite mixture models (e.g., Duda & Hart,1973, McLachlan & Basford, 1988), in which the dataare usually modeled from the viewpoint of maximumlikelihood estimation. Recently, mixture models foundincreased attention for learning in the work of Jacobs etal. (1991), Nowlan (1991), Jordan & Jacobs (1994),Ghahramani & Jordan (1994), Zemel (1993), and severalothers. The reason for choosing this kind of a model forlearning is grounded in the statistical accessibility of theapproach. Moreover, mixture models can often betrained by Expectation-Maximization (EM) algorithms,a reliable iterative maximum likelihood estimation tech-nique (Dempster et al., 1977). EM methods avoid theintroduction of learning parameters like learning ratesand, thus, provide an interesting tool for adding auton-omy to learning systems. One other popular approach,radial basis function neural networks (Moody & Darken,1988; Poggio & Girosi, 1990), can be of a localparametric nature. Such radial basis function networksmodel the data in terms of

y = ci fi (x,θi ) i∑

(3)where the

fi

are functions which decay to zero in all di-rections from their center (e.g., Gaussians) and are thuslocal. The

ci

are found by fitting the data pairs

( fi ,y) j

by linear regression, which can be interpreted as thegating process in this approach.DisadvantagesThe advantages of local parametric learning systems arebought at the expense of either an inflexible, fixed a pri-ori partitioning of the input space, or at the computa-tional effort of finding an appropriate partitioning of theinput space, essentially a classification problem. For in-stance, in some of the aforementioned mixture ap-proaches, most of the �intelligence� of the learning sys-tem was deferred to this classifier component. The goodnews becomes that both regression and classificationproblems can now be solved by just addressing theproblem of classification for the partitioning; learningthe function within a partition is by definition simple.The shortcoming, however, is that powerful classifica-tion techniques tend to be computationally complex suchthat the removal of complexity at the level of the indi-vidual partition was achieved by introducing new com-plexity at the gating level. Within this problem, the nas-tiness of interference re-appears. If the gating compo-nent is insensitive towards a nonuniform sampling of theinput domain, interference will be avoided. The paramet-ric nature of the gating component, however, makes thisproperty rather unlikely. Interference problems willtherefore persist in local parametric models unless thesystem uses a fixed grid partitioning, which has usuallylimited learning capabilities. Hence, the term �local� inlocal parametric learning systems which employ a gatingprocess is slightly misleading.At last, the question remains of how many parti-tions should be chosen for a local parametric learningsystem. This question is similar to the question of howmany hidden neurons should be allocated for a neuralnetwork. Having too few partitions will result in a largebias of the model, having too many partitions will resultin overfitting of the data. Nevertheless, since the trainingof the learning box is much faster than in global para-metric systems, methods like crossvalidation for modelselection become feasible, or if the local parametricmodel has a clear statistical model, statistical tests likelikelihood ratios or F-test may be used as well.2.3Nonparametric LearningIn the previous sections, the implicit question arose ofwhether it is possible to not restrict a learning system toa certain number of partitions, hidden neurons, or similarquantities. It would be more reasonable to allocate re-sources as needed, but still not to overfit the data withthe current representation. In so doing, one enters thefield of nonparametric learning techniques. There is noformal definition of nonparametric regression. The name�nonparametric� is to indicate that the function to bemodeled consists of very large families of distributionswhich cannot be indexed by a finite-dimensional param-eter vector in a natural way (H�jek, 1969). Hence, thenonparametric estimation of the input-output correlationis often called �distribution-free�, implying that no as-sumptions about the statistical structure are made. InScott (1992) it is stated that in a nonparametric estimateof an output

ŷq

for a given input point

xq

, the influenceof any other point

xi ≠ xq

on the estimate of

shouldasymptotically vanish when the estimate is based on aincreasing number of data points. This latter definitionemphasizes that nonparametric methods should becomeincreasingly local with more experiences which assuresthe consistency of the learning method, i.e., the decreaseof bias. However, the assumption of being local will notbe fulfilled by all the methods discussed below.In the current context, an appropriate workingdefinition will be that a nonparametric learning systemcan change the number of parameters used by the learn-ing box. This may be achieved by (i) growing the num-ber of parameters of the learning system and/or (ii) re-evaluating the parameters as a function of the inputs. Itis useful to separate these two points in the followingsince they have different characteristics.2.3.1 Fixed Number of ParametersThe key ingredient of �Fixed number of ParametersNonparametric Learning� (FPNL) is to re-evaluate afinite set of parameters of the learning system for everylookup point in order to cope with the theoretically in-finitely large number of parameters of a nonparametriclearning system. This finite parameter set belongs to asimple parametric model which is fitted to the neighbor-ing data of the current query point. For this purpose, allthe data encountered during previous learning trials mustbe stored in a memory, which is the reason that suchtechniques have often been termed memory-based learn-ing (Stanfill & Waltz, 1986). It also explains that aFPNL system is not trained in the parametric sense: Alldata is simply stored in the memory, and only when itcomes to creating an output for a given input is a compu-tational process needed. Thus, �training� of FPNL sys-tems is extremely fast. For a lookup for a given querypoint, the contributing neighborhood must be deter-mined and subsequently be processed by a local averag-

5ing method. The criteria of how to determine an appro-priate size of this neighborhood and which averagingmethod to use to fit the data in this neighborhood are themajor concerns in FPNL.The most popular functions to do the local aver-aging have been locally constant functions, locally linearfunctions, locally quadratic functions, and local splines.There is no limit to what is used as the local function,but the goal is clearly to have as simple a parametricfunction as possible. Two types of neighborhoods exist,hard and soft neighborhoods. Hard neighborhoods selectk-nearest neighbors to be included in the averaging pro-cess. Soft neighborhoods weight the data according tothe distance from the current query point by means of asmooth function whose maximal value is at the querypoint and which decays in all input dimensions to zero;(multivariate) Gaussians have often been chosen for thispurpose. Soft neighborhood FPNL systems are alsocalled kernel regression or kernel smoothers (Hastie &Tibshirani, 1990; Scott, 1992).The most well-known member of FPNL systemsis the k-nearest neighbor system (Fix & Hodges, 1951;Duda & Hard, 1973; Eubank, 1988), a hard neighbor-hood method with the simplest of all local functions, thelocally constant function. Parzen windows (Parzen,1962), a technique for density estimation, can be inter-preted as a kind of kernel regression. Another popularkernel smoother is the Nadaraya-Watson method(Watson, 1964; Nadaraya, 1964; H�rdle, 1991). Hastieand Tibshirani (1990) give an extended bibliography onthis topic.Local polynomial models have been used forsmoothing time series in Macauley (1931), Sheppard(1912), Sherriff (1920), and Whittaker and Robinson(1924). Crain and Bhattacharyya (1967), Falconer(1971), and McLain (1974) proposed weighted regres-sion to fit local polynomials to data, i.e., a kernelsmoother with a first order or higher order model.Cleveland (1979) analyzed locally weighted running linesmoothers and made this method popular in nonparamet-ric statistics. Farmer and Siderowich (1987, 1988a,b)applied local linear models for time series prediction.Cleveland et al. (1988b) extended kernel regression withlocal linear models to the multivariate case. Atkeson(1992) introduced locally weighted regression (LWR)for learning systems and gives a broad review of relatedliterature. Schaal and Atkeson (1994a,b) extended theLWR approach by several statistical tools and demon-strated its usefulness in high dimensional spaces forlearning control.Finally, there is a large body of literature on ap-plying higher order polynomials to nonparametric re-gression. Cleveland et al. (1988a) discuss the use ofquadratic models for locally weighted regression.Nonparametric spline methods, in particular cubicsplines, were analyzed in the work of deBoor (1978),Wahba and Wold (1975), Silverman (1985), and numer-ous other papers; see Hastie and Tibshirani (1990) andSilverman (1985) for further references.AdvantagesFPNL systems are truly local learning techniques be-cause there is no hierarchically higher process to createsomething like a partitioning of the input space. Theyremove any need for pre-defining a global structure ofthe learning box. The function to be learned is not repre-sented by piecewise parametric models but rather by an�infinity� of parametric models�an individual modelfor every query point�in the same sense as a truncatedTaylor series expansion gives a different representationfor every basis point about which the expansion is car-ried out. Since FPNL systems are memory-based andalways take all data into account for answering a query,they avoid interference problems.For an infinitely large number of data points,FPNL systems could become infinitesimally local in or-der to generate the correct answer to a query: In a de-terministic system, the nearest neighbor would then bethe best answer. For a finite number of stochastic data,however, some averaging over several data points isnecessary. In a hard weighting method, this raises thequestion of how many data points should be included inthe averaging process, or in the soft weighting method,how wide the smoothing function should be. Too large aneighborhood will introduce too much bias in the pre-dictions of the learning system, while too small a neigh-borhood will have too much variance and therefore badgeneralization properties. These problems have been ad-dressed primarily by crossvalidation methods, but manyalternative techniques like F-tests, Mallow�s Cp-test, thecontrol of the equivalent degrees of freedom (Cleveland,1979), likelihood ratio tests, and Akaike�s informationcriterion can be applied (e.g., Cleveland et al., 1988b;Hastie & Tibshirani, 1990; Tibshirani & Hastie, 1987).When selecting the most appropriate neighborhood, aparticular advantage of FPNL results from its very fasttraining: methods like leave-one-out crossvalidation canbe performed at great ease since the point to be left outis just temporarily deleted from memory and an evalua-tion of the crossvalidation error is then performed withthe reduced memory.In univariate input spaces, the locality parameteris the only open parameter in the FPNL system. For mul-tivariate input spaces, however, it becomes the distancemetric. The distance metric can be conceived of as thematrix necessary to compute the Mahalanobis distance(e.g., Duda & Hard, 1973) of each input point in mem-ory to the current query point. By running the negativedistance measure through an exponential function, theweight of the corresponding point in memory is com-puted. One obvious purpose of the distance metric is tonormalize each input dimension such that different unitsof the input dimensions are scaled appropriately. Moreinterestingly, however, the distance metric is also able toadjust the importance of the individual input dimensionsfor the current problem. This, indeed, is a method for de-tecting features in input space. Unimportant input di-mensions can be canceled by a zero entry in the appro-priate elements of the distance metric matrix, while im-portant dimensions receive a large entry. Methods tocalculate the distance metric are usually based on cross-

6validation and use gradient decent techniques (e.g.,Atkeson, 1992; Lowe, 1993).Distance metrics can be the same for all querypoints or they can be a function of the query point.Imagine a mapping from two input dimensions to oneoutput dimension which can be depicted as a mountainlandscape where the output dimension is the height ofmountain. Assume furthermore that this landscape is aridge of constant height, but that the slopes of the ridgeare sometimes very steep and sometimes rather shallow.The ridge also changes its direction as a function of theinput space. If one wants to estimate the height of thelandscape from a finite data sample, a constant distancemetric will not be very useful. For example, sometimethe neighbors in the South and North are more importantthan those in the East and West, and sometimes viceversa. In such cases, a variable distance metric is re-quired, a technique which is related to supersmoothingin statistics literature (e.g., Silverman, 1985; Fan &Gijbels, 1992). Local distance metrics can be calculatedbased on local versions of crossvalidation and other sta-tistical methods (Schaal & Atkeson, 1994). Finding thelocally best distance metric is a much faster process thanfinding the globally distance metric. However, the localdistance metric must be recomputed for each query pointwhile the global distance metric remains the same for allquery points.In sum, the major advantages of FPNL systems isthe removal of the necessity to predefine any kind ofglobal structure for the learning box, the very fast train-ing, and due to the truly local models, the avoidance ofinterference. This results in the very large flexibility ofthis approach.DisadvantagesThe price which must be paid for the appealing proper-ties of FPNL is a larger memory requirement and often alarger computational effort during lookups. The firstcomputational process to perform a lookup is the selec-tion of the k-nearest neighbors. This can be done bymeans of k-d trees (Friedman et al., 1977; Omohundro,1987), an

O(logn)

process (

n

is the number of data inmemory). The computational overhead to create the k-dtree does usually not increase the training time of FPNLsignificantly. For soft neighborhoods, k-d trees can beused, too, in order to determine the data points which areclose enough to contribute to the local model at all.Then, the Mahalanobis distance and the weight for eachcontributing point must be calculated. Finally, theweighted data is submitted to the averaging process. Incase of a locally constant model, this proceeds very fast.For higher order models, however, the computationalcost increases notably. A linear model, for instance, re-quires a weighted regression analysis on the includeddata. A solution to these computational problems is toparallelize the formation of the weights and the regres-sion equations: Each point in memory can be thought ofas a receptive field which computes its contribution tothe averaging process. The results of these receptivefields are summed up and the remaining computationsare normally not very significant any more.In general, higher order local model are computa-tionally costly and a query becomes more expensivethan in global or local parametric learning systems. Thiswould vote for locally constant models as the most ap-propriate way to do FPNL, e.g., as realized in the�Classification And Regression Trees� (CART) systemsof Breiman et al. (1984). On the other hand, locallyconstant models tend to be highly biased at the edges ofthe input space and generalize inappropriate for simplesmooth functions. Linear models offer a better compro-mise for local averaging: They have a good balance ofbias and variance, and the amount of data needed to ac-complish accurate estimates of the parameters is stillmoderate in comparison to second order and highermodels (Cleveland et al., 1988b).Local averaging in input spaces with many di-mensions is said to suffer from the curse of dimensional-ity. This is illustrated in an example taken from Hastieand Tibshirani (1990). Suppose that points are uniformlydistributed in a d-dimensional cube of unit edge lengthand that one wishes to construct a cube-shaped neigh-borhood capturing 10% of the data. The edge length ofthis subcube can easily be calculated to be

0.11d

. For aone-dimensional space, the subcube has edge length 0.1,but for a 10-dimensional space it has edge length 0.8.Hence, the concept of local in terms of percentage ofdata fails in high dimensions. This requires the use ofsmaller neighborhoods in local averaging in high di-mensions and thus much more data. However, such anargument only holds if one assumes that the input spacehas a uniform density. In many high dimensional prob-lems, however, this is not the case. The data covers asubspace or submanifold of the entire state space sincemost of the regions in state space are impossible, for in-stance for physical reasons. On such submanifolds, thedata is distributed much more densely and allows for lo-cal averaging methods. This property motivates the ap-proach of Hastie and Tibshirani (1990) to seek a way outof the �curse of dimensionality� by means of�Generalized Additive Models�, an approach which re-places the local multivariate averaging process by a sumof univariate (or low dimensional multivariate) averag-ing processes (similar too Friedman and St�tzle�s (1981)projection pursuit regression). The idea of these methodsis to model the data with low dimensional projections ofthe entire state space. If the additive combination of thelow dimensional functions spans the submanifold onwhich the data are distributed, the input-output correla-tion of the data can be modeled well. Generalized addi-tive models, however, require an iterative training pro-cess.Finally, FPNL systems need sufficient memoryresources since, in the pure form, they do not attemptany kind of data compression. This purist attitude, how-ever, is not always necessary. If the learning system onlystores data which constitute a surprise, i.e., which itcould not predict within a certain accuracy, much lessdata will be stored and the data collection process willrapidly slow down. Another concept would be that theFPNL consolidates nearby data points in some kind ofreceptive fields, and then uses the center of the receptivefield and its activation as the data which enter the aver-aging process (Cleveland et al., 1988a). In contrary tothe local parametric methods, however, the number ofthe receptive fields should be able to grow and shrink

7appropriately, which leads to the second form of non-parametric learning techniques in the next section.2.3.2 Variable Number of ParametersBy extending the idea of local parametric learning to notrestricting oneself to a certain number of local models,one obtains �Variable number of ParametersNonparametric Learning� (VPNL). Actually, it is not atall necessary to confine VPNLs to consist of local func-tions, since global functions can be used, too. This re-sults in two different strands of VPNLs, a local versionand a global one.As alluded to in the previous section, the localversion of VPNLs performs data compression by creat-ing receptive fields as needed, for instance in the form ofpartitions of a k-d tree. A local parametric model is thenfitted to the subset of data inside of the receptive field,and only within this field is the local model valid.Receptive fields may be either non-overlapping hardpartitions, or overlapping soft partitions. There usuallyexists a smoothing process between the neighboringpartitions such as to avoid sudden jumps in the predic-tion of the learning box when the query location movesfrom one partition to another.Most often the receptive fields are created by arecursive splitting technique. Initially, all data is thoughtto belong to one receptive field (or one partition).Whenever necessary, a receptive field is split into two, arecursive process which leads to a tree-like structure. Avariety of possibilities of when and how to create a newreceptive field have been suggested. In the CART sys-tem (Breiman et al., 1984), the splitting is driven toachieve the maximal variance reduction for each split;CART only fits locally constant models and is bestsuited for classification tasks. An extension of CART toregression problems is Friedman�s �MultivariateAdaptive Regression Spline� (MARS) algorithm. MARSuses spline basis functions in each partition and achievessmooth fits of the data; the splitting is driven by a leastsquares criterion. Schaal & Atkeson (1994d) introduceda variant of k-d tree regression trees in which splitting isdone until each partition has a valid local linear model.Although the k-d tree splits are hard, non-overlappingsplits of the input space, the linear models are not con-fined to be built only of the data in one partition. Thisresults in a piecewise linear representation with overlap-ping data support. Fritzke (1993) presented the�Growing Cell Structure�, a Kohonen-like vector quan-tizer with a variable number of template vectors. In con-trast to the algorithms above, no tree-like splittingscheme is employed, but the algorithm behaves ratherlike an elastic net into which a new node is inserted inthe middle of an edge of the net if the edge is stretchedtoo much. This, of course, results in an overall shift ofall nodes in the net and adds a global component to themethod. Most of the local VPNL algorithms also havemethods to prune unnecessary partitions or nodes and tryto accomplish optimal splitting and pruning with respectto some chosen criterion.In contrary to local VPNLs, global VPNLs useglobal functions to model the input-output data. The keyidea is to increase the number of components in the sys-tem when the current system becomes unable to modelthe data with a sufficiently small error. For instance,cascade correlation (Fahlman & Lebiere, 1990) is a neu-ral network in which new hidden neurons are added insuch cases. The new hidden neuron is connected to allinputs, all existing hidden neurons, and all output neu-rons. Adaptation, i.e., learning, only takes place for theweights of the connections from the input neurons to thenew hidden neuron, but the connections weights of allhidden-to-output neuron connections are trained as well.The new hidden neuron should increase the performanceof the network at the previous stage. The Upstart algo-rithm (Frean, 1990) and the work of Littmann and Ritter(1994) are similar to this procedure.AdvantagesVPNL systems can be trained very quickly in compari-son to many other network models, and the computa-tional effort to generate an output for a query is low.This is true for both local and global VPNL and hasmade these methods successful in many applications.Local VPNL is particularly suited for problems whichrequire variable resolution of the input-output mapping,and also as a pre-processing stage for FPNL in order toadd data compression to FPNL.Global VPNL is a general purpose learningmethod and it could find an interesting application forquick, temporary adaptation. For instance, attaching aweight to a robot arm requires some learning in order torecover the normal performance of the arm. It would beunreasonable, however, to incorporate this adaptation ofthe arm control mechanism in a permanent way. Alearning system which could learn to compensate for achange in the environment by adding structure to a pre-viously learned structure, like global VPNL does, wouldbe better. After a new change in the environment, e.g.,when the weight was removed, the system should be re-set to its original structure.DisadvantagesGenerally, it is hard to prune elements out of globalVPNL systems since this will globally affect the perfor-mance. Methods which keep on adding computationalelements to improve the current, seemingly incapablemodel, also run into the danger of overfitting the dataand must thus deal with this issue. Local VPNL avoidssuch problems by adding resources such that they areonly locally effective. The results of local VPNL arealso much easier to interpret than the cascading of globalerror reducing elements. A dynamically changing envi-ronment, moreover, may cause a global VPNL system togrow indefinitely, while the local schemes, due to theirpruning capabilities, will be able to keep up with thechanges without indefinite growth. Both global and localVPNL requires iterative training methods which areslower than training in FPNL.2.3.3 Memory Requirements of NonparametricLearningA frequent question about nonparametric learning sys-tems is how much memory resources they need. As be-fore, this question has to be answered separately for

8fixed parameter (FPNL) and variable parameter (VPNL)systems.Since FPNL requires an evaluation of the nearestneighbors of a query point in order to generate a lookupit is inherently memory-based and may need large stor-age capacities for complicated functions. In contrast,VPNL methods are also targeted at data compression.For local VPNL, as soon as a receptive field (or parti-tion) has sufficient statistical evidence that its predic-tions are within a certain error bound, the data withinthis partition can be discarded and the prediction withinthis partition is subsequently carried out by means of theparametric model of the partition. The benefit of retain-ing the data for as long as possible is that further split-ting and pruning can be directly based on the data, as re-alized, for instance, in CART or MARS. If, however,one is willing to use less sophisticated statistics forsplitting and pruning, e.g., just variances and means, theretention of these statistical variables alone suffices todetermine future splits, and the data does not need to bekept in memory (e.g., Fritzke, 1993). As local VPNLsonly grow locally, the adding or pruning of an elementwill not affect other regions of the state space such thatretraining of other regions after a split is unnecessary.Hence, local VPNLs can function without rememberingthe data.Global VPNLs add parameters to the learningbox at a time when the performance of the learning sys-tem does not improve anymore despite significant resid-ual error. As it is not differentiated where the errorcomes from, the added element in the model will glob-ally interfere in order to reduce the error. Thus, just in-serting this element into the current structure withoutpre-training will degrade the entire performance of thesystem. Pre-training, however, would require the memo-rization of at least a large enough fraction of the previ-ously encountered data. Alternatively, the new elementcould be inserted into the learning system such that itsinitial parameter setting did not affect the current per-formance. When encountering new data this new ele-ment would be gradually �unfrozen� and integrated itinto the overall performance. From this point of view,global VPNLs should not require the retention of olddata in memory. However, they will be vulnerable tocatastrophic interference problems due to their globalcharacteristics and the retention of the data for re-train-ing could help to avoid this.3Biological Relevance of NonparametricLearningThis section will attempt to explore some parallels ofnonparametric methods with biological information pro-cessing. Since such a review deserves a paper in its ownright, the discussion will be held rather brief here.First, global VPNL will be excluded from furtherconsiderations in this section. This is not to say that sucha mechanism is biologically implausible, but it should behard to interpret global VPNL neurophysiologicallysince the firing of many neurons of a VPNL system willjust contribute as an error reduction signal. Due to therestricted memory capabilities of a brain, it is also un-likely to look for pure, memory-based FPNL methods.This leaves local VPNL by itself or in combination withFPNL for further examination.The characteristic of local VPNL is the special-ization into locally receptive fields which only react toinput data falling into the range of the receptive field.This is in analogy with receptive fields in biology whichelicit a response under a specific sensory stimulation.All the topographic maps in the cortex share the featureof receptive fields. That the number and range of the re-ceptive fields can change has been shown in plasticitystudies of the cortical organization, for example in so-matosensory cortex by Merzenich et al. (1983) or in mo-tor cortex by Hess and Donohue (1994). The possibilityto reorganize requires the possibility to change the num-ber of elements which contribute to the representation, atypical feature of nonparametric methods.Besides the topology preserving maps, receptivefields are also found for other brain processes. In earlyvisual information processing of higher vertebrates, aspecialization of receptive fields to shapes at specificorientations is found (area V1, e.g.., Churchland &Sejnowski, 1992; Kandel et al., 1991). In area MT, simi-lar receptive fields are found, but they are sensitive tomovement directions. Another kind of local specializa-tion is found in motor cortex, where certain neurons aresensitive towards the movement direction of a limb(Georgopoulus, 1991). Field (1994) argues that this kindof a representation which he calls �sparse distributedcoding� may be one of the major principles in biologicalinformation processing, and he contrasts this viewpointwith �compact coding�, for example, a factorical code.The major feature of sparse distributed coding is thatthere is no attempt to reduce the number of dimensionsof incoming signals like in compact coding but rather tohave a divergence to many specialized receptive fields.Only few of these receptive fields will respond signifi-cantly to a stimulus, and only those will primarily con-tribute to the next stage of information processing.Again, this is the principle of local VPNL.In the superior colliculus and in the motor cortex,the principle of population vectors seems to have rele-vance. The bottom layer of superior colliculus corre-sponds to a motor map for relative eye movements. Lee,Rohrer, and Sparks (1988) showed that the weighted av-erage of the activation of the neurons of this layer corre-sponds to the relative movement the eye is going tomake. A similar result was found by Georgopoulus(1991) in motor cortex of monkeys. Here the movementdirection of the arm of the monkey coincided with theweighted average of direction selective cells in the cor-tex. Both these examples make use of locally weightedaveraging methods, which is the major principle inFPNL.In an investigation of learning of the hippocam-pus and the neocortex, McClelland et al. (1994) sug-gested that the hippocampus could be thought of as afast learning system with minimal interference. From theunderstanding of the previous discussions of this paper,this minimal interference would demand for a local rep-resentation in the sense of FPNL and local VPNL.In general, local specialization and averaging ofthe responses of specialized elements seems to be a key

9concept in biological information processing. The for-mation of the locally specialized elements must be alearning process which flexibly recruits and prunescomputing elements in order to suit the desired informa-tion processes. The summarizing of certain responses bylocal averaging also seems to be a concept which ismade use of. These are the processes which nonparamet-ric learning theories try to understand. It would be inter-esting to find out whether there exists some kind ofhigher order averaging as in locally linear models.4DiscussionOne important part of learning is the establishing ofnonlinear correlation between input and output data, forexample, between sensory information and appropriateactions. Two ways of approaching this problem can betaken, parametric and nonparametric -methods.Parametric approaches have to make assumptions aboutthe global structure of the problem to be learned. In thecase that these assumption are appropriate, the paramet-ric learning system will perform well. However, if theseassumptions do not meet the structure of the problem tobe learned, parametric learning will not achieve satisfy-ing results.Nonparametric learning, in contrast, tries to avoidmodeling the global structure of a problem. It does so byfocusing only on the local structure around a point of in-terest, i.e., a query point, or by adding computational re-sources as needed. A nonparametric method cannot out-perform a well chosen parametric system but can at mostachieve the same level of performance. If the problem tobe modeled is unknown, however, it can be expectedthat a nonparametric model will, on average, have supe-rior performance than the parametric counterpart. Asmost of the nonparametric approaches consist of localmodels, they avoid catastrophic interference, an inherentproblem of parametric learning. This and the fast train-ing of nonparametric learning makes it ideally suited forincremental learning and learning in dynamic environ-ments. As a disadvantage, nonparametric learning some-times needs more computational power for a lookup andmore memory resources. However, these disadvantagescan be overcome by combinations of different kinds ofnonparametric learning and parallelization.Local specialization seems to be a key concept inbiological information processing. A variety of neuro-physiological investigations showed results which canbest be described in the framework of nonparametricregression. Many more processes could make use of theprinciples of these techniques, such that nonparametricmethods may offer an interesting alternative for biologi-cal modeling.An issue which, so far, has not received appropri-ate attention in the discussions of this paper is thebias/variance tradeoff in learning (Geman et al., 1992).The desired goal of a learning system is to faithfullymodel a given input-output mapping by minimizing boththe bias and the variance of the model. In order to betruly unbiased, the learning system has to sacrifice vari-ance until it has seen sufficiently many experiences�forcomplex function this may be a huge amount of data. Onthe other hand, in order to minimize variance and gener-alize well early on, the system usually has to sacrificebias. This is the so-called bias/variance dilemma. Gemanet al. (1992) correctly argue that for many biological andmachine learning problems, it is almost impossible toachieve computationally feasible results without somebias. Since nonparametric learning systems inherentlytry to avoid structural bias, the question arises whether anonparametric approach to learning is a reasonableapproach at all. To answer this question, it is useful toexamine some kinds of biases which can be employed.As mentioned before, if a parametric learning systemchooses a favorable structure for the problem at hand,there will be no way that a nonparametric approach out-performs the parametric system. This bias concerns therepresentation inside of the learning box of the functionto be learned. However, there are many other forms ofbiases. The chosen input-output representation, i.e.,which variables are inputs to the learning box and whichare the outputs, plays a dominant role in the success oflearning. A good choice of the input-outputrepresentation can make learning trivial (e.g., Schaal etal., 1990; Schaal & Sternad, 1992). Geman et al (1992)demonstrate how a bias on the distance metric in a non-parametric learning system can increase the learningperformance significantly. In local averaging (FPNL),the type of averaging function, e.g., constant, linear,quadratic, or cubic, is a bias on the generalizationproperties of the nonparametric learning system.Thus, in general, there are a variety of ways to in-clude bias in nonparametric systems. The emphasis ofbeing unbiased in nonparametric regression is concernedwith the internal representation of the function to belearned and does not mean that the system is�and mustbe�unbiased with respect to all issues. However, thisbrief discussion of the importance of bias also serves asa reminder of the first lines of this paper, namely thatlearning involves much more than just establishing aninput-output mapping between two sets of variables.AcknowledgmentsThe author is grateful for the very helpful remarks on themanuscript of Christopher G. Akteson and Peter Dayan.Support was provided by the Air Force Office ofScientific Research, by the Siemens Corporation, theGerman Scholarship Foundation and the Alexander vonHumboldt Foundation.ReferencesAlbus, J. S. (1975). "A new approach to manipulator control:The Cerebellar Model Articulation Controller (CMAC)."ASME Journal of dynamic systems, Measurements, Control,97, pp.228-233.Atkeson, C. G. (1992). "Memory-based approaches to approx-imating continuous functions." In: Casdagli, M., & Eubank,S. (Eds.), Nonlinear Modeling and Forecasting, pp.503-521.Redwood City, CA: Addison Wesley.Barron, A. R. (1994). "Approximation and estimation boundsfor artificial neural networks." Machine Learning, 14, 1,pp.115-133.Breiman, L., Friedman, J. H., Olshen, R. A., & Stone, C. J.(1984). Classification and regression trees. Belmont, CA:Wadsworth International Group.

10Churchland, P. S., & Sejnowski, T. J. (1992). The computa-tional brain. Boston, MA: MIT Press.Cleveland, W. S. (1979). "Robust locally weighted regressionand smoothing scatterplots." Journal of the AmericanStatistical Association, 74, pp.829-836.Cleveland, W. S., Devlin, S. J., & Grosse, E. (1988a)."Regression by local fitting: Methods, properties, and com-putational algorithms." Journal of Econometrics, 37, pp.87-114.Cleveland, W. S., & Devlin, S. J. (1988b). "Locally weightedregression: An approach to regression analysis by local fit-ting." Journal of the American Statistical Association, 83,pp.596-610.Cohn, D. A. (1994). "Neural network exploration using opti-mal experiment design." In: Cowan, J. , Tesauro, G., &Alspector, J. (Eds.), Advances in Neural InformationProcessing Systems 6, pp.679-686. San Mateo, CA: MorganKaufmann.Crain, I. K., & Battacharyya, B. K. (1967). "Treatment ofnonequispaced two-dimensional data with a digital com-puter." Geoexploration, 5, pp.173-194.Cybenko, G (1989). "Approximation by superpositions of asigmoidal function." Mathematics of Control, Signals, andSystems, 2, pp.303-314.de Boor, C. (1978). A practical guide to splines. New York:Springer.Dempster, A. P., Laird, N. M., & Rubin, D. B. (1977)."Maximum likelihood from incomplete data via the EM al-gorithm." Journal of the Royal Statistical Society B, 39, pp.1-38.Duda, R. O., & Hart, P. E. (1973). Pattern classification andscene analysis. New York: Wiley.Eubank, R. L. (1988). Spline smoothing and nonparametricregression. New York: Marcel Dekker.Fahlman, S. E. , Lebiere, C. (1990). "The cascade-correlationlearning architecture." In: Touretzky, D. S. (Ed.), Advancesin Neural Information Processing Systems II, pp.524-532.San Mateo, CA: Morgan Kaufmann.Falconer, K. J. (1971). "A general purpose algorithm for con-touring over scattered data points." Nat. Phys. Lab. ReportNAC 6, .Fan, J., & Gijbels, I. (1992). "Variable bandwidth and locallinear regression smoothers." The Annals of Statistics, 20, 4,pp.2008-2036.Farmer, J. D., & Sidorowich (1987). "Predicting chaotic timeseries." Phys. Rev. Lett., 59 (8), pp.845-848.Farmer, J. D., & Sidorowich (1988b). "Exploiting chaos topredict the future and reduce noise." In: Lee, Y. C. (Ed.),Evolution, Learning, and Cognition, p.27. Singapore: WorldScientific.Farmer, J. D., & Sidorowich (1988d). "Predicting chaotic dy-namics." In: Kelso, J. A. S., Mandell, A. J., & Schlesinger,M. F. (Eds.), Dynamic Patterns in Complex Systems, pp.265-292. New Jersey: World Scientific.Field, D. J. (1994). "What is the goal of sensory coding?."Neural Computation, 6, pp.559-601.Fix, E., & Hodges, J. L. (1951). "Discriminatory analysis, non-parametric regression: Consistency properties." Project 21-49-004, Report No.4, Contract AF-41-(128)-31, USAFSchool of Aviation Medicine Randolph Field, Texas.Frean, M. (1990). "The upstart algorithm: A method for con-structing and training feedforward neural networks." NeuralComputation, 2, pp.198-209.Friedman, J. H., Bentley, J. L., & Finkel, R. A. (1977). "An al-gorithm for finding best matches in logarithmic expectedtime." ACM Transactions on Mathematical Software, 3 (3),pp.209-226.Friedman, J. H., & St�tzle, W. (1981b). "Projection pursuit re-gression." Journal of the American Statistical Association,Theory and Models, 76, 376, pp.817-823.Funahashi, K (1989). "On the approximate realization of con-tinous mappings by neural networks." Neural Networks, 2,pp.183-192.Geman, S., Bienenstock, E., & Doursat, R. (1992). "Neuralnetworks and the bias/variance dilemma." NeuralComputation, 4, pp.1-58.Georgopoulus, A. P. (1991). "Higher order motor control."Annual Review of Neuroscience, 14, pp.361-377.H�jek, J. (1969). A course in nonparametric statistics. SanFrancisco, CA: Holden-Day.H�rdle, W. (1991). Smoothing techniques with implementationin S. New York: Springer.Hastie, T. J., & Tibshirani, R. J. (1990). Generalized additivemodels. London: Chapman and Hall.Hecht-Nielson, R. (1989). "Theory of the backpropagationneural network." In: International Joint Conference onNeural Networks, 1, pp.593-611, Washington.Hertz, J., Krogh, A., & Palmer, R. G. (1991). Introduction tothe theory of neural computation. Redwood City, CA:Addison Wesley.Hess, G., & Donoghue, J. P. (1994). "Long-term potentiationof horizontal connections provides a mechanism toreorganize cortical motor maps." Journal ofNeurophysiology, 71, 6, pp.2543-2547.Hinton, G. E., & Sejnowski, T. J. (1983). "Optimal perceptualinference." In: Proceedings of the IEEE Conference onComputer Vision and Pattern Recognition, p.448-453,Washington, DC.Hinton, G. E. (1986). "Learning distributed representation ofconcepts." In: The Eighth Annual Conference of TheCognitive Science Society, p.1-12, Amherst, MA.Hopfield, J. J. (1982). "Neural networks and physical systemswith emergent collective computational abilities." Proc. Natl.Acad. Sci. USA,, 79, pp.2554-2558.Jacobs, R. A. (1988). "Increased rates of convergence throughlearning rate adaptation." Neural Networks, 1, pp.295-307.Jacobs, R. A., Jordan, M. I., Nowlan, S. J., & Hinton, G. E.(1991). "Adaptive mixtures of local experts." NeuralComputation, 3, pp.79-87.Jordan, M. I., & Jacobs, R. (1994). "Hierarchical mixtures ofexperts and the EM algorithm." Neural Computation, 6,pp.79-87.Kandel, E. R., Schwartz, J. H., & Jessell, T. M. (1991b).Principles of neural sciences. 3rd edition. New York:Elsevier.Kolmogorov, A. N. (1957). "On the representation of continu-ous functions of many variables by superposition of continu-ous functions of one variable and addition." Dokl. Akad.Nauk. USSR, 114, pp.953-956 [in Russian].Lee, C., Rohrer, W. R., & Sparks, D. L. (1988). "Populationcoding of saccadic eye movement by neurons in the superiorcolliculus." Nature, 332, pp.357-360.Littmann, E., & Ritter, H. (1993). "Generalization abilities ofcascade network architectures." In: Hanson, S. J., Cowan, J., & Giles, C. L (Eds.), Advances in Neural InformationProcessing Systems 5, pp.188-195. Morgan Kaufmann.

11Lowe, D. G. (1993). "Similarity metric learning for a variable-kernel classifier." Submitted paper. Contact:lowe@cs.ubc.ca, .M�ller, H. -G. (1988). Nonparametric regression analysis oflongitudinal data. Lecture Notes in Statistics Series, vol.46.Berlin: Springer.Macauley, F. R. (1931). The smoothing of time series. NewYork: National Bureau of Economic Research.MacKay, D. J. C. (1992). "Bayesian interpolation." NeuralComputation, 4, 3, pp.415-447.Marr, D. (1971). "Simple memory: A theory for archicortex."The Philosopical Transactions of the Royal Society ofLondon B, 262, pp.23-81.McClelland, J. L., McNaughton, B. L., & O’Reilly, R. C.(1994). "Why there are complementary learning systems inthe hyppocampus and neocortex: Insights from the successesand failures of connectionist models of learning and mem-ory." Technical Report PDP.CNS.94.1, Pittsburgh, PA:Department of Psychology, Carnegie Mellon University.McLachlan, G. J., & Basford, K. E. (1988). Mixture models.New York: Marcel Dekker.McLain, D. H. (1974). "Drawing contours from arbitrary datapoints." The Computer Journal, 17 (4), pp.318-324.Merzenich, M. M., Kaas, J. H., Nelson, R. J., Sur, M., &Felleman, D. (1983). "Topographic reorganization of so-matosensory cortical areas 3b and 1 in adult monkeysfollowing restricted deafferentation." Neuroscience, 8, pp.33-55.Minsky. M., & Papert, S. (1969). Perceptrons: An introduc-tion to computational geometry. Cambridge, MA: MIT Press.Moody, J., & Darken, C. (1988). "Learning with localized re-ceptive fields." In: Touretzky, D., Hinton, G., & Sejnowski,T. (Eds.), Proceedings of the 1988 Connectionist SummerSchool, pp.133-143. San Mateo, CA: Morgan Kaufmann.Myers, R. H. (1990). Classical and modern regression withapplications. Boston, MA: PWS-KENT.Nadaraya, E. A. (1964). "On estimating regression." Theor.Prob. Appl., 9, pp.141-142.Nowlan, S. J. (1991). "Soft competitive adaptation: Neuralnetwork learning algorithms based on fitting statistical mix-tures." Technical Report CMU-CS-91-126, Pittsburgh, PA:Carnegie Mellon University.Omohundro, S. (1987). "Efficient algorithms with neural net-work behaviour." Complex Systems, 1, pp.273-347.Parzen, E. (1962). "On estimation of a probability densityfunction and mode." Annals of Mathematical Statistics, 33,pp.1065-1076.Poggio, R., & Girosi, F. (1990). "Regularization algorithms forlearning that are equivalent to multilayer networks." Science,247, .Ripley, B. D. (1992). "Statistical aspects of neural networks."In: Proceedings of S�minaire Europ�en de Statistique, April25-30, Sanbjerg, Denmark.Ritter, H., & Schulten, K. (1988b). "Convergence properties ofKohonen’s topology conserving maps: Fluctuations, stability,and dimension selection." Biological Cybernetics, 60, pp.59-71.Ritter, H., Martinetz, T., & Schulten, K. (1992). Neuralcomputation and self-organizing maps — An introduction.Redwood City, CA: Addison-Wesley.Schaal, S., Atkeson, C. G., & Botros, S. (1992b). "What shouldbe learned?." In: Proceedings of Seventh Yale Workshop onAdaptive and Learning Systems, p.199-204, New Haven, CT.Schaal, S., & Sternad, D. (1993c). "Learning passive motorcontrol strategies with genetic algorithms." In: Nadel, L., &Stein, D. (Eds.), 1992 Lectures in complex systems.Redwood City, CA: Addison-Wesley.Schaal, S., & Atkeson, C. G. (1994a). "Robot juggling: Animplementation of memory-based learning." Control SystemsMagazine, 14, 1, pp.57-71.Schaal, S., & Atkeson, C. G. (1994b). "Assessing the quality oflearned local models." In: Cowan, J. , Tesauro, G., &Alspector, J. (Eds.), Advances in Neural InformationProcessing Systems 6. Morgan Kaufmann.Schaal, S., & Atkeson, C. G. (1994d). "Robot learning by non-parametric regression." In: Proceedings of the IROSConference, Munich, Germany.Scott, D. W. (1992). Multivariate Density Estimation. NewYork: Wiley.Sheppard, W. F. (1912). "Reductions of errors by means ofnegligible differences." In: Hobson, E. W., & Love, A. E. H.(Eds.), Proceedings of the Fifth International Congress ofMathematicians, II, pp.348-384. Cambridge, MA:Cambridge University Press.Sherriff, C. W. M. (1920). "On a class of graduation formulae."In: Proceedings of the Royal Society of Edinburgh, XL,pp.112-128.Silverman, B. W. (1985). "Some aspects of the spline smooth-ing approach to nonparametric regression curve fitting."Journal of the Royal Statistical Society B, 47, pp.1-52.Specht, D. F. (1991). "A general regression neural network."IEEE Transactions on Neural Networks, 2, 6, Nov..Sprecher, D. A. (1965). "On the structure of continuous func-tions of several variables." Transactions of the AmericanMathematical Society, 115, pp.533-541.Stanfill, C., & Waltz, D. (1986b). "Towards memory-basedreasoning." Communications of the ACM, 29 (12), pp.1213-1228.Stone, M (1974). "Cross-validatory choice and assessment ofstatistical predictors." Journal of the Royal StatisticalSociety, B36, 111-147.Sutton, R. S. (1992). "Gain adaptation beats least squares." In:Proceedings of Seventh Yale Workshop on Adaptive andLearning Systems, New Haven, CT.Tibshirani, R., & Hastie, T. (1987). "Local likelihood estima-tion." Journal of the American Statistical Association, 82,398, pp.561-567.Vapnik, V. N. (1982). Estimation of dependences based onempirical data. Berlin: Springer.Wahba, G., & Wold, S. (1975). "A completely automaticfrench curve: Fitting spline functions by cross-validation."Communications in Statistics, 4 (1), .Watson, G. S. (1964). "Smooth regression analysis."Sankhaya: The Indian Journal of Statistics A, 26, pp.359-372.Whittaker, E., & Robinson, G. (1924). The calculus of obser-vations. London: Blackie & Son.Zemel, R. S. (1993). "A minimum description length frame-work for unsupervised learning." PhD. Thesis, Toronto:University of Toronto, Department of Computer Science.Zipser, D., & Anderson, R. A (1988). "A back-propagationprogrammed network that simulates response properties of asubset of posterior parietal neurons." Nature, 331, 6158, pp.679-684.