, ffl@*Λ@— ıL? LuMh@! i ´@U— Λ@— i ˙ Ξ@T— ıU ˙i fflıUi

“ rn— P dwvxrnd Fduqhjlh P hoorq Xqlyhuvlw— Slwwvexuj k/ SD 48546 — rn— Cdoxp 1p lw1hgx

ElooWrz qvhqg EduuhwwWhfkqrorj — / Lqf1 Fdp eulgjh/ P D 35474 z wCeduuhww1frp

Σ Mt— h@U— G ` h@!i´@U—Λ@—i˙ Ξ@T—ıU˙ifflıUitc @tΛMti— Lu T@ttıffli Ξ@T—ıU˙i´ fflıUitc @hi ?L— )i— UL4 4 L?c tL —Ξiıh U@T@Mı*ı—ıit @?˙ *ı4 ı—@—ıL?t @hi L?*) tΛTih�Uı@**) Λ?˙iht—LL˙˘ ` @ti˙ L? —Ξih4 L˙)?@4 ıU—ΞiLh)c ¯ i ı̇ i?—ı�i˙ @? LT—ı4 @* !ı?i4 @—ıUtc @?˙ UL?t—hΛU—i˙ @*ıui´tı3i Mh@!i´@U—Λ@—i˙ Ξ@T—ıU ˙ifflıUi˘ ‘ ı—Ξ —Ξi ?i¯ ˙ifflıUic¯ i UL?˙ΛU—i˙ i Tihı4 i?—t ¯ ı—Ξ ΞΛ4 @? tΛḾ ˚iU—t —Liffl@*Λ@—i —Ξi iæ U@U) LuT@ttıffli*) Uhi@—i˙ fflıh—Λ@*i?fflıhL?4 i?—t˘ ‘ i ı̇ i?—ı�i˙ !i) TihuLh4 @?Ui ˙h@¯ M@U!t —Ξ@— 4 L˙ih? hLML—ıUt —ΞiLhıit u@ı*—L @?—ıUıT@—i @?˙ LfflihUL4 ic @?˙ ı?fflit—ı̋ @—i˙ ˙itı̋ ? 4 i—ΞL˙t —Ξ@— U@? @fflLı̇ tΛUΞ ˙h@¯ M@U!t˘

�˘ W?— hL˙ΛU— ıL?

P rwru0wrut xh0gulyhq ghylfhvduh z lgho— xvhg lq kdswlfvuhvhdufk dqg dgydqfhg whohrshudwrup dvwhuv0fdsdeoh ri fuhdwlqj d ulfk vhwri yluwxdohqylurqp hqwvlq wkhirup hudqg uhfuhdwlqj sk— vlfdohqylurqp hqwvlq wkhodwwhu1P rwruv/ krz hyhu/ lqwurgxfhwkhulvn ri d ghylfhvwulnlqj ruryhusrz hulqj xvhuvz lwklq uhdfk1Z lwk uduh h–fhswlrq/ vdihw— frqfhuqv olp lwp rwru0dfwxdwhg kdswlf ghylfhv wr vp doo z runvsdfhv1

Wkh uhsodfhp hqwri hqhujhwlf vhuyr0p rwruvz lwk sdvvlyh dfwxdwruv vxfk dv eudnhv lp suryhv wkh lqkhuhqwvdihw— ri wkh v— vwhp / dqg h–sdqgv wkh udqj h ri p rwlrq z kloh vwloo doorz lqj xv wr vlp xodwh yluwxdo remhfwv +l1h1 wr frqvwudlq wkh xvhu*v p rwlrq lqvlgh dq remhfw,1 Vdihw— lv hvvhqwldoiru dffhswdqfh lq qhz dssolfdwlrqvvxfk dvp hglfdosurfhgxuhv/ t xdqwlwdwlyh uhkdelolwdwlrq/ dgydqfhg h–huflvh wudlqlqj/ dqg hqwhuwdlqp hqw1 Hyhq li wkh ghylfh h–shulhqfhv d srz hu/ kdugz duh/ ru vriwz duh idloxuh/ d eudnh0dfwxdwhg ghylfh lv lqkhuhqwo— lqfdsdeoh ri h–fhhglqj wkh nlqhwlf hqhuj— wkdwd xvhu vxssolhv lq hdfk p rwlrq1 Xvlqj fxuuhqwo— dydlodeoh hqjlqhhulqj whfkqrorj— / wkh z runvsdfh ri eudnh0dfwxdwhg kdswlf ghylfhv fdq h–sdqg wr fryhu z kroh0erg— p ryhp hqwv z lwkrxwulvnlqj d xvhu*vvdihw— 1Z lwk wkh h–sdqghg z runvsdfh/ d ydulhw— ri odujh p ryhp hqwvfdq eh wudlqhg dqg t xdqwlwdwlyho— dqdo— ˝hg1 4

⊆ %Hqhuj hwlf%vhuyr0dfwxdwlrq lvfdsdeohri fkdqqholqj srz huiurp dq xqolp 0 lwhg h–whuqdovrxufh ri hqhuj — lqwr wkh mrlqwwrut xhv1

⊆ %Sdvvlyh%vhuyr0dfwxdwlrq lvsk— vlfdoo— lqfdsdeohri fkdqqholqj srz huiurp dq— h–whuqdovrxufh lqwr wkh mrlqwwrut xhv1

⊆ %Eudnh%vhuyr0dfwxdwlrq lvdvxevhwri sdvvlyhvhuyr0dfwxdwlrq wkdwgrhvqrw uho— rq rwkhusdvvlyh p hfkdqlvp v/ olnh frerw0vw— oh qrqkrorqrp lf wudfwlrq0 vwhhulqj whfkqlt xhvruryhuuxq foxwfkhv1

⊆ %Vwlfn— 0z doov%duh xqlt xh wr eudnh0dfwxdwhg kdswlf ghylfhv/ z khuh d frool0 vlrq z lwk d z doowudsvwkh xvhuz kr ehfrp hvvwxfn ehklqg wkh z doo1Wkhuh duh z rundurxqgv/ dv z h glvfxvvlq wklv sdshu1

Uxolqj rxwhqhujhwlf dfwxdwlrq irulwvolih0wkuhdwhqlqj vdihw— frqfhuqvohdyhv rqo— sdvvlyh dfwxdwlrq1 Rqh whfkqlt xh z dv h–soruhg e— Wurffd˝ hwdo1 ^4‘ z kr xvhg ryhuuxq foxwfkhv wr eudnh mrlqwp ryhp hqwv1 Wkhvh ryhuuxq foxwfkhv z huh qrwvhuyr0dfwxdwhg dqg wkh dssolhg wrut xh sxuho— ghshqghg rq wkh mrlqwdq0 johv dqg vshhg1 Dq lqghshqghqwo— ghyhorshg whfkqlt xh iru frqwuroolqj wrut xhv sdvvlyho— z dv wkurxjk vwhhudeoh mrlqwv1 Vxevwdqwldo surj uhvv kdv ehhq p dgh lq exloglqj d z lgh duud— ri vwhhudeoh urerwlf mrlqwv/ froohfwlyho— nqrz q dv Sur0 judp p deohFrqvwudlqwP dfklqhv+SFP v, dqg hp erglhg lq frerwv^5‘/^6‘1Wkhvh SFP v kdyh wkh ixqgdp hqwdodgydqwdj h ri holp lqdwlqj %vwlfn— z doov%+Shvknlq dqg Frojdwh fdoowkhp %vwxfn%p hfkdqlvp v, e— dfwlyho— doljqlqj wkh frqvwudlqw gluhfwlrq z lwk wkh ghvluhg p rwlrq1 Wkhlu glvdgydqwdj h lv wkh vl˝deoh vlgh0vols wkdwwudfwlrq ghylfhv h–klelwz lwk h–lvwlqj ghvljqv dqg p dwhuldo whfkqrorj — 1 Wkdwglvdgydqwdj hkrz hyhup d— ehryhufrp hz khq qhz p dwhuldovehfrp hdydlo0 deoh lq wkh ixwxuh1

Rxudssurdfk wr h–sdqglqj wkhvdihxvhri kdswlfvwr olih0vl˝hz dvwr uhsodfh wkh p rwruvgulylqj hdfk mrlqwd–lvri d ghylfh z lwk vlp loduo— vl˝hg vhuyr0eudnhv1 Rqfh vhwwolqj rq vhuyr0eudnh dfwxdwlrq/ wkh qh–wvwhs z dv wr ghwhup lqh wkh nlqhp dwlf vwuxfwxuh ri wkh p dfklqh1Wkh j rdolvwr frqwuroirufhvlq wkh Fduwh0 vldq vsdfh ri wkh xvhu1 Vr d orjlfdoffluvwfrqfhswlv d Fduwhvldq p dfklqh z lwk wkuhhruwkrjrqdosulvp dwlf mrlqwv/ vxfk dvhp sor— hg rq Fduwhvldq P hdvxuhp hqw P dfklqhv+FP P v, dqg yhuwlfdop loolqj p dfklqhv1Li vxfk d p dfklqh z huh ixoo— edfngulydeoh +l1h1 qr iulfwlrq dqg qr lqhuwld, wkhq d shuvrq frxog p ryh wkh nlqhp dwlf wls ri wkh p dfklqh lq dq— duelwudu— gluhfwlrq z lwk d ihdwkhu wrxfk1 Vlqfh wkhvh d–hvduh ruwkrj rqdo/ wkh yhorflw— lv hdvlo— surmhfwhg rqwr wkh wkuhh Fduwhvldq d–hv dqg wkhq d ghvluhg eudnh irufh yhfwru/ vlp loduo— surmhfwhg/ fdq frqwurowkh irufh uhvlvwdqfh1

Lq idfw/ surmhfwlqj irufh dqg yhorflw— yhfwruv rqwr wkh d–hv z runv iru dq— ri d odujh qxp ehu ri p dwkhp dwlfdoo— ruwkrj rqdo frruglqdwh iudp hv/ vxfk dv sduderorlgdo/ surodwh dqg reodwh vskhurlgdo/ elsrodu/ dqg hoolsvrlgdo1Exwsudf0 wlfdoruwkrjrqdonlqhp dwlf p hfkdqlvp v duh olp lwhg wr Fduwhvldq/ f— olqgulfdo/ dqg vskhulfdoz lwk wkh orz lqj fkdudfwhulvwlfv=

Nlqhp dwlf Duudqjhp hqw Qr1ri Uhyroxwh Mrlqwv Qr1ri Sulvp dwlf Mrlqwv

Fduwhvldq 3 6

F— olqgulfdo 4 5

Vskhulfdo 5 4

Wdeoh 4 0 F odvvlfflfdwlr q r i vs dwldo p hfkdqlvp v z lwk r uwkr j r qdo nlqhp dwlfv

Lq vhuldo0olqn urerwlfv/ nlqhp dwlf vwuxfwxuhv z lwk sulvp dwlf mrlqwv whqg wr eh p ruh p dvvlyh irud jlyhq z run yroxp h wkdq sxuho— uhyroxwh vwuxfwxuhv1Wkh dgydqwdjh ri sulvp dwlf mrlqwv lv wkdwwkhlu vwuxfwxuhv duh j hqhudoo— vwlffihu wkdq uhyroxwhvwuxfwxuhv1D p dvvlyhvwuxfwxuhp d— ehdffhswdeohirud FQF p dfklqh lq rughu wr dfklhyh wkh kljk srz hu dqg vwlffiqhvv qhhghg wr fxwwkurxjk p hwdo t xlfno— dqg suhflvho— / exwwkh dffrp sdq— lqj lqhuwld dqg iulfwlrq/ hdfk ri z klfk ghjudgh edfngulydelolw— / lvqrwdffhswdeoh iru kdswlf ghylfhv1

Vr z k— qrwexlog d ixoo— uhyroxwh eudnh0dfwxdwhg kdswlf ghylfh/ dqg holp l0 qdwhdoosulvp dwlf mrlqwvBLq idfw/ p rvwvhuldo0olqn urerwvgr mxvwwkdw/ dedqgrq0 lqj ruwkrjrqdonlqhp dwlfvz lwkrxwshqdow— 1WkhZ DP dup h–klelwvkljk kdswlf fflgholw— iru lwv 6180fxelf0p hwhu z runvsdfh dqg 70nj sd— ordg/ sduwo— ehfdxvh ri lwv doo0uhyroxwh nlqhp dwlfv ^7‘1

5141 Vs hfldoUhvwulfwlr q dj dlqvwDoo0Uhyr oxwh Nlqhp dwlfv

Xqiruwxqdwho— / dvz h ghp rqvwudwh z lwk wkh iroorz lqj wkhup rg— qdp lf dqdo— vlv/ d eudnh0dfwxdwhg ghylfh p xvwkdyh ixoo— ruwkrjrqdofrruglqdwhv/ dqg vr dq— ydolg ghvlj q p xvwkdyh rqh ri wkh wkuhh vwuxfwxuhv olvwhg lq Wdeoh 41

Wkhup rg— qdp lfv lv d ydoxdeoh wrrolq p dfklqh ghvlj q ehfdxvh lwt xlfno— qduurz v wkh vhwri ihdvleoh vroxwlrqv¿dqg lwhohj dqwo— klj koljkwv eurdg wuxwkv ehfdxvhlwveodfn0er– +l1h1frqwuroyroxp h, shuvshfwlyhlvdffrp solvkhg z lwkrxw wkh qhhg wr ghoyh lp p hgldwho— lqwr p hfkdqlvp ghwdlov1

Dsso— lqj wkhup rg— qdp lf dqdo— vlv wr p hfkdqlvp v lv d wz r0vwhs surfhvv1

I luvw/ rqh ghfflqhv frqwuroyroxp h erxqgdulhv/ fduhixoo— qrwlqj doohqhuj— h–0 fkdqj hvdfurvvwkh vxuidfhv1Nhhslqj wkh yroxp h ffl–hg vlp solfflhvwkh ht xdwlrqv vxevwdqwldoo— dqg lv jhqhudoo— dght xdwh lq wkh dqdo— vlv ri vlp soh p hfkdqlvp v wkdwgr qrwlqfoxgh h–sdqglqj jdvvhv ru fkhp lfdo2qxfohdu uhdfwlrqv1 Vhfrqg/ rqhdssolhvwkhodz vri wkhup rg— qdp lfv1I urp wkhffluvwodz z hghulyhdq hqhuj— 0 edodqfh ht xdwlrq= lqırz v dqg rxwırz v ri hqhuj— gxulqj vwhdg— 0vwdwh vxp wr

˝hur1 Wkhq wkh vhfrqg odz / z klfk iruelgv wkh vsrqwdqhrxv fuhdwlrq ri srz hu/ whoov xvz klfk hqhuj — ırz v duh qrwshup lvvleoh1

I lj xuh 5 looxvwudwhv wkh surmhfwlrq shushqglfxodu wr wkh frp p rq sodqh ri wkh lqqhu dqg rxwhu olqnv ri d fodvvlf/ doo0uhyroxwh wz r0olqn urerw1 Z h z lvk wr xqghuvwdqg z khwkhu vhuyr0eudnlqj fdq vxssruwd irufh gluhfwo— rssrvlqj dq h–whuqdoo— lp srvhg hqg0wls p rwlrq1 I ru looxvwudwlrq sxusrvhv/ z h lp srvh vwudlj kw0olqhp rwlrq dwd ffl–hg glvwdqfhiurp wkhedvhri wkhurerwdvlooxvwudwhg lq I lj xuh 61

Wkuhh frqwuroyroxp hv/ uhsuhvhqwhg e— gdvkhg olqhv/ duh vxshulp srvhg rq

I lj xuh 51 Wkh %ghylfh%frqwuroyroxp h hqforvhv wkh hqwluh ghylfh/ lqfoxglqj lwv mrlqwv dqg olqnv/ z lwk rqo— wkh h–wuhp h wls surwuxglqj1 Wkh erwwrp ri wkh

I lj xuh 51 Nlqhp dwlfv ri d wz r0olqn sodqdu p dqlsxodwru1 Z h vkrz frqwuro yroxp hv durxqg wkh hqwluh urerwdqg hdfk mrlqw1

I lj xuh 61 Dq looxvwudwlrq ri krz eudnh0dfwxdwhg ghylfhv idlowr fuhdwh vlp soh hqylurqp hqwv vxfk dv ylvfrxv fflhogv1 I ru d eudnh0dfwxdwhg ghylfh/ Uhj lrqv D dqg F duh lp srvvleoh wr dwwdlq1

ghylfhfrqwuroyroxp hsdvvhvwkurxj k d edvhwkdwlvvwl` — frqqhfwhg wr jurxqg/ suhyhqwlqj dq— ordg ghıhfwlrqv¿p hfkdqlfdoz run lv qrwsrvvleoh z lwkrxwglv0 sodfhp hqw/ vr qr z run fdq furvvwkdwerxqgdu— 1Wklvfrqwuroyroxp hlvwkhvdp h rqh xvhg lq wkh yluwxdo0z run frqfhswirup dsslqj Fduwhvldq irufhvdqg wrut xhv lqwr d urerw*vyhfwruri mrlqwwrut xhvyld Mdfreldq0Wudqvsrvh/ dqg ghfflqlqj rqo— wklv yroxp h dggv qr frqwudglfwlrq1

Vlqfh wkh irufh dqg yhorflw— duh rssrvhg dqg qr rwkhu xvhixo z run hq0 huj — furvvhv dq— rwkhu sduwri wkh frqwuro0yroxp h erxqgdu— / wkh hqhuj — p xvw eh glvvlsdwhg lqvlgh wkh frqwuroyroxp h dqg xowlp dwho— wudqvihuuhg dv d khdw lqwhudfwlrq dfurvvwkh erxqgdu— 1

Wkhdqdo— vlvehfrp hvlqwhuhvwlqj z khq z hh–dp lqhhdfk ri wkhwz r vp doohu frqwuroyroxp hv/ z klfk vxuurxqg hdfk mrlqw1Qrup dourerwvfdq dsso— duelwudu— wrut xhvuhj dugohvvri wkh gluhfwlrq ri hqhuj — ırz viurp wkh p rwrudqg lqwr wkh mrlqwwrut xh ru ylfh0yhuvd1 Vr/ lq qrup dourerwv/ wkhvh h–wud frqwuroyroxp hv z rxog qrw— lhog xvhixolqirup dwlrq1

Lq wkh vhuyr0eudnh fdvh/ krz hyhu/ xvhixohqhuj— fdq doz d— v eh glvvlsdwhg/ exwqhyhuvsrqwdqhrxvo— fuhdwhg1Dqg ehfdxvh ri wkh qrq0ruwkrjrqdop dsslqj ri wkh z run ırz v lqwr wkh mrlqwv/ vrp h wudmhfwrulhv/ fdq ylrodwh wklv vhfrqg

odz frqvwudlqw1 Lq idfw/ lq I lj xuh 6/ wkh sursrvhg p rwlrq frxog qrwsurfhhg iurp D wr DE qru iurp EF wr F/ exwlwlv shup lvvleoh iurp DE wkurxj k E wr EF1 Z khuh wrut xh dqg yhorflw— duh rssrvhg dwerwk mrlqwv/ wkh p rwlrq lv shup lvvleoh1Z khuh wkh— duh dolj qhg +dvwkh— fdq eh z lwk hqhujhwlf dfwxdwruv, lq hlwkhumrlqw/ wkh p rwlrq lvqrwshup lvvleoh1Wkhvh shup lvvleoh duhdvvkliwdqg urwdwhhyhq iruvwudlj kw0olqhdup p rwlrqv/ vr wkdwp rvwwudmhfwrulhvwkurxjk wkh z runvsdfh fdqqrweh vxssruwhg1

5151 Sur wr w— s h z lwk Vs khulfdoNlqhp dwlfv

J lyhq wkdwz h fdqqrwexlog d vlp soh doo0uhyroxwh/ eudnh0dfwxdwhg ghylfh/ z h vhwwoh iru rqh ri wkh wkuhh ruwkrj rqdonlqhp dwlf vwuxfwxuhv ri Wdeoh 41 Dqg jlyhq wkdwuhyroxwh mrlqwv duh suhihudeoh ryhu sulvp dwlf mrlqwv/ z h fkrvh wkh rswlrq z lwk rqo— rqh sulvp dwlf mrlqw0vskhulfdonlqhp dwlfv1

Wkh ghylfh lv frp sulvhg ri edfngulydeoh fdeoh gulyhv iuhh ri edfnodvk dqg iulfwlrq1 Wkh uhyroxwh mrlqwv duh rq lqwhuvhfwlqj — dz dqg slwfk d–hv z lwk 4;3 dqg ¡3 ghjuhhv ri mrlqwudqjh uhvshfwlyho— 1 D fdeoh gulyh lv dovr xvhg wr gulyh wkh sulvp dwlf d–lv/ z lwk 414 p hwhuvri dfwlyhvwurnh1Doowkuhh d–hvp xwxdoo— lq0 whuvhfwdwwkhnlqhp dwlf fhqwhuri wkhghylfhdqg doowkuhhgulyhvduhwhup lqdwhg dwrqh ri wkuhh vhuyr0frqwuroohg p dj qhwlf sduwlfoh eudnhv1 D klj k0uhvroxwlrq rswlfdolqfuhp hqwdohqfrghu lv p rxqwhg rq wkh iuhh vkdiwri hdfk vhuyr0eudnh1

Dq xqsrz huhg dqg xqvhqvruhg wkuhh0d–lvkdqgohvxssruwvwkhxvhu*vj uls dwwkh hqg ri wkhsulvp dwlf olqn1Wkhp dfklqh doorz viruoduj h/ vz hhslqj p rwlrqviurp lwv xvhu z lwk ordgvxs wr 83 nj 1

Wkh frqwurori wkh wkuhh sduwlfoh eudnhvlvgrqh yld fxuuhqwdp solfflhuvdqg dq L2R erdug z lwk hqfrghufrxqwhuvp rxqwhg rq wkhexvri d vwdqgdug Shqwlxp

SF uxqqlqj Z lqgrz v¡81Wkhp dfklqhfrqwuroohufrqyhuwvwkhhqfrghuuhdglqj v wr Fduwhvldq frruglqdwhvdqg fdq uhvsrqg wr d xvhu*vp xvfxor0vnhohwdofkdqj hv lq irufh/ srvlwlrq/ yhorflw— / dffhohudwlrq/ srz hu/ z run/ dqg udqj h ri p rwlrq lq uhdowlp h1 OdeYlhz j udsklfdolqwhuidfh vriwz duh doorz v wkh xvhu wr vshfli— wkh wudlqlqj yduldeohv lq d vlp soh p dqqhu1 D irrwshgdo lv lqvwdoohg z lwklq wkh xvhu*v z runvsdfh wr p dnh fflqh dgmxvwp hqwv ru wr vhqg frp p dqgv gxulqj wudlqlqj z lwkrxwvwrsslqj wkh p rwlrq1

I lqdoo— / wr suryhwkdwwkhz runvsdfhfdq surylgh frqwlqxrxvfrqwuroiuhh ri wkh w— sh ri glvfrqwlqxlwlhv suhglfwhg iru wkh doo0uhyroxwh frqfhsw/ z h dwwdfkhg d z hljkwdwwkh hqg wls ri wkh urerwdqg gursshg lwlq d ylvfrxvfflhog dvvkrz q lq I lj xuh 71 Wkh z hlj kwihoolq d vwudljkwolqh z lwk yhu— olwwoh yduldwlrq iurp d shuihfwgrz qz dug wudmhfwru— / z kloh wkh sulvp dwlf mrlqwfkdqjhg wkh yhorflw— gluhfwlrq1

fi˘ , Ti hı4 i ?— @* , ffl@*Λ@— ıL? Lu ` h@! i ´Σ U— Λ@— i ˙ Vıh— Λ@*

, ?fflıhL?4 i ?— t

Z lwk wkh vskhulfdoolih0vfdoh ghylfh z h ghvljqhg dqg frqvwuxfwhg/ z h qrz p xvw h–soruhulj rurxvo— z khwkhudq hffihfwlyhyluwxdohqylurqp hqwfdq ehfrqvwuxfwhg1

Suhylrxvo— / sxuho— glvvlsdwlyh ghylfhv z huh xvhg sxuho— wr gdp s kxp dq olp e p ryhp hqwv1 Wr vxssuhvv lqwhqwlrqdowuhp ru/ Urvhq dqg Edlj hv ^8‘ kdyh ghyhorshg d wdeohwrs eudnh0dfwxdwhg ghylfh1 Lwkdv ehhq ghp rqvwudwhg wkdw

I lj xuh 71 Rxu eudnh0dfxdwhg kdswlf ghylfh lv fdsdeoh ri vlp xodwlqj d shuihfw ylvfrxvirufh fflhog1 Z h dwwdfkhg d z hlj kwdwwkh hqg ri wkh urerwdqg gursshg lwlq wkh irufh fflhog1

p hfkdqlfdogdp slqj rq hffihfwhg mrlqwv uhgxfhv wkh dp solwxgh ri wuhp ru z kloh doorz lqj vorz hu yroxqwdu— p ryhp hqwv ^9‘1 Wkh vdp h uhvhdufk jurxs surgxfhg ylvfrxvmr— vwlfn ^: ‘ dqg z hdudeoh ^;‘ ghylfhvwr vxssuhvvwuhp ru1 Z h duh lqwhuhvwhg lq wdnlqj d vwhs ixuwkhu wr fuhdwh d ulfk vhwri yluwxdo hqylurqp hqwvz lwk yluwxdoremhfwvdqg p ryhp hqwjxlgdqfh sdwkv1Lwwxuqvrxw wkdwp ryhp hqwj xlgdqfh sdwkv fdq eh frqvwuxfwhg wkh vdp h z d— dv yluwxdo remhfwv1Wr frqvwudlq p ryhp hqwvwr wkh rxwvlgh ri dq xqghvluhg duhd/ z h qhhg wr frqvwuxfwfrqyh– remhfwv fryhulqj wkh xqghvluhg duhd wr suhyhqwdq hqwu— lqwr wkh remhfwv1 Wr nhhs p ryhp hqwv z lwklq d uhvwulfwhg duhd/ frqfdyh remhfwv vkrxog vxuurxqg wkh duhd wr nhhs wkhp ryhp hqwvlq1Wr p dnh d wxehri sdwk wr iroorz / wkh wxeh z doov vkrxog eh d frp elqdwlrq ri frqfdyh dqg frqyh– remhfwv1 Li wkh kdqg dfflghqwdoo— p ryhvlqwr wkhvh remhfwv/ wkh kdqg vkrxog eh glyhuwhg dz d— iurp wkh remhfwv v— vwhp dwlfdoo— 1

Khuh/ z h h–dp lqh yluwxdoremhfwvz lwk wkuhh glffihuhqwirufh fkdudfwhulvwlfv/ qdp ho— lqhuwldo/ ylvfrxv/ dqg vwlffi irufhv/ e— frqgxfwlqj vlp soh h–shulp hqwv z lwk kxp dq vxemhfwv1 Lqhuwldo/ ylvfrxv/ dqg vwlffi irufhvduh sursruwlrqdowr wkh dffhohudwlrq/ yhorflw— / dqg srvlwlrq ri wkh p dfklqh kdqgoh uhvshfwlyho— =I @Ld/ Ey/ ruN+–0–3,/ z khuh Llvd lqhuwldofrqvwdqw/ E lvd gdp slqj frqvwdqw/ dqg N lvd vwlffiqhvvfrqvwdqw1Z h duh lqwhuhvwhg lq xqghuvwdqglqj krz hdfk irufh fflhog dffihfwv wkh kdqg p ryhp hqw/ dqg z khwkhu wkhvh irufh fflhogv fdq suhyhqwp ryh0 p hqwv lqwr d fhuwdlq uhjlrq +l1h1 lqvlgh remhfwv,1 Wr frp sduh z lwk ht xlydohqw remhfwvfuhdwhg e— dq hqhuj hwlfdoo— vhuyr0dfwxdwhg ghylfh/ z h xvhg SKDQWrP wr dovr surgxfh lqhuwldo/ ylvfrxv dqg vwlffi yluwxdoremhfwv1 :

I ljxuh 81Edvholqh kdqg wudmhfwrulhviruerwk dfwlyh dqg sdvvlyh ghylfhv1

I lj xuh 91 D yluwxdoremhfwsodfhg lq wkh kdqg sdwk1 Vxemhfwvglg qrwvhh wklv remhfw1

I rxu kxp dq vxemhfwv sduwlflsdwhg lq wklv vwxg— 1 Wkh frp sxwhu vfuhhq glvsod— hg d ylvxdoihhgedfn ri wkhlukdqg orfdwlrq lq wkhz runvsdfh1Wkhuhz huh wz r wduj hwv z lwklq wkh z runvsdfh/ dqg vxemhfwv z huh lqvwuxfwhg wr p ryh iurp rqh wdujhwwr dqrwkhuz lwk d vrxqg fxh1I ruwkh hqhuj hwlfdoo— dfwxdwhg ghylfh/ wkh p ryhp hqwz dv43fp orqj dqg kdg wr eh h–hfxwhg z lwklq 983 p loolvhfrqgv1

I ruwkheudnh0dfwxdwhg ghylfh/ wkhp ryhp hqwz dv433fp orqj dqg z dvh–hfxwhg z lwklq 4153 vhfrqgv1

Wr hvwdeolvk d edvholqh p ryhp hqwiru doovxemhfwv/ z h ffluvwuhfrughg whq kdqg p ryhp hqwviruhdfk vxemhfwiruhdfk p dfklqh z lwkrxwdq— yluwxdoremhfwv lq wkh z runvsdfh1 Wkh edvholqh p ryhp hqwv z huh vwudljkwehwz hhq wz r srlqwv/ dqg wkhlu yhorflw— surfflohv kdg d vlqjoh ehoo0vkdshg fxuyh iru erwk ghylfhv/ dv vkrz q lq I ljxuh 81

Rqfh wkh edvholqh p ryhp hqwvz huh hvwdeolvkhg/ z h sodfhg d yluwxdovskhuh lq wkh edvholqh kdqg sdwk dv vkrz q lq I ljxuh 9 +518fp udglxv iru wkh hqhu0 jhwlf ghylfh dqg 58fp iru wkh eudnh0dfwxdwhg ghylfh,1 Wkh yluwxdoremhfwz dv lqwurgxfhg xqh–shfwhgo— / dqg ylvxdoihhgedfn z dv vxssuhvvhg wr dvvxuh wkdw vxemhfwvglg qrwdowhuwkhlup ryhp hqw1

I luvw/ z h vwxglhg ylvfrxv remhfwv sodfhg lq wkh p lggoh ri wkh kdqg ;

I lj xuh :1Kdqg sdwkvdqg wkhluyhorflw— surfflohvz khq vxemhfwvlqwhudfwhg z lwk d ylvfrxv vskhuh1

sdwk1Z lwk orz ylvfrvlw—^4/ vxemhfwvfrqwlqxrxvo— h–hfxwhg vwudljkwp ryhp hqwv wkurxj k wkh yluwxdoremhfwv iru erwk ghylfhv/ dv vkrz q lq I ljxuhv :D dqg F1 Wkh hffihfwri wkh ylvfrxv remhfwv z dv reylrxv lq wkh yhorflw— surfflohv +I ljxuhv :E dqg G,¿wkh yhorflwlhv z huh uhgxfhg z kloh wkh kdqg z dv lq wkh remhfw/ dqg uhvxp hg wr fflqlvk wkhrulj lqdoehoo0vkdshfxuyhdiwhuwkhkdqg h–lwhg wkhremhfw1 Lq erwk hqhujhwlfdoo— dqg eudnh vhuyrhg ghylfhv/ ylvfrxvremhfwvdfwhg dvd wrro wr vorz grz q p ryhp hqwvexwwkh kdqg wudmhfwrulhvz huh qrwghyldwhg iurp wkh lqwhqghg sdwkv1

Lq wkhqh–wvhwri h–shulp hqwv/ z hfuhdwhg dq lqhuwldoremhfwlq wkhvxemhfw*v kdqg sdwk1I rudoovxemhfwv/ wkhkdqg sdwk dj dlq shqhwudwhg wkurxj k wkhremhfw/ dqg wkhp ryhp hqwvshhg z dvuhgxfhg1Krz hyhu/ wkhirufhh–huwhg e— wkhghylfh z dvt xlwhglffihuhqwiruwkhhqhujhwlfdoo— dqg eudnhvhuyrhg ghylfhv1Dvvkrz q lq I lj xuh;/ wkhkdqg dffhohudwlrq fkdqj hg lwvvlj q lq wkhp lggohri wkhp ryhp hqw1 Z khq wkh dffhohudwlrq z dvsrvlwlyh/ wkh irufh z dvwkh vdp h iruerwk p dfklqhv1 Lq frqwudvw/ z khq wkh dffhohudwlrq ehfdp h qhj dwlyh/ wkh eudnh0vhuyrhg ghylfh frxog qrwdsso— qhjdwlyh irufh/ vr lwsurgxfhg d p luuru lp djh irufh surffloh1 Vxemhfwv shufhlyhg wkh lqhuwldoremhfwv fuhdwhg e— wkh eudnh0vhuyrhg ghylfh wr eh ylvfrxv/ z kloh hqhujhwlfdoo— fuhdwhg remhfwv z huh shufhlyhg wr eh lqhuwldo1 Lqghhg/ wkhirufhsurfflohiruwkh eudnh0dfwxdwhg ghylfh uhvhp eohvp ruh ri d ehoo0 vkdsh yhorflw— surffloh wkdq wkh dffhohudwlrq surffloh1 Ghvslwh wkh glffihuhqfh lq irufhv/ qhlwkhughylfh z dvdeoh wr glyhuwwkh vxemhfw*vkdqg p ryhp hqwiurp wkh ruljlqdosdwk1

Dvd odvwvhwri irufhfflhogv/ z h fuhdwhg d vwlffi remhfwlq wkh kdqg sdwk1Vwlffi remhfwvdsso— irufhvwkdwduhsursruwlrqdowr wkhglvwdqfhiurp wkherxqgdu— ri

�‘ Ξi? —Ξi fflıtULtı—) ¯ @t ti— Ξı̋ Ξc UL?— hL* ı?t— @Mı*ı—) ¯ @t i Tihıi?Ui˙ uLh ML—Ξ ˙ifflıUit ¯ Ξi? — Ξi UL?—hL**LLT uhi^Λi?U) ¯ @t �! O3˘ ¡

I lj xuh ;1Kdqg sdwkvdqg wkhluyhorflw— surfflohvz khq vxemhfwvlqwhudfwhg z lwk d vwlffi remhfw1 I ru wkh dfwlyh ghylfh/ wkh kdqg sdwk fkdqj hg lwvgluhfwlrq1 wkh remhfw1 Wkh ghhshu wkh shqhwudwlrq/ wkh vwurqjhu wkh irufh dssolhg1 I ru d vskhuhremhfw/ wkhirufhz dvlqyhuvho— sursruwlrqdowr wkhudglxviurp wkhfhqwhu1

Z lwk wkh eudnh0dfwxdwhg ghylfh/ wkh vxemhfw*v kdqg vwloosurmhfwhg d vwudljkw p ryhp hqw/ dv vkrz q lq I ljxuh ; D1Z khq wkh vwlffiqhvv z dv vhworz / wkh kdqg z hqwwkurxj k wkh remhfw/ dqg z khq wkh vwlffiqhvv z dv kljk wkh kdqg vwrsshg mxvwlqvlgh wkh remhfw1 Z khq wkh kdqg z dv vwrsshg lqvlgh wkh remhfw/ wkh uhvlvwlyh irufh z dv vwurqj iru doop rylqj gluhfwlrqv1 Wkhuhiruh/ z khq vxemhfwv dwwhp swhg rq sxoolqj wkhlu kdqg rxwri wkh remhfw/ wkh— h–shulhqfhg d %vwlfn— z doov%1%Vwlfn— z doov%duh lqkhuhqwwr wkh vhuyr0eudnh p hfkdqlvp v/ dqg fdqqrw eh holp lqdwhg z lwkrxwd xvh ri h–whuqdo sdudp hwhuv vxfk dv wkh lqwhudfwlqj shuvrq*v p ryhp hqwrushufhswlrq1

Lq frqwudvw/ z khq wkh hqhujhwlfdoo— 0vhuyrhg ghylfh fuhdwhg vwlffi remhfwv/ wkh kdqg fkdqjhg lwvfrxuvh/ dvvkrz q lq I ljxuh ;F1Wkh kdqg shqhwudwhg wkh remhfwvoljkwo— wkhq volsshg rffi wr wkh vlgh ri wkh remhfwehiruh frqwlqxlqj wr wkh wdujhw1 Wklv w— sh ri p ryhp hqwghyldwlrq z dv revhuyhg iru d ydulhw— ri vwlffiqhvv/ dqg vxemhfwvshufhlyhg d z lgh udqj h ri remhfwkdugqhvvfruuhvsrqglqj wr wkh vwlffiqhvvri wkh remhfw1Wklvlvwkh ehkdylruz h z dqwwr uhsurgxfh xvlqj eudnh0dfwxdwhg ghylfh/ exwz hp xvwffluvwj hwdurxqg wkh%vwlfn— z doov%sureohp 1

Dv d ffluvwdwwhp swwr uhp ryh wkh vwlfn— z doov/ wkh yhorflw— yhfwru rulhqwd0 wlrq z dv p rqlwruhg wkurxjkrxwwkh surj udp 1 Z khq wkh kdqg shqhwudwhv wkh remhfw/ lghdoo— / wkh kdqg vkrxog qrwjhwvwxfn li wkh yhorflw— yhfwru lv glffihu0 hqwo— rulhqwhg iurp wkhyhorflw— yhfwruxvhg wr hqwhuwkhremhfw1Wklvwhfkqlt xh z dv hffihfwlyh dwd klj k yhorflw— / exwdwd orz hu yhorflw— / vlqj xodulwlhv z huh h–0 shulhqfhg1 Vlqjxodulwlhv rffxuuhg z khq wkh yhorflw— yhfwru glg qrwvshfli— wkh p rylqj gluhfwlrq +l1h1 yhorflw— ht xdohg wr ˝hur,1 Dwvlqj xodulwlhv/ z lwkrxwsuh0 glfwlqj wkhqh–wp rylqj gluhfwlrq sulruwr wkhp ryh/ eudnhvfrxog qhyhuuhvsrqg fruuhfwo— 1I ruh–dp soh/ li wkheudnhvduhwxuqhg rq/ uhj dugohvvri wkhqh–wp ryh/ wkhxvhuh–shulhqfhvd vwlfn— vhqvdwlrq1Rq wkhrwkhukdqg/ li wkheudnhvduh rffi

contact velocity vector

exit vector friction cone (60 deg)

virtual object

I lj xuh ¡1 D z d— wr fuhdwh qrq0vwlfn— remhfwv/ p dfklqh d–hv z huh doljqhg z lwk h–lwyhfwruv ri wkh yluwxdoremhfw1 Z khq wkh— duh dolj qhg/ sdvvlyho— fuhdwhg remhfwvfdq glyhuwkdqg p ryhp hqwdvvkrz q rq wkh ulj kw1

dqg li wkhqh–wp ryh lvlqwr wkhremhfw/ wkhkdqg shqhwudwhvlqwr wkhremhfwixu0 wkhu ehiruh wkh eudnhv wxuq edfn rq1 Wkhuhiruh/ z lwkrxwehlqj deoh wr suhglfw wkh qh–wp ryhp hqw/ wkh vwlfn— z doovfdqqrweh holp lqdwhg z lwk wklvwhfkqlt xh1 I xuwkhup ruh/ p rqlwrulqj wkh yhorflw— yhfwruglg qrwfdxvh dq— p ryhp hqw glyhuvlrq wkdwz hghvluhwr surgxfh1Krz fdq z hp dnhdq hqylurqp hqwwkdwfdq lp srvh d uhvwulfwlrq lqwr d vhohfwhg uhj lrqB Dv d z d— wr frqvwudlq p ryhp hqwv lqwr d fhuwdlq sdwk/ z h frxog holp lqdwh d mrlqwiurp wkh ghylfh dqg p dnh d wz r GRI urerw1 Z lwk wklv holp lqdwlrq/ wkh p ryhp hqwz rxog eh uhvwulfwhg wr d wz r glp hqvlrqdoz runvsdfh1Li rqh ri wkh eudnhv rq wkh ghylfh lv orfnhg/ wkh vlp xodwhg hqylurqp hqwvkrxog eh uhgxfhg wr d sodqh dv li holp lqdwlqj d mrlqw1 Li wz r ri wkh eudnhv duh orfnhg/ wkh hqylurqp hqwvkrxog eh ixuwkhu uhvwulfwhg wr d olqh1 Hyhq wkrxj k wkhvh sodqhv dqg olqhv duh uhvwulfwhg wr wkh p dfklqh frqvwudlqwv/ li wkhuh duh z d— v wr xvh wklv orfnlqj whfkqlt xh z lwk uhvshfwwr yluwxdoremhfwv/ z h p d— eh deoh wr glyhuwp ryhp hqwv xvlqj sxuho— glvvlsdwlyh ghylfhv1

Wr frp elqh wkh orfnlqj whfkqlt xh z lwk yluwxdoremhfwv/ dvd z d— wr fuhdwh qrq0vwlfn— remhfwv/ dq remhfwfrqwdfwsrlqwz dv ffluvwghfflqhg dv looxvwudwhg lq I lj xuh ¡D1Z h ghfflqhg d frqwdfwsrlqwrq wkh remhfwdqg ghfflqhg d frqwdfw yhorflw— yhfwru dv wkh kdqg yhorflw— dwfrqwdfw1 Lq dgglwlrq/ z h ghfflqhg d wdqjhqwldosodqhz lwk uhvshfwwr wkhremhfwdwwkhfrqwdfwsrlqw1Wklvwdqj hqwldo sodqhlvd froohfwlrq ri wdqjhqwldoyhfwruv/ ghfflqhg dvh–lwyhfwruv/ wkdwwkhkdqg p ryhp hqwvkrxog iroorz lp p hgldwho— diwhufrqwdfwlqj wkhremhfw1I ulfwlrq frqh z dvghfflqhg wr eh93 ghj uhhvz lgh1Z khq wkhfrqwdfwyhorflw— yhfwruz dvz lwklq wkh iulfwlrq frqh/ wkhq wkh p ryhp hqwz dvqrwghyldwhg1Li wkh frqwdfwyhorflw— yhfwru lv rxwvlgh ri wkh iulfwlrq frqh/ dqg dq— ri wkh h–lwyhfwruv z dv forvho— doljqhg z lwk rqh ri wkh p dfklqh d–hv/ wkhq dq dssursuldwh mrlqwz dv orfnhg wr p ryh wkh kdqg dorqj wkh h–lwyhfwru1Diwhuwkh kdqg ghyldwlrq z dvfrp sohwhg/ wkh mrlqwz dv xqorfnhg1 I ljxuh ¡E vkrz v dq h–dp soh z khuh kdqg wudmhfwrulhv z huh glyhuwhg iurp dq remhfwhg fuhdwhg e— d eudnh0dfwxdwhg ghylfh1 Z h whvwhg ydulrxv p ryhp hqwfdvhv z lwk d yluwxdovskhuh/ dqg irxqg wkdw 44

z h fdqqrwfrqvlvwhqwo— doljq wkh h–lwyhfwru z lwk wkh p dfklqh d–hv1 Dv d z d— wr ryhufrp h wklv lvvxh/ z h fuhdwhg d z rundurxqg wkdwxwlol˝hv wkh glvfuhsdqf— lq kxp dq ylvxdodqg sursulrfhswlyh shufhswlrq1 Z khq kxp dqv duh j lyhq shu0 wxuehg ylvxdolqirup dwlrq/ wkhlu p rwru ehkdylru dgmxvwv wr p dwfk wkh ylvxdo lqsxw1 P duwlq hwdo1 ^4¡¡3‘ sxwd sulvp 0jrjj oh rq vxemhfwv dqg dvnhg wkhp wr wkurz d gduwdwd wduj hw1 Ehfdxvh wkh sulvp glvwruwhg wkh wdujhwwr wkh uljkw iru 48 ghj uhhv/ vxemhfwv dgdswhg wr wkurz wkh gduwwr wkh ohiwiru 48 ghjuhhv wr frp shqvdwh iruwkh shuwxuedwlrq1Vxemhfwvglg qrwshufhlyh wkdwwkhlup xv0 fohvz huhfrp p dqglqj glffihuhqwirufhvwr surgxfhwkhfrp shqvdwru— p ryhp hqw1

Wklvh–shulp hqwvxjj hvwvwkdwwkh uhvroxwlrq ri wkh sursulrfhswlyh lqirup dwlrq lv orz hu wkdq wkh rqh iru wkh ylvxdoshufhswlrq1 Gxh wr wklv shufhswxdoj ds/ vrp h kdswlf lqdffxudf— p d— eh wrohudwhg li wkh ylvxdoihhgedfn lv frqvlvwhqw1

Wr lqfuhdvh wkh fkdqfh ri dq doljqp hqwehwz hhq dq h–lwyhfwru dqg d p d0 fklqh d–lv/ wkh vxemhfw*v p ryhp hqwv z huh surmhfwhg iru 83 p loolvhfrqgv lq dg0 ydqfh xvlqj wkh p ryhp hqwyhorflw— surfflohv1 Wklv surmhfwlrq hvwlp dwhg wkh frqwdfwsrlqwz lwk wkh remhfwdqg wkh h–lwyhfwru1 Li wkh surmhfwhg h–lwyhfwru glg qrwdoljq z hooz lwk wkh p dfklqh d–hv/ wkh forvhvwsrlqwdorqj wkh p ryhp hqw wudmhfwru— z lwk dq doljqp hqwz dv vhdufkhg1 Z khq wkh srlqwz dv irxqg/ wkh remhfwz dv p ryhg wr wkdworfdwlrq dqg wkh ylvxdoihhgedfn vshg xs ru vorz hg grz q sursruwlrqdoo— wr p dwfk wkh sursulrfhswlyh remhfworfdwlrq1 Z lwk wklv vhdufk dojrulwkp / z h z huh deoh wr glyhuwd kdqg p ryhp hqwrq d yluwxdovskhuh irudoofdvhv1

D olp lwdwlrq z lwk wklv whfkqlt xh z dv wkh vkdsh ri wkh remhfw1 D vskhuh z dv d frqyhqlhqwh–dp soh ehfdxvh wkh wdqjhqwldosodqh z dv doz d— v rxwvlgh ri wkhremhfw1Krz hyhu/ sureohp vdurvhdvwkhremhfwvxuidfhsurgxfhg d vlwxdwlrq z khuh wkh hqwluh wdqjhqwldo sodqh z dv lq wkh remhfw+l1h1 frqfdyh remhfwv,1

Wkhuhiruh/ frqfdyh remhfwv kdyh vsrwv wkdwfdqqrweh ghfoduhg dv d frqwdfw srlqw1 Wkh vdp h vhdufk doj rulwkp z dv lp sohp hqwhg wr fflqg wkh qhduhvwqrq0 frqfdyh srlqwv/ exwwkh whfkqlt xh z dv lqhffihfwlyh iruoduj h frqfdyh vxuidfhv1

e˘ ß L?U*ΛtıL?t

Xvlqj wkh rswlp doolih0vfdoh eudnh0dfwxdwhg kdswlf ghylfh z h frqvwuxfwhg/ z h fuhdwhg d oduj hdqg vdihkdswlf hqylurqp hqw1Z hz huhdeohwr fuhdwhyluwxdore0 mhfwvdqg jxlghp ryhp hqwsdwk lq wklvqhz hqylurqp hqw/ exwwkh qrq0hqhujhwlf qdwxuhri wkheudnhvlp srvhg olp lwdwlrqvrq wkhyluwxdohqylurqp hqwv1Shukdsv/ wkh p rvwh–flwlqj sduwri wklvlqyhvwlj dwlrq z dvwkh ghyhorsp hqwri dojrulwkp v xwlol˝lqj kxp dq p ryhp hqwdqg shufhswxdolqirup dwlrq/ exwwkhuhz huhvwlooolp 0 lwdwlrqvwkdwz hfrxog qrwholp lqdwh1Z h looxvwudwhg wkhryhudoofdsdelolwlhvdqg olp lwdwlrqv ri d eudnh0dfwxdwhg ghylfh lq Wdeoh 51 Z kloh ylvfrxv remhfwv fdq eh fuhdwhg z lwkrxwdq— olp lwdwlrqv/ lqhuwldodqg vwlffi remhfwv gr qrwvlp xodwh wkh hqhujhwlfdoo— fuhdwhg remhfwvshuihfwo— 1Wkh olp lwdwlrqviruvwlffi remhfwvduh ghydvwdwlqj ehfdxvh vwlffi remhfwv duh lp sohp hqwhg wr glyhuwkdqg p ryhp hqwv1

Z kloh lwlvhdv— wr glyhuwp ryhp hqwviruwkh hqhuj hwlfdoo— dfwxdwhg ghylfh/ wkh eudnh0dfwxdwhg ghylfh kdg wr ryhufrp h wkh %vwlfn— z doov%sureohp 1

Z h lqwhqg wr lp suryh wkh ghvlj q e— dgglqj d irufh vhqvrulq wkh kdqgoh1Li z h frxog ghwhfwwkh p ryhp hqwgluhfwlrq ehiruh wkh ghylfh mrlqwvvwduwvp rylqj/